H-distributions via Sobolev spaces
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ABSTRACT

H-distributions associated to weakly convergent sequences in Sobolev spaces are determined.
It is shown that a weakly convergent sequence (un’) in W="P?(R%) has the property that Qu,,
converges strongly in W~5?(R?) for every € S(R?) if and only if all H-distributions related to
this sequence are equal to zero. Results are applied on a weakly convergent sequence of solutions
to a family of linear first order PDEs.

1. Introduction

H-measures, or Microlocal defect measures, of Tartar [21] and Gérard [8] obtained for
weakly convergent sequences in L2(R?), and their generalization to LP(R%), p € (1, 00), called
H-distributions [5], are widely used to determine whether a weakly convergent sequence
of solutions to certain classes of equations converges strongly. For example, by using H-
measures the authors of [3] obtained L] -precompactness of solutions to diffusion-dispersion
approximation for a scalar conservation law. In homogenization theory applications of these
objects can be found e.g. in [4] and [12]. In [14], H-measures are applied to family of entropy
solutions of a first order quasilinear equation and in [18] to ultraparabolic equation. The list
of applications of these objects is far from being complete.

Our aim in this paper is to extend the concept of H-distributions to the Sobolev spaces.
For the purposes of this paper, we introduce in Subsection 2.1 new tensor product - spaces of
test functions and distributions. For the reader’s convenience, we give full description of such
spaces in the Appendix (Propositions 4.1 and 4.2).

In order to use the duality W—FP-WWk4 ¢ = p%l, k € Ny, we prove the existence result for H-
distributions associated to a weakly convergent sequence in LP(R%); in Theorem 2.1 we extend
the result of [5, Theorem 2.1] since we did not use the localization coming from the compactly
supported test functions. H-distributions of Theorem 2.1 are defined on the space of rapidly
decreasing functions. This leads to the improvements of results of [5] in the case of LP—spaces.
In Theorem 3.1 we prove the existence of H-distributions for weakly convergent sequences in
Sobolev spaces. Our main theorem, Theorem 3.2, shows that if for a given weakly convergent
sequence u, — 0 in W~%?(R) and every weakly convergent sequence v,, — 0 in W*4(R%)
the corresponding H-distributions are equal to zero, then for every ¢ € S(R?), (pu,,) converges
strongly to zero in W% (R?). Clearly, the converse assertion also holds. As an application, we
analyze in Theorem 3.3 a weakly convergent sequence (u,,) of solutions to 22'121 0; (Ai(z)uy,) =
fn in W=EP(R?) d > %, and show that the supports of the corresponding H-distributions
are concentrated on the characteristic set {(z,¢) : E‘Ll A;(z)¢&; = 0}, under the new condition
that for every ¢ € S(RY), (pf,) strongly converges to zero in W—*=1P(R?). Moreover, if all
H-distributions assigned to this equation are equal to zero, then (pu,) converges strongly to
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zero in W—kP(R?). The corresponding results for L?(R?) and L?(R?) are obtained in [21] and
[5], respectively. Even in mentioned cases our results with & = 0 extend previous results since
the non-locality is the essential part of our approach. Moreover, the results from the recent
contributions in which the H-distributions were used cf. [11, 13, 17] can be extended to a more
general situations (in the Sobolev spaces with negative coefficients) by using results from this

paper.

2. Basic definitions and assertions

2.1. Some spaces of distributions

We refer to [2] for the Sobolev spaces WH4(R?). If k> 4, then W*4(R?) C Co(R?),
where Cy(R?) is the space of continuous functions vanishing at infinity. The dual
(Wk’q(Rd)), =: W=kP(R?) is isometrically isomorphic to the Banach space consisting of
distributions u € S'(R%) of the form u = Z 0%uq, where all u, € LP(R?), normed by

|| <k

1
lu]| == inf{( Z ||ua||£) " u= Z 8°‘ua}, cf. [2, Theorem 3.10, p. 50].
loe| <k loe| <k

In order to give clear explanations concerning a new space, which will be denoted by SE(R? x
S971), and its dual SE'(R? x 8%71), we will use some classical results, [16] and [7], of L? and
Sobolev theory for the unit sphere S~ as well as of [6] for some results for C* and L? functions
on S9!, Concerning Sobolev spaces and distributions on a manifold, we refer to [19] and for
tensor product of test spaces, to [22].

We define the space of smooth functions S€(R? x Sd_l) by the sequence of norms

PRaxsa-14(0) = sup (@)* (207 0(x,€)], (2.1)
(z,£)eR4xSI-1 |a+B|<k
where (z)* = (1 4 |z|?)¥/? and A* is the Laplace-Beltrami operator. The space SE(R® x S¢71)
is a Fréchet space and can be identified with the completion of tensor product S(R?)®& (S 1),
as was shown in Proposition 4.2 in the Appendix. Complete description of this space can be
found in the Appendix.

2.2. H-distributions on LP spaces
A bounded function 1, on R?, is called LP-Fourier multiplier if f — Ay (f) == (¢f) is a
bounded mapping from S(R?) to LP(R?) and can be continuously extended to a mapping from
LP(RY) to LP(RY). Here f(¢) = F[f](€) :J e~ 278 (1) dz denotes the Fourier transform
Rd

on R4, while g(z) = F*[g](x) = J > w8 g(€) d¢ denotes the inverse Fourier transform. The
d

space of LP-Fourier multipliers, de?loted by M,(R9), 1 <p < oo (cf. [9]), is supplied by the
norm (Y| m, := [|AyllLr— e, where || - ||Lr— L» is the standard operator norm.

If ¥ € C*(RA\{0}), k = [4] + 1, is homogeneous of zero degree (i.e. P(AE) = ¥(€), A > 0),
then ¢ € L>°(RY) and

Ogw() < Algl7, € e R\{0}, (2:2)
for every |o| < k (with A = lrél‘zix sup |€]*[0P4], cf. [1, p. 120]). Thus ¢ fulfills conditions from
<K ££0

the Mihlin theorem (cf. [9]): Let ¥ be a complex-valued bounded function on R4\{0} that
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satisfies (2.2) for all multi-indices || < [4] + 1. Then ¢ € M,(R?) for any 1 < p < oo and

1
[1ae, < Camx {p. —2 b 4+ ) (2.3
Moreover, if ¢ € C*(S?"!), then constant A in (2.3) can be replaced by [|¢[|cx(ga-1).

Fourier multiplier operators A, with symbol ¢ € C*(S9~1) can be defined on W~=FP(R?),
via duality

W—k.p <Awu, U>Wk,q = Ww-—k.p <u, A,&U>Wk,q .

Since 9*Agv = Aj;(0%v), we know that Ajv € WHI(RY). If w e WFP(R?) is of the form
u= Z 0%u,, then for all v € WF4(R),
<k

W —k.p <-A1/)uav>Wk«'1 = Z W—k.p <8auou-A$U>Wk,q =

|l <k

= 3 D o, A0 0)) e = S0 (1) g (A (1), 90) 0

la|<k la|<k

One can see that every LP-multiplier operator A, with symbol ¢ € M,(R?) is a bounded
operator from W~*?(R%) to W—*P(R?).
In order to prove the existence of an H-distributions of Theorem 3.1 given below, we need
Tartar’s First commutation lemma [21] and the modification of this lemma given in [5] .
[21]: Let v € C(S%1) and b € Cy(R?) define the Fourier multiplier operator .AS and the

operator of multiplication B, acting on u € L*(R%), as follows: F(Ayu)(£) = 1/)(% F(u)(§),

¢ € RN\{0}, and Bu(x) = b(x)u(z), z € R%. Then the operators A, and B are bounded on
L*(RY), and their commutator C' := Ay, B — BA, is a compact operator from L? into itself.

Moreover, [5]: If a sequence (v,,) is bounded in both L?(R?) and L"(R?), for some r € (2, ]
and v, — 0 in the sense of distributions, then the sequence (Cv,) strongly converges to zero
in LY(R?), for any q € [2,7]\{oc}.

THEOREM 2.1. Ifu, — 0 in L?(R?), and v,, — 0 in LY(R?), then there exist subsequences
(tun'), (V) and a distribution p(z,€) € SE'(RY x S471) of order not more than k = [d/2] + 1
in &, such that for every o1, ps € S(RY) and ¢ € C*(S471),

nlgnmJRd Ay (prun ) (@) (p2vn ) (z)de = nliglOOJRd(SDl Un') (z)AJ(Sﬁzvn/ )()dz (2.4)
=: {1, P1829),

where Ay : LP(R?) — LP(R?) is a Fourier multiplier operator with the symbol 1) € C*(S?~1).

By the order of u € SE(R? x S?7!) we mean that for any ¢ € S(RY), (u(z, &), o(x)y(€))
can be extended on C*(S*™!) (see (2.9) and (2.10) below).

Proof. First, notice that the Fourier multiplier operator A, with ¢ € C*(S?7!) is well
defined on both ¢ju, € LP(R?) and pov,, € LY(R?), and that the adjoint operator of A, is
Az Thus, the first equality in (2.4) holds.

Let 1 < p < 2. Consider a sequence of sesquilinear (linear in ¢ € C*(S?~!) and anti-linear
in ¢ € S(R?)) functionals

palipt) = | AgGaunda. (25)
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By the continuity of A, and the boundedness of (u,) and (v,) in LP(R%) and LI(R?), it
follows that there exists ¢ > 0, such that for every n € N,

ln (0 )] < Nlun o [Ag(pvn)llLe < elldllox e llelle- (2.6)

Fix ¢ € S(R?) and denote by (B,¢) the sequence of functions defined on C*(S?~!) by

(Bng, ) = pn(p, ). (2.7)

For every n € N, the linearity of B, ¢ is clear and the continuity follows from (2.6):

[(Bnsp, )| < ¢ [$llom(si-1), where ¢ = cllpl[ e (2.8)

If we fix ¢ € C*(S?!), then (2.5) implies that the mapping S(RY) — C, ¢ > (B,p, 1) is
anti-linear and, again by (2.6), continuous.

We continue with fixed ¢ and apply the Sequential Banach Alaoglu theorem to obtain weakly
star convergent subsequence (Byyp) in (C*(S9~1))’. We denote the weak star limit of By by
B, i.e. for every ¢ € C*(S971),

(Bo,v) = lim (Bip, ).

We are going to show that B can be defined on the whole S(R?), so that S(R?) > ¢ +— By €
(C*(S?~1)) is linear and continuous.

By the diagonalization argument, we define B on a countable dense set M = {¢,|m €
N} C S(R?). For that purpose extract a subsequence (Bix)x C (Bn)n such that (B k1)
is weakly star convergent in (C*(S%!)) and denote the limit as By;. Then extract a
subsequence (Bax)r C (B1 )k such that (Bgjps) is weakly star convergent in (C*(S971))
and denote the limit as Bps. Notice also that Bs 1 converges weakly star to By;. Repeating
this procedure (extracting subsequences for all ¢,, € M), we obtain diagonal (sub)sequence

Brrel (S(Rd), (C“(Sdil))l), such that for all ¢, € M
(Bom,¥) = kh_?;O(Bk,Wmﬂb), e CR(STh.

Denote By =: b, and fix ¢ € C*(S?1). By (2.7), ¢+ (b, ), is a pointwise bounded
sequence in &'(R?) which converges on a dense set M C S(R%). By the Banach-Steinhaus
theorem, see e.g. [10, p. 169], (by(-), 1) converges to (B(-),1) on S(R?). In this way we show
that for every ¢ € S(R?) and every ¢ € C*(S9~1)

lim
k—o0

Moreover, by (2.7),
[(Be, )| < cllellL<[¢]lengi-)- (2.9)

By [22, Part III, Chap. 50, Proposition 50.7, p. 524] (it is a version of the Schwartz kernel
theorem) we have that there exists p € SE'(R? x S?71) defined as

(). 0(2)0(€) = i (bp,¥) =l | wnAgTmnid, (210)
—00 k— 00
for all p € S(RY), ¥ € C*(S91), where (uy) is a subsequence of (u,,) and (vy) is a subsequence

of (vy,) corresponding to (by). Now, we will use the factorization property of S(R%), [15]: Every
¢ € S(R?) can be written as ¢ = P, s, for some @1, g € S(R?). Then

(o) = |5 pamnd
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Since ||w2vk|lLz < ||vkllLe]le2ll 2¢ , we can apply the commutation lemma to vy € L?N LA
La-

and 7, € S(R?) C Cy(RY) to obtain that for every o1, ps € S(RY) and ¥ € C*(S471),

(1, Prp2y) = lim J ‘PlukAE(@TUk)dx- (2.11)
k— o0 Rd

This completes the proof of Theorem 2.4 for 1 < p < 2.
In the case when p > 2, we define

im0, ) = JRd Ay (0t ).

Then, in the same way as above, but now with the change of the roles of (u,) and (v,), we
use factorization ¢ = 1%,, then the commutation lemma on ¢ju, € L?(R?) and apply the
preceding proof. |

REMARK 1. The formulation of the previous theorem can be slightly changed in the case
when p € (1,2). Then, instead of v,, — 0 in L? we can assume that v,, — 0 in L" for some r > ¢
and obtain the same result as in Theorem 2.1. In that case for every ¢ € S(R?), v, € LN L?
and the same proof can be applied. The same idea but with compactly supported ¢ was used
in [5].

3. H-distribution and Sobolev spaces

The next theorem determines H-distributions associated to sequences in Sobolev space.

THEOREM 3.1. Ifasequence u,, — 0 weakly in W~*?(R9) and v,, — 0 weakly in Wk4(R?),
then there exist subsequences (uy), (v,/) and a distribution p € SE' (R x 84=1) such that for
every ¢1, s € S(R?) and every 1 € C®(S?71),

lim (Ay(prun), pavn) = nliinw“olun/ ) AJ(Q@UTL’» = (1, p1P21). (3.1)

n’—o0

Proof. Since u,, — 0 in W~%?(R%), there exist a subsequence u,, — 0 such that w, =
Z 0%gan/, where for every |a| <k, (ga,n’) is a sequence of LP-functions such that g ns — 0
lee| <k
in L?(R). Indeed, since a weakly convergent sequence forms a bounded set in W %2 (R4),
using the same proof of the representation theorem for elements of W~*?(R%), one can
obtain the existence of bounded sets {Fy n,n € N}, |a| <k, such that u, = Z 0“Fy .

lee| <k
Now, since {Fy n,n € N} are bounded in LP(R?), these sets are weakly precompact and
every {Fy,,n € N} has a weakly convergent subsequence. By the diagonalization method
one can find a subsequence such that F, . — f, € LP(RY), n’ = oo, |a| <k, in LP(RY).
Since Z 0%Fy ny — 0, it follows that Z 0“fo = 0. Thus we obtain required subsequence

la|<k || <k
Uy = Z 0%(Fo,n — fa). In the sequel we will not relabel subsequences, so we will use u,
| <k
instead of u,,.
Since

0 [Ap ()] = Au. (w) = Ay (), for Ya(€) = (2mi)\l (&),
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we have that

Aﬂwmﬂm)(1WZ:(UW<E)3%M(&mWﬁ%H,

0<B<a
and so

(Ay(prun) , pavn) = ngk(_l)‘al Zogﬁga < g ) <-Aw (Fa,n aa_BSDl) ) 85[902Un]>

- Z (=1l Z ( g > Z < 3 ><Aw (Fam 0°Pip1) ’6ﬁ*7¢287vn>.

o] <k 0<p<a 0<+<8
(3.2)

For the moment, we fix a and apply Theorem 2.1 to F,, — 0 in LP(RY) and v, — 0
in L9(RY), thus obtaining subsequences (Fi n,)nes (Vang)n, and an H-distribution a0 €
SE' (R4 x S471), such that

<,uoz,0 , 901¢27/}> = n({lgloo <~Ad) (QolFa,no) ) P2 va,n0> :

Then, applying Theorem 2.1 to F,,, — 0 in LP(R?), and 9%y, — 0 in LI(R?),
we obtain SUbsequences (F%n(l,o,,..,o))n(l,o ,,,,, 0)? (Ua,n(l,o ..... 0))"(1,0 ,,,,, 0) and an H-distribution

Ha,(1,0,...,0) € SE'(R? x S?71). Thus, we obtain finitely many H-distributions ps.-, 0 <7 < a,
such that

<Ha,'y , P1P) = nhgloo <«4w (‘plFa,nv) ) P2 67va,n7> .

The last one pq, is obtained together with subsequences (Fo.n,)n.s (Va,ng)n, Which we
are going to use to define H-distribution p® in the following way: For ¢i, s € S(R?),
Y e C(STY,

(U, 1P0) = (—1)I° X:(g) X:(B)Ouwawﬂnwﬂmw%

0<B<a 0<~y<8 7

The sum on the right hand side is finite and all H-distributions 4, can be defined via (F 5, )n.,
which is subsequence of Fy ., and (Vg )n., which is subsequence of (”a»nw)nw so the H-
distribution p® is well-defined.

Let us emphasize that we have obtained u® for a fixed a. Now if we take first o = 0 with
previous procedure we can obtain H-distribution u® defined via (Fp ,q)ne and (vng)n,. Then,
starting with (Fe, ng)ne and (Ve, ng)n, We obtain (by the same procedure) H-distribution p°*
defined via (Fe, n, )., and (ve, n,, )n., - Here e; = (1,0,...,0). Then we proceed with ey =
(0,1,0,...,0) to obtain H-distribution p? and so on with all |a| < k.

At the end we obtain H-distribution p defined by

o= S0 S (§) () a0 010" 000).

la| <k 0<p<a 0<4<8
(6% —
and subsequences g 0 Fa,n(o,...,o,k) and (vn/ = 0(0,...,0,k).n(0.... ""“))n .
la|<k (0,...,0,k)
N(o,...,0,k)

Distribution g obtained in Theorem 3.1 is called H-distribution corresponding to the
(sub)sequence (U, vy ).

Assume that the distributions p determined by Theorem 3.1 are equal to zero. Then the
local strong convergence in W —*?(R?) easily follows. We will prove a more delicate assertion
in the next theorem.
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THEOREM 3.2. Let u, — 0 in W=FP(RY). If for every sequence v, — 0 in WH4(R?)
the corresponding H-distribution is zero, then for every 6§ € S(R?), Ou, — 0 strongly in
W=FP(RY), n — oco.

Proof. For the strong convergence we need to prove that for every § € S(R?)
sup{(fu,, ¢) : ¢ € B}—0, n — oo, for every bounded B C WH4(R).

If it would not be true, then there would exist § € S(R?), a bounded set By in W*4(R%), an
g0 > 0 and a subsequence (Quy) C (Qu, ), such that

sup{|[(Qug, ¢)| : ¢ € Bo} > €p, for every k € N.

Choose ¢, € By such that [(Quy, ¢r)| > €0/2. Since ¢ € By and By is bounded in W#4(R%),
(¢r) is weakly precompact in WH4(R9), i.e. up to a subsequence, ¢p — ¢o in WH4(R).
Moreover, since ¢q is fixed, (ug, ¢g) — 0 and

€

[(Our. & — d0)| > . k> ko. (3.3)

Applying Theorem 3.1 on u; — 0 and ¢ — ¢g — 0, we obtain that for every ¢y, o2 € S(RY)
Jm wro( Ay (P1ur), p2(dk — ¢0))wr.a = 0. (3.4)

With ¢ = 1 on S?71, (3.4) implies

lim (p1uk , p2(dk — ¢o)) = 0.

k—o0
Again, we use the factorization property of S(R?). So if # € S(R?), then 6 = ¢ ¢, for some

¢1,¢2 € S(R?), and we have that Jim (Pruk, p2(dr — ¢o)) =0, ie. Jim (Ouk , (ék — ¢0)) = 0.
—00 —00
This contradicts (3.3) and completes the proof. O

3.1. Localization property

s

Recall [20, p. 117], the Riesz potential of order s, Re(s) > 0 is the operator I, = (—A)~z.,
see also [9]. Consideration of the Fourier transform and convolution theorem reveals that I,
for 0 < a < d, is a Fourier multiplier, i.e. F[I,[f]](€) := (27|&]) ! F[£](€). We will use the
potential I; with the following properties:

H (N gz < Cllfllze, for f e LURY), 1<q<d; (3.5)

011 (f) = —R;(f), f€LYR?), where Rj := Ag, /,j¢|- (3.6)
Moreover, R; : LY — L9 is continuous.
Consider now a sequence u,, — 0 in WP (R9) satisfying the following sequence of equations:
d

Y0 (Ai(@)un(@)) = fule), (3.7)

i=1
where A; € S(R?) and f,, is a sequence of temperate distributions such that

©fp — 0in WF"LP(RY), for every p € S(R). (3.8)

THEOREM 3.3. Let 1 <gq <d. If u, — 0 in W=kP(R?) satisfies (3.7), (3.8), then for any
sequence v, — 0 in W*4(R%) the corresponding H-distribution i satisfies

d
> Aj(@)Eu(x,&) =0 in SE'(RT x 8471, (3.9)
j=1
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Moreover, if (3.9) implies ji(z, £) = 0, we have the strong convergence Qu,, — 0, in W =%?(R9),
for every 6 € S(RY).

Proof. Let v, — 0 in WF4(R%), ¢ € S(R?), @3 € S(R?) and let 1 € C*(S?™1). We have
to prove (3.9), i.e. (multiplying (3.9) by (i|¢])~!, |£] # 0) that, up to a subsequence,
d

d
0= Z <,U'7Aj501§02f|é|7/}> = nlglgoz <uﬂAjQ01 ) A\i’j (902vn)> ) (310)
j=1 j=1

where ¥; = Tg‘ (%) Moreover, Ay, = —R;o Ay = 0;I1 0 Ay, see (3.6). Thus (3.10) is

equivalent to
d

d
Jim <Z 9;(und;), Wlfl(Aw(sO2vn))> + anggo (undj, 9;(p1) 11 (Ag(p2vn))) = 0. (3.11)

j=1 i=1

Since Ay (p2v,) € WH(R?) it follows from (3.5) that
0T (A (p20m)) = T (A (0% (p2vn))) € L5 (RY), for all 0 < || < k. (3.12)
d
Now, since g < dq7’ we have that for all ¢ € S(RY),
—4q

llp L (Ag (02vn))lle < [T (Ag (o))l aa [0l za- (3.13)
From (3.12) and (3.13) we see that
0°[p I (Ay(pavy))] € LYRY), for all 0 < |af < k.
Now,
0 (I (A (020n))] = —R;(A5(0°(p2vn))) € LIRY),
which gives us that for all ¢ € S(R?),
@ I1(Ay(pavy)) € WHTLIRD),
and moreover
I (Aj(pavy)) = 0 in WFHHI(RY), (3.14)
Take @1 = ¢11¢12 all in S(R?). From (3.8) and (3.14) we conclude that
{(p11fn: P12 11 (Ag(p2vn))) — 0.

From here and (3.7) we conclude that the first term in (3.11) converges to zero.

Now we analyze the second term in (3.11). We will prove that 0;(p1)11(Ag(p2vn)) converges
strongly to zero in W*4(R?). For that purpose we write 9;¢1 = @13¢14, all in S(R?), and
denote by L,, the open ball centered at the origin with radius m € N. By Rellich lemma
WHkHLA(L,,) is compactly embedded in W*4(Ly,). Since @141 (Aj(pavn)) weakly converges
to zero in WH+1:¢(R9), by the diagonalization procedure we can extract a subsequence (not
relabeled) such that for all m € N

P1al1 (Aj(20n)) — 0 in WH9(Ly,). (3.15)

Take smooth cutoff functions x,, such that x,,(z) =1 for « € L, and x,,(x) =0 for z €
RNL,,+1 and write 13 = Xm @13 + (1 — Xm)@P13. We have that

[P13P1411 (Ag (020n)) lwea < ‘ |<iulpl 10“G13| |P1al1 (Ag(p2vn))lwea  (3.16)
a|<k,|lx|>m

+||Xm9513¢1411(~’41;(902vn))||Wk,q- (317)
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Let € > 0. The sequence @141 (Aj(p2vy,)) is bounded in WH9(R9), i.e. there is M > 0 such
that ||@1al1(Ay(p20n))|lwee < M. Since g13 € S(R?), there exists mg € N such that for all
m > Mg

5
sup  |0%@i3] < .
<k, o] >m 2M

Next, from (3.15) we have that (3.17) goes to zero as n — co. So, for given &, there exists
ng € N such that (3.17) is less than £/2 for all n > ng. Thus the left hand side in (3.16) is less
than e for n > ng, i.e. 8;(@1)11(Ay(p2vn)) converges strongly in W*4(R7) and (3.11) holds,
which completes the proof of (3.9).

If coefficients A; are such that Z?:l Aj(x)€ #0, € € S91 then Theorem 3.2 implies the
strong convergence Ou,, — 0, for every § € S(RY).

O

4. Appendix

We give here the full description of spaces S€ and SE introduced in Subsection 2.1. We
recall from [6, Section 3.8.] the basic properties of Sobolev spaces on the unit sphere with
respect to the surface measure dS?!. In the sequel we assume that d > 2. Let Q; = {x €
R |z € [1—1,1+1]}, 0<i<1, and k € Ny. Then ¢ € C¥(S%1) if for some and hence for
all 0 <1 < 1, ¢* € CF(Q), where ¢*(x) = ¢(z/|z|). Moreover, [6, p. 9], C*(S9~1) is equipped
with the norm

psd—l,k(¢) = \¢|Ck(sd—1) = sup |0%¢* ()], (4.1)
la|<k,ze€
and this norm does not depend on [ € (0,1). Then C>(S9~1) = ﬂ C*(S%71). The completion

keNo
of C>°(S9~1) with respect to the norm

s = (-804 (552))

where A* is the Laplace-Beltrami operator, is the Sobolev space H*(S%1), s € Ng. The case
d = 2, when S' is given by = = cosf, y = siné, 6 € [0,27), is the simple one which we do not
consider. Note, in this case one can take —A* + 1 instead of —A* + ((d — 2)/2)2.

Denote by {Y,,j, 1 <j < N, 4,n € Ng} the orthonormal basis of L?(S4~!) (cf. [6, p. 121]
or [19, Proposition 10.2, p. 92]), where N,, 4 ~ O(n9=2), [6, p. 16], is the dimension of the set
of independent spherical harmonics Y}, ; of order n. Then we have

L2(sd-1)’

oo Nn,a

d—2\2s
[ollaresen = | S0 (n+ =) lonsl (4.2)

n=0 j=1

where v, ; = vY, ; dsd1.
1

Sd-
The space C°°(S%1), supplied by the sequence of norms (4.1), k € Ny, is denoted by
£(S41). By the Sobolev lemma for compact manifolds [7, Theorems 2.20, 2.21 (see also
Theorem 2.10)], explicitly written in [19, Theorem 7.6, p. 61], we have that

g8 = () H (8. (4.3)
s€Ng

This is a Fréchet space. Since all elements of C*°(S?~!) are compactly supported, we also have
that £(S91) = D(S41).
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By [16, Theorem I1.10, p. 52|, if we have orthonormal bases (¢n)nen and (¥ )men for
L*(RY,dz) with Lebesgue measure dx and L2(S%7' dS4-1) with surface measure dS%!
redsplectively7 then ’Lﬁn(tl)’(/;m(tg), (t1,t2) € R x S9! is an orthonormal basis for L?(R% x
S4TH).

By [16, Appendix to V.3, p. 141] (where the case d = 1 is treated), one has that the product
of one-dimensional harmonic oscillators N, = Ny...Ng, N; = 2?2 — (d/dz;)?,i = 1, ...,d, and the
Hermite basis hy,(7) = by, (21)...hn, (24),n € NE, of L2(R?) satisfy

NFh, = (201 +1)F..(2ng + 1)Fh,, n € N3, k € No.
Moreover, S(R?) is determined by the sequence of norms

1lllk = [IN*6lla = > (2m +1)*...2n0 + 1)*|anf*, k€N, (4.4)

neNg

where ¢ =3 e anh, €8 (R%). This sequence of norms is equivalent to the usual one for
S(RY).

Now, we define the space of smooth functions SE(R? x Sd_l) by the sequence of norms
(2.1). By the quoted Sobolev lemma for compact manifolds [7] and (4.3), we have the next
proposition.

PROPOSITION 4.1. The family of norms (2.1) is equivalent to any of the following two
families of norms:

pﬂdxsdl,k(e):UR . |N§(Ag)aa§9(x,g)2dxdg) , (4.5)
d>< d—1

PRixsi—1 (0) = sup (x)*|0g 076" (x,©)], (4.6)
(z,§)ERAXQy, |a+pB|<k

where 0*(x,&) = 0(x,£/|€]), (x)* = (1+ |2[?)*/2 and the derivatives with respect to ¢ are
defined as above, with fixed x.
In particular, SE(R® x S%71) is a Fréchet space.

Note that SE(R? x 897!) induces the m-topology on S(R%) @ £(S*1), see [22, Chap. 43]
for the m—topology. Since S(R?) is nuclear, the completion S(RY)®&(S?71) is the same for
the 7 and the € topologies, cf. [22, Part III, Chap. 50, Theorem 50.1, p. 511].

PROPOSITION 4.2.
SRHBE(SI™1) = SE(RY x 8471, (4.7)

Proof. Clearly the embedding S(R*)®E(S? 1) — SE(R? x S9~1) is continuous. Thus for
the proof of (4.7), it is enough to prove that the left space is dense in the right one. As for
general manifolds, we have that h,,(z) x Y, ;(£), 1 <j < N, 4, n,m € N, is an orthonormal
basis for L?(R? x S9=1). Now, by (4.3) — (4.5), it follows that

oo Nn,d

0, = 3 Y tnjmhm(@)Y,;(6) € SER? x 871) (4.8)

n=0 j=1 meNg
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if and only if for every r > 0,

oo Nn,d
DX langmlP 40"+ m?) < oo (4.9)
n=0 j=1 m,GNg

(cf. [23, Chapter 9]). Now taking finite sums of the right-hand side of (4.8), we obtain that
S(RHPE(S? 1) is dense in SE(RY x S?~1). This completes the proof. O
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