COFINAL TYPES ON wy

BORISA KUZELJEVIC AND STEVO TODORCEVIC

ABSTRACT. In this paper we start the analysis of the class Dy,, the class of
cofinal types of directed sets of cofinality at most Na. We compare elements
of Dy, using the notion of Tukey reducibility. We isolate some simple cofinal
types in Dy, , and then proceed to show which of these types have an immediate
successor in the Tukey ordering of Dy, .

wy X [w]<¥ w X [wa] =¥
[wr] < [wa] =¥
WX wy w1 X wo
w w2

FIGURE 1. Tukey ordering of simple elements of the class Dy,

1. INTRODUCTION

The purpose of this paper is to start the analysis of the class Dy,, the class of
directed sets of cofinality at most Ns. Up to now, there is a satisfactory under-
standing of cofinal types of directed sets of cardinality at most W;. This line of
research originates in the work of Tukey in [19], and in the work of Birkhoff in [1]
and Day in [2]. Afterwards, Isbell in [7, 8] and Schmidt in [13], continued with finer
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analysis of the class of cofinal types of all directed sets. In the early 1980s, the
second author in [18] completed Isbell’s investigation of cofinal types of directed
sets of cardinality at most Ny, by proving that only five cofinal types in Dy, can
be found in ZFC without additional set-theoretic assumptions. These are 1, w, wy,
w X wi, and [w1]<*¥. In the same paper, the second author proved that, assuming
the Continuum Hypothesis, this class can be very rich. In particular, under CH,
the class Dy, contains 2¢ pairwise cofinally non-equivalent directed sets. After that,
he was also able to extend those results to all transitive relations on w; in [17].

It is worth mentioning, although it is not directly connected to our work in this
paper, that there has been a significant amount of work on cofinal types of definable
directed sets, and cofinal types of ultrafilters when viewed as directed sets. The
work on definable directed sets is due to the second author and Solecki in [14, 15].
The work on cofinal types of ultrafilters viewed as directed sets started with the
work of Milovich in [10], and continued through papers of the second author with
Dobrinen [5, 4, 3], and with Raghavan in [12]. Most recently, Raghavan and Shelah
n [11], and the first author and Raghavan in [9] contributed to this topic.

The structure of the simplest directed sets in Dy, is presented in Figure 1. Note
that the order of a directed set in this picture is always assumed to be the standard
one, < for ordinals, C for families of sets, and the product ordering for products
of directed sets. At the top is [wa]<“, the maximal cofinal type of directed sets of
cardinality No. At the bottom is 1, the minimal cofinal type of all directed sets. All
the other simple types are obtained as products of w, wi, wa, [w1]<¥, and [we]<¥.
Note that the set [wo]<“ is not of cardinality X, but it contains a cofinal subset
D of cardinality Ny whose every uncountable subset is unbounded in [wp]<¥, as
Lemma 2.3 shows.

The paper is organized as follows. In the second section we introduce all the
relevant notions. In the third section we prove some basic inequalities between
cofinal types of directed set in Dy,. In this section we prove that all these in-
equalities are strict, i.e. these cofinal types are all different with resepect to cofinal
equivalence. In the fourth section we prove that there are gaps in the Tukey order-
ing of Dy,. In particular, we show that besides the already known gaps, there is
neither a directed set D such that [wi]<¥ <7 D <1 ws X [w1]“* nor D such that
[wa] =¥ <7 D <7 w X [wa]=*. In the fifth section we prove that, under certain set-
theoretic assumptions, there is a directed set between w; x wy and [ws] <. Namely,
we prove:

Theorem 1.1. Assume GCH and that there is a non-reflecting stationary subset
of S2. Then there is a directed set D such that wy X we <7 D <7 [wg]=¥

Finally, in the last section, we show that, under the same set-theoretic assump-

tions, there is a directed set between [w;]<% X [wa]S% and [wa]<¥.

Theorem 1.2. Assume GCH and that there is a non-reflecting stationary subset
of Sg. Then there is a directed set D such that [w1]<¥ X [wa]S* <1 D <p [wa]<¥.

2. PRELIMINARIES

We use standard set theoretic notation. In particular, if A is a set and & is
a cardinal, then [A]" denotes the set of all subsets of A of cardinality k. Thus,
for example, [A]' = {{z} : 2 € A}, whereas [A]“ is the set of all countably infinite



COFINAL TYPES ON ws 3

subsets of the set 4, and [A]<¥ is the set of all at most countable subsets of A. For
a function f: X — Y and a set A C X, we denote f"A = {f(z):z € A}.

A partially ordered set (X, <) is directed if for any x and y in X there is some
z in X such that z < z and y < z. A directed partially ordered set is called just a
directed set. A subset Y of a directed set X is bounded if there is some z in X such
that y < z for each y in Y. Otherwise, Y is unbounded in X. If D and F are two
directed sets, we say that f : D — E is a Tukey function if f”” X is unbounded in FE
whenever X is unbounded in D. When there is a Tukey function from a directed set
D into a directed set E, we say that D is Tukey reducible to F, and write D <p FE.
If there is a Tukey function f : D — E, but there is no Tukey function from E to
D, then we write D <7 E. Note that <t is a transitive relation. For two directed
sets D and E, by results in [13] and [19], D < E if and only if there is a function
g : E — D such that for every d € D there is an e € E such that g(e’) > d for each
e’ > e. A function g with this property is called a convergent map from E to D. A
subset C of a directed set D is said to be cofinal in D if for every d in D there is
some c in C' such that d < c. We say that two directed sets D and E are cofinally
similar if they are isomorphic to cofinal subsets of a single partially ordered set.
Recall that by results of Tukey in [19], two directed sets D and FE are cofinally
similar (D =¢ F) if and only if D <p E and F <7 D. He also showed that =7 is
an equivalence relation. The equivalence classes of this relation are called cofinal
types. For a directed set D, its cofinality is the minimal cardinality of a cofinal
subset of D. Recall that c¢f(D) denotes the cofinality of a directed set D, and that
D,, denotes the class of cofinal types of directed sets of cofinality at most «.

Suppose that k is a cardinal. A set C' C k is a club in & if it is closed and
unbounded in . A set S C k is stationary in  if SN C # () for every club C in k.
A set S stationary in k is said to be non-refiecting if for every v < r of uncountable
cofinality, the set S M~ is not stationary in . Regarding notation, we will also be
using S7 = {a < wq : cf(a) =w} and S7 = {a < wy : cf(a) = wy }.

For directed sets D; (i € I), their product is the set [[;.; D; equipped with
a relation < defined as follows: (d;:i€1l) < (e;:i€I) iff d; <p, e; for each
i€l If j €l then np, : [[,c; Di — Dj denotes the projection to D, i.e.
WDj(di 11 E I) = dj.

Lemma 2.1. Suppose that D1, ..., D, are directed sets. If Dq,...,D, <r D, then
D1X---><Dn STD

Proof. By [16, Proposition 2], Dy x - - - x D, is the least upper bound of Dy, ..., D,.
Since D1, ..., D, <7 D, it must be that D; x --- x D,, <p D. U

Lemma 2.2. Suppose that D and E are Tukey incomparable cofinal types. Then
there is no Tukey map from D x E to either D or E.

Proof. By Proposition 2 of [16], both D and E are Tukey below D x E. If there
were a Tukey map f : D x E — E, then we would have D <p D x E <p FE,
and consequently D <p E which is in contradiction with the assumption of the
lemma. (]

Lemma 2.3. Directed set [o&]ﬁw contains a cofinal subset ® of size Ny with the
property that every uncountable subset of ® is unbounded in [wo]<. In particular,

[wa] ¥ belongs to Dy,, i.e. cf ([wg]g“’) < Ny,
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Proof. First, for each o < wq fix an injection e, : @ + 1 — wy such that e, («) = 0.
Now for every v < w; denote

Fy(a) ={{ <a:e§) <7}
Note that for every w; < o < wy there is an unbounded set C, C w; such that
v C F,(a) whenever v € C. To see this suppose it is not the case, i.e. that there
is a & < wy such that for each v > & we have vy € F, («). This means that for every
7 > 6 there is &, < v such that ey (&) > 7. Let f:wi \ (6 +1) = w; be given by
f(v) =&,. By the pressing down lemma, there is a stationary set S C w; \ (6 +1)
(stationary subset of wy), such that &, = & for each v € S. But then ey (§) > v for
every v € S which is not possible because S is unbounded in w;. Thus, we showed
that there is an unbounded C C wq such that v C F,(«) for every v € C,. Define
now
D={F,(0) w1 <a<w &veCl,}.

We will prove that the set ® is as required. Since a ranges over a subset of wy
and ~ ranges over a subset of wy, it is clear that © is of cardinality N,. Since every
€q is 1-1 function, and every v € C\, is a countable ordinal, it follows that each
F, () is a countable set. Thus ® C [wa]=¢. Next, we prove that ® is cofinal in
[WQ]SW. Take any countable B C wy. Then there is some w; < a < ws such that
B C a. Since B is countable, e, is 1-1, and C\, is unbounded in wy, there is some
v € C, such that €//B C v, i.e. B C F,(a) € D. Thus, D is cofinal in [wa]=.

We still have to prove that every uncountable subset of © is unbounded in
[wa]=®. Take any uncountable X C ®. Let us enumerate X = {Fﬂy5 (ag) 1 €< wl}.
We consider two cases: when the set A = {a¢ : { <wi} is uncountable or when
A is countable and the set I' = {7¢ : £ <ws} is uncountable. There is no other
case possible because if both A and I" were countable, then the set X would also
be countable. If A is uncountable, then from definition of e,, in particular from
eq(a) = 0, it follows that A C [JX. Thus |JX is uncountable, so X cannot be
bounded in [w2]<¥. Suppose now that I' is uncountable with A countable. Since
each v¢ € T belongs to Cy,, we know that v C F, (a¢) for £ < wy. Since I'
is an uncountable set of ordinals, [JT' is also uncountable. Now we have JTI' =
Ug<w, Ve € Ugcw, Fre(ae) = U X, so JX is again uncountable. Consequently, X
cannot be bounded in [ws]S*. We showed that in both cases X in unbounded, so
we conclude that every uncountable subset of ® is unbounded in [wy] <% O

For the remaining of this paper © will denote the directed set defined in the
proof of Lemma 2.3, thus ® is a cofinal subset of [ws]<%, the cardinality of D is Ny,
and every uncountable subset of ® is unbounded.

Remark 2.4. Note that since [wy]* is cofinal in [wy]<* we have

[wa]® =1 [wz]gw =r 9,
and so, depending on the situation, we will be using these three forms of the same
cofinal type of a directed set D.
3. BASIC INEQUALITIES IN Dy,

In this section we list why all the inequalities claimed in Figure 1 hold. Some
were already known (the ones about Dy, ), and some follow in a similar manner.
We also explain why some orders from Figure 1 are Tukey incomparable.
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Lemma 3.1 (see [16]). There are Tukey maps:

0f0:1—>w1;
0f1:1—>w,'

o forw—wXuw;
of3:w1—>w><w1;

o fiiwXwy — [w]<v.

Lemma 3.2. There are Tukey maps:

L] f521—>LUQ7'

o fg:ws = w X ws;
0f72&]24)&)1>(&)2;

0f8:w1 — w1 X Wy,

° fg : [wﬂ“" — wa X [W1]<w;
0f10:0J—>(,«)XOJ2,'

° fllzwxwlxwg—mugx [W1}<w;
e flo:iwXwy = wXws Xwsy;

o fl3:iwXw = wXw Xwsy;

o flg4:w) Xwy = w Xw Xws;
[ f15 : [w1]<“’ X [UJQ]SW — [w2]<“’.

Proof. To see that inequality (11) is true, first note that by [16, Proposition 2],
W, w1, we < wa X [w1]5¥. Now Lemma 2.1 implies that w x wy X wy <7 wa X [w]<¥,
i.e. there is a required Tukey map. Inequalities (5) and (15) are obvious, and
inequalities (6)-(10) and (12-14) follow directly from [16, Proposition 2]. O

Lemma 3.3. There is a Tukey map fis : w1 X wy — [wa] =Y.

Proof. Fix a bijection g : wy X we — we, and let f(a, ) = {9(&,5) : £ < a} for
(o, B) € w1 X wo . Note that f(a, ) is a countable subset of ws for each (a, ) €
w1 X wa. To see that f is a Tukey map, let X be an unbounded subset of w; X ws.
Then, either 7/, X is unbounded in w;, or 7, X is unbounded in ws.

Suppose first that 7/, X is unbounded in wy, i.e. 7} X is of cardinality N;. For
each o € 7} X choose 3, such that (o, 8,) € X. Since

UQEWZIX {g(gaﬁa) : g < O[} g f”Xa

since g is a bijection, and since 7} X is of size ¥;, it must be that [J X is of
cardinality at least X1, thus unbounded in [ws]<¥.

Suppose now that 7, X is unbounded in wy, i.e. ) X is of cardinality Ry. Then
there is a@ < wq such that ¥ = { < ws : {a, B) € X} is of cardinality Ry, so since g

is a bijection and
UﬁEE {9(575) : 5 < Oé} g f”X7
it must be that | J fX is of cardinality Ny, thus unbounded in [wy]<%. O

Lemma 3.4. There are Tukey maps:
° f17 : [U.}Q]Sw — W X [WQ]SUJ,'

o flg WX W Xwy —w X [wy]S¥;
° f19 Tw X [W2]§w — [w1]<‘” X [(.OQ]SM,'
(] fgo two X [w1]<‘” — [w1]<“’ X WZ}SW-
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Proof. Inequality (17) follows from [16, Proposition 2]. Inequality (18) follows
Lemma 2.1 applied to inequality (16). Inequality (19) follows Lemma 2.1 applied
to inequalities (2) and (4). Inequality (20) follows Lemma 2.1 applied to inequalities
(7) and (16). O

Lemma 3.5. There is no Tukey map from [w]S% to wi X wo.

Proof. Suppose that f : [wa]S* — w; X ws is a Tukey map.

If |7y, (f"[w2]')] < Ry, then there is a set Y C [ws]' of cardinality N, and an
ordinal v < wsy such that 7, (f(z)) =~ for each  in Y. Since Y is of cardinality R,
there is a set Z C Y of cardinality R, and an ordinal § < wy such that f(z) = (8,7)
for each = in Z. So f~1(B,~) is unbounded in [wy]=¥, contradicting the fact that
f is a Tukey map.

If |7, (f"[w2]')| = Ry, then there is a set Y C wy of cardinality N, and an
ordinal 3 < wy such that (3,7) € f”[ws]! for each v in Y. Let W be any subset of
{B} XY of cardinality 8;. The set W is bounded in wy Xws. Since W is uncountable,
the set f~'W is unbounded in [we]<¥, again contradicting the assumption that f
is a Tukey map. (I

Lemma 3.6. w x w; X wy and [wa]=* are incomparable cofinal types.

Proof. Since w X {w} x {w} is unbounded in w X wy X ws, and every countable set
in [wy]=* is bounded, there is no Tukey function from w x w; X wy into [we]<¥.
Thus w X w1 X we L [wa]=¢. So suppose that there is a Tukey map f : [wo] ¥ —
w X wp X Wwa.

If ’f”[w2]1| < Ny, then there is a set Y C [wy]! of cardinality Ny, and a triple
(B,7,6) such that f(x) = (8,7,d) for each x in Y. Thus f~1(3,v6) is unbounded
in [wy]=¥, contradicting the assumption that f is a Tukey function.

If |f” [w2]1| = No, then there is a set Y C ws of cardinality No, an integer n < w,
and an ordinal f < w; such that the set Z = {n} x {8} x Y is contained as a
subset in f”[ws]'. Let W be any subset of Z of cardinality R;. Thus W is bounded
in w x wy X we. Since W is uncountable f~'W is unbounded in [wQ]Sw, again
contradicting the assumption that f is a Tukey function. O

<w

Lemma 3.7. w X w1 X wa and [wy] are incomparable cofinal types.

Proof. Suppose first that there is a Tukey function f from [w]<% into w X wy X

wy. For every unbounded set X C [w]<*, 7/ (f”X) is bounded in ws, thus
Tiww, (f”X) is unbounded in w x wy. Hence 7y, o f is a Tukey function from
[w1]<¥ into w X wy, which is impossible.

Suppose now that f: w X wy X wy = [wy is a Tukey function. Since [wq
is of size Wy, there is a set Y C wy of cardinality Ny, an integer n < w, an ordinal
B < w1, and a finite set F' C wy such that f(n,3,v) = F for each v in Y. Since F is
bounded in [w1]<¥ and {n} x {8} x Y is unbounded in w x wy X wq, this contradicts
the assumption that f is a Tukey function. O

]<w ]<w

<w

Lemma 3.8. There is no Tukey function from [wa]=¥ into we X [wy]<.

Proof. Assume that f : [ws]S% — wy X [w1]<¥ is a Tukey function.

If |7, (f"[w2]')] < Ry, then there is a set Y C [ws]" of cardinality N, and an
ordinal 8 < wsy such that m,,(f(z)) = 8 for each z in Y. Since [w;]<% is of size Ny,
there is a set Z C'Y of size No, and a finite set F' C w; such that f(z) = (8, F) for
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each z in Z. Thus f~1(83, F) is unbounded in [w]<¥, contradicting the assumption
that f is a Tukey map.

If |7, (f"[w2]")| = Ng, then since [wi]<* is of size Ry, there is a set ¥ C wy
of size Ny, and a finite set F' C wy such that the set Z =Y x {F} is a subset of
f"[wa]t. Let W be any subset of Z of size X;. Then W is bounded in wy X [wq]<¥.
Since W is uncountable, f~!W is unbounded in [wy]S¥, again contradicting the
assumption that f is a Tukey map. (I

<w

Lemma 3.9. There is no Tukey function from [wi]<¥ into w X [wg] =Y.

Proof. Suppose that there is a Tukey map f : [w1]<% — w X [wo]S¥. If the set
F"(Jw1]<¥) is countable, then ’/Tfi}z]sw (f"([w1]<*)) is bounded in [ws]<*. Thus for
every unbounded X C [w1]<%, the set 7//(f”X) is unbounded in w. Then =, o f
would be a Tukey function from [w;]<* into w, which is impossible. Hence, the set
f"(Jw1]<¥) is uncountable. Then there is n < w, and an infinite set X C [wy]<¥
such that W = {n} x X C f”(jwi]<¥). Clearly, W is bounded in w x [wg]<¥.
Since W is infinite, the set f~'W is unbounded in [w;]<¥. This contradicts the
assumption that f is a Tukey function. ([

<w

Lemma 3.10. ws X [w1]<¥ and w x [wo]=¥ are Tukey incomparable cofinal types.

Proof. First notice that by Proposition 2 of [16], if we X [w1]<¥ <7 w X [wa]=¥,

then [w1]<¥ <7 w x [w2]=¥ which is impossible by Lemma 3.9. On the other hand,
if w x [wa] =¥ <7 wa X [wW1]<¥, then [w]S¥ <7 wy X [w1]<¥ contradicting Lemma
3.8. (I

Lemma 3.11. All the Tukey inequalities (0)-(20) are strict.

Proof. First note that w,w;,ws are incomparable cofinal types, and that they are
strictly above 1, i.e. inequalities (0), (1), and (5) are strict. Lemma 2.2 implies
that inequalities (2),(3),(6),(7),(8), and (10) are strict. For the same reason, and the
fact that w X w1, w X wa,w; X wy are obviously incomparable, inequalities (12),(13),
and (14) are strict. Lemma 3.7 implies that inequalities (9) and (11) are strict,
and strictness of the inequality (4) is known since the introduction of the notion
of cofinal equivalence (see [16]). By Lemma 3.5 the inequality (16) is strict. Next,
Lemma 3.6 implies that the inequalities (17) and (18) are strict. Similarly, that the
inequalities (19) and (20) are strict follows from Lemma 3.10.

We still have to prove that the inequality (15) is strict. Suppose that f is a
Tukey function from [we] < into [we]S¥ x [wi]<¥.

If f"[wa]! is of size less then Ny, then there is a set Y C [wa]! of cardinality Ny,
a countable set S C wsy, and a finite set F' C wy such that f(z) = (S, F) for each
7 in [wa]l. Thus f~1(S, F) is unbounded in [w2]<¥ contradicting the assumption
that f is a Tukey function.

If f"[ws]! is of cardinality N, then there is a finite ' C w; and an infinite set
Y C [w2]=¥ such that Y x {F} C f”[ws]!. Let W be any countably infinite subset
of Y x {F}. Then W is bounded in [w2]=% X [w;]<* while f~1W is unbounded in
[wa] <, contradicting the assumption that f is a Tukey map. ([

4. GAPS IN Dy,

Theorem 4.1. There is no directed set D such that [w1|<¥ <7 D <7 ws X [wq]<¥.
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Proof. Note that it is enough to prove that if D is a directed set such that [w1]<¥ <p
D <1 wy X [w1]<¥, then D =1 wy X [w1]<¥. So suppose that D is a directed set
such that there are Tukey maps f : [w1]<¥ — D and g : D — wa X [w1]<¥. Since
[w1]<¥ <r D, it must be that D is of cofinality Ny. For s € D let us denote
st ={x € D:s<x}. Denote also E = f([w1]<%). Since f is a Tukey map, every
infinite subset of E is unbounded in D. Enumerate [w1]<¥ = {s¢: & <wi}. For
o < wy consider sets Do = g~ 'wa X {sq}]. Clearly D = {J,,, Da. Since g is a
Tukey map, for each o < wy if X C D, is of cardinality N1, then X is bounded
in D. For each £ < wy pick a(§) such that a(§) > a(v) for all v < &, and that
f(se)"NDqg) is of cardinality Ny. Let us enumerate f(s¢)"NDye) = {dgy 1 7 < wa}
for each & < wy. Now define h : wo X [w1]<¥ — D so that h(7, s¢) = dey. Clearly h
is well-defined, and we proceed to show that h is a Tukey map.

Suppose that A C we X [w1]<* is unbounded. Then either there is an unbounded
set ' C wy and € < wy such that (y,£) € A whenever v € T', or there is an infinite
set ¥ C wp such that for every £ € ¥ there is v € wy such that (y,s¢) € A.
Assume first that there is such unbounded I' C wo, i.e. T'is of cardinality Ny and
I'x{s¢} C Afor afixed & <w;. Then b AN D, ) is of size Ry, thus it is unbounded
in D. Assume now that there is such infinite ¥, i.e. that X C ﬂ'f;l]@A. Then the
set {& <wy : K"AN Dy N f(se)t # 0} is infinite, so if it were bounded by some
d € D, there would be an infinite subset of F bounded by d which is impossible.
Thus h” A is unbounded in this case also. O

Theorem 4.2. There is no directed set D such that [w2]<* <1 D <7 w X [w2]=¥.

Proof. Let, by Lemma 2.3, © = {s¢ : £ <wsa} be a cofinal subset of [wy]S¥ of size
No such that every uncountable subset of ® is unbounded. We may suppose that
D is a directed set such that © <r D, and that D <7 w x ®, and in that case it
is enough to prove that w x ©® <p D. Let f be a Tukey function from © to D.
Note that then E = D is such that every uncountable subset of F is unbounded
in D. On the other hand, let g be a Tukey function from D to w x ®. Denote
D, = g~ '({n} x D) for each n < w. Then D =J,, ., Dn. Now, for k < w define

Dy =Dy \{deD:(3n<k)(IzreD,)d<az}.

Clearly, U,,.., D;, is a partition of D, and D, C D, for each n < w. Since g is
a Tukey function, for each n < w every countable subset of D,, is bounded in D.
Thus, for each n < w every countable subset of D!, is bounded in D. Since E is
of cardinality R, there is ng such that |[E N D], | = Ry. Denote Xg = EN D], =
{deo : § <wa}. For each § < wo pick diy € D\ Dy, such that deg < d,. Denote
Xy = {dlgo < wg}. Now let n; > ng be such that ’X{) N D;h’ = Ny. Such an
ny exists because for no k < w is (J,, ., D;, cofinal in D. Denote X; = X{ N D;,
and enumerate X7 = {dg1 :{ <wq}. Again, for each { < wp pick di; € D\
Ungn1 D;, such that d¢; < d/gr Now suppose that ng < --- < n,,, and sets
Xoy ooy X, X0y, Xy and Dy, ..., Dy, have been defined. Let us enumerate

Xm = {dem : £ <ws}, and assume that X, = {dlﬁm (€< wg} is such that for each
¢ < wa, d/gm € D\Ungm D}, is such that dg,, < dlgm- As before, there is n,11 > N,
such that ‘X,’n NnD, ‘ = Ny. Denote X,,41 = X,, N D, = {dem41 1 £ <wal,

MNm+1 MNm+1

and for each § < wy let dy,, .y € D\ U, <,, ., Dn be such that depi1 < dipp iy
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Then X, ,, = {dgm_H
m < w and & < ws let h(m, s¢) = den,, -

We will prove that h is a Tukey finction which will conclude the proof. Suppose
that Y C w x © is unbounded. Then either 7Y is unbounded in w or 7Y is un-
bounded in ©. If 7Y is unbounded in w, then the set K = {n < w: K'Y N D) # 0}
is infinite. If there were d € D such that x < d for all z € A”Y, then there would
be m < w such that d € D/, . But this is impossible because by the definition of
D!, there is no n > m and x € D), such that < d, and consequently the set K
cannot be infinite. Thus in this case 2”Y is unbounded. If 7Y is unbounded in
D, then for some m < w the set A”Y N D), is uncountable. Suppose that d € D is
such that « < d for each x € kY N D). But this is impossible because then there
would be an uncountable subset of E bounded by d. Thus A”Y is unbounded in
this case also, and so h is a Tukey function from w x ® to D. O

€< wg}. Finally, define h : w x ® — D as follows: for

5. DIRECTED SET BETWEEN w; X Wy AND [wp]S®

In this section we prove that, under certain set theoretic assumptions, there is
a directed set D such that w; x wy <7 D <7 [wy]=*. We will construct such a D
using an Na-Souslin tree. Assume, in this entire section, that GCH holds and that
there is a non-reflecting stationary subset of S2. By the work of Gregory in [6], this
implies that there is an No-Souslin tree. So suppose that T' C w;™“? is an Re-Souslin
tree with the property that for each ¢t € T and « < wy, the node t~{«a) belongs to T'.
Let < denote the order in the tree T', and let T,, denote the ath level of the tree T.

For X C T, let X be the downward closure in T of the set X. Finally, let D be the
set of all subsets X of T" such that for each ¢ € T, the set {a <wi:ta) € )A(} is

non-stationary in w;. We consider Dr ordered by inclusion. Since non-stationary
sets in w; form an ideal, Dt is a directed set.

Lemma 5.1. Suppose that X C T is of cardinality Ro. Then there is an element t
of T such that for each t' >t there is v € X such that x > t'.

Proof. Suppose the contrary: that for each ¢ € T, there is ' > ¢ such that every
x > t' does not belong to X. By induction we construct an antichain (¢, : @ < wo)
in T. By applying the assumption on the root §) we obtain ¢y such that every = > t,
does not belong to X. Suppose now that we are in stage § < ws, and that t, has
been chosen for each o < f§ in such a way that (¢, : a < ) is an antichain, and
that for each a < 8, every x > t, does not belong to X. Let § be the supremum
of levels of the nodes ¢, (o < ). Then T | ¢ is of cardinality N;. Thus, there is a

t € X on a level above §, and such that {t} N{t, : @ < 8} = 0. By the assumption,
there is tg > ¢ such that every & > tg does not belong to X. Clearly, (t, : o < f)
is an antichain in 7. This completes the definition of an antichain of size Xy in T,
which is in contradiction with the assumption that T is an Ny-Souslin tree. ([

Corollary 5.2. Every element X of Dt is of cardinality at most Ny. In particular,
Dt is of cardinality RNs.

Proof. Let X € Dy, and suppose that X is of cardinality Ny. By Lemma 5.1 there
is a t in T such that for each ¢’ > ¢ there is  in X such that > t/. This means that

{a <wp:ta) € X } = wq, in particular this set is non-stationary, contradicting
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the fact that X is in Dp. Thus X must be of cardinality less than N5. Now, the
standing assumption of GCH in this section implies that |Dp| = Ns. O

Corollary 5.3. For every partition Dp = |J
and an unbounded E C D., of size N;.

<wr Doys there is an ordinal v < wi,

Proof. Recall that GCH is assumed in this section. Thus |Dr| = Ry. So there is a
v < wi such that |D,| = Ry. Then ||JD,| = Ry. By Lemma 5.1, there is a t in T’
such that for each ¢ > ¢ there is z in | J D., such that x > /. Again, this implies that

{a <wp:t{a) € UD\,Y} = wy. Now for every o < wy pick X, in D, such that

t~a) € X,. Let E = {X4 :a <w;}. Since any upper bound Y for E would have
to contain the union of E as a subset, we would have {a <wy:ta) € }A/} = wy,

in particular this set would be non-stationary. Thus E is unbounded in Dy. Clearly
E is of cardinality 8; and a subset of D,. O

Lemma 5.4. If D’ is a cofinal subset of Dr, then there is an uncountable subset
of D' bounded in Dr.

Proof. Let D" be a cofinal subset of Dp, and let {t, :vy <wa} be a level set in
T. Note that L C T is a level set if [LNT,| = 1 for each v < wy. Clearly, for
every v < wa, {ty} € Dp. Thus, for each v < ws we can choose S, € D’ such
that t., € S,. Let, for each X € Dy and t € T, N;X denote the non-stationary set
{a <wp i ta) € )/(\'}, and let C;X denote the club in w; disjoint with N;X.

Now fix a sufficiently large regular cardinal 6, and an elementary submodel M <
H(0) of cardinality X; containing all the relevant objects and such that MY C
M. Denote § = M Nwsy. Then ¢ is a limit ordinal which belongs to ws, so let
(7e : £ <wi) be an increasing sequence in ¢ such that supg_,, 7¢ = 6. Enumerate
T 138 ={se:{<w} in such a way that if s¢;, < s¢,, then & < &. In order to
simplify notation, let Cg denote the set Cf; for each v < wy and € < wy.

Now, by induction, we construct three sequences (d¢ : &€ < wi), (T'e : £ < w1), and
(e + € < wr) with the following properties:

)
(1) Cgl Nne, = Cgf"‘ Nne, for & < & < wy,
(2) 551 < 552 < ¢ for 61 < 52 < wi,
(3) sup{de: £ <wi} =2.
First consider sg. Let 79 be the first limit point of Cg . Let

Foz{'y<w2:Cgﬂn0:Cgﬂno}.

Since § € 'y, the set 'y is stationary in wo. Let §p = min I'y.

Suppose now that &y < wi, and that d¢,I'¢, and 7¢ have been constructed for
each & < &y. Let ng, be the first limit point of C’go \sup {ne : £ < &}. Consider the
set

Te, =87 € () Te: (V€ < &) C2Ning, = CZ N,
£<bo
Since I'¢, belongs to M, and since § € I'¢,, it must be that I'¢, is stationary in ws.
Since I'¢, is cofinal in wy and belongs to M, the set 6 NI'¢, is cofinal in J. Define
d¢, to be the minimal ordinal in 6 NI, greater then both sup¢ ¢, d¢ and ¢, (recall
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that (ye : £ < w1) is chosen to be cofinal in d). It is clear from the construction that
conditions (1-3) are satisfied.

Now we prove that {5'5E €< wl} is as required. It is sufficient to prove that
S = U5<w1 Ss. € Dr, as it will witness that {555 €< wl} is an uncountable subset
of D" bounded in Dr. Since, for each { < wy, both d¢ and (S, : v < w2) belong to
M, it must be that S5, € M. Since ’555‘ <Ny (£ < wip), we have S C M. Thus
S C T [ 6. This means that, in order to prove S € Dr, it is enough to prove that
for each t € T | 4, the set {a <wp:ta) € §} is non-stationary in wi. So take

any t € T [ 6. Let ( < w;y be such that s, =t. Define

s s
C =020 (Neec CF) 0 (Aecun CF ).
Since countable intersection of clubs is a club, and since diagonal intersection of
wy many clubs is a club, we know that C' is a club in w;. We will prove that
cn {a <wi:sc(a) € S} = (. So suppose that an ordinal o < w; is such that

aceCn {a <wi:se(a) € §} This means that o € C' and that for some pu < wy
and some = € Ss,, s¢" () < z. Note that this implies that

ag o, (5.1)

If p < ¢, then since o € mggc Cgé, we have a € C’g“ which is clearly contradicting
(5.1). Thus, it must be that ¢ < pu. We consider two subcases, either o < 7, or
a>mn, Ifao>mn, > p, then o € C implies that o € A5<MC’§£, which together
with @ > p implies that a € Cg“’. But this is in contradiction with (5.1). If a < 7,,,
then by the property of §,, we have Cg nn, = C?“ Nn,. By (5.1), a ¢ C’g“, so since
a < n,, it must be that o ¢ C’g. But, by the definition of the set C, this means
that o ¢ C, which is in contradiction with the initial assumption on «. (]

Theorem 5.5. If T C wfw is an Ny -branching No-Souslin tree, then
w1 X wy <7 DT <r [LUQ]SW.
Proof. Let us enumerate T = {t, : @ < wa}.
First we prove w; X wy <7 Dp. We will find a Tukey function f : wi X ws — Drp.
So, for (8,7) € w1 X way, define

FB,7) = {t} U {to ™) € T: a < B}

The function f is properly defined because the image of every element of wy X ws
is countable, thus belongs to Dy. Now we prove that f is Tukey, i.e. the image
of every unbounded set is unbounded. Let X be unbounded in w; X ws. The
either |7T(Z1X| = N or |7TZQX‘ = Ny. Suppose first that |7r£2X| = Ny, and let
Y ={y<wy:tyen, X} ThenY CJf"X, in particular | J fX is of cardiality
Ny, so f”X cannot be bounded in Dp. Suppose now that |7TZ]X| = N;. Then
{to ) : @ <w1} €U f”X thus showing that f”X is not bounded in Dr.

Next we prove Dy <t [w]S*. For X € Dy define g(X) = {a <wa :t, € X}
Suppose now that A is unbounded in Dy. Then |J.A is uncountable because oth-
erwise A would be bounded. This means that

Ug"A| = |Utex): X € A} = [{a <ws st e | JA}| 2 0.
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Thus, ¢g” A is unbounded in [wy] <.
Now we prove that Dy €7 wi X wa. Suppose the contrary, that there is a Tukey
function h : Dy — wy X wy. For a < wi, let

Do ={X € Dy : (38 < ws) h(X) = (a, B)}.

Since h is a function, Dy = Ua<w1 D, is a partition. By Corollary 5.3, there is
an a < w; and an unbounded set £ C D, of cardinality 8;. Enumerate £ =
{Xe¢: €& <wi}, and let B¢ < wa be such that h(X¢) = (a, B¢), and let § < wa be
such that B¢ < § for every & < wy. Then h"E = {(o,f¢) : € <wi}. Since E is
unbounded and h is Tukey, h”E is unbounded. This is a contradiction because
W'E <{a,B) in wy X wa.

Finaly, we prove [wy]<¢ 7 Dp. So suppose the contrary that [wo]S¥ <7 Dr.
We already know that D <7 [wa]S¥, so the assumption gives us Dy =7 [w]<¥.
This means that there is a directed set E such that both D and [ws]S“ are cofinal
subsets of E. By Lemma 2.3 there is a set A C [wa]S% cofinal in [w]<*, and such
that every uncountable B C A is unbounded in [ws]<¥. Now, for each z € A take
d, € Dr such that x < d,. Since A is cofinal in E, the set D' = {d, : x € A}
is also cofinal in E, and consequently cofinal in Dp. By Lemma 5.4, there is an
uncountable subset D* C D’ bounded in Dr. Let d* € Dt be such that d < d* for
each d € D'. Consider the set B = {z € A:d, € D'}. Since D’ is uncountable, the
set B is also uncountable. Thus, by the assumption on A, the set B is unbounded
in [ws]<, but also in E because [w2] <% is a cofinal subset of E. Then, for each x € B
we have z < d, < d*, contradicting the unboundedness of B in E. This shows that
Dr %7 [w2]=*, and consequently Dy £r wi X wa. ]

This, together with the following theorem, concludes the proof of Theorem 1.1

Theorem 5.6 (Gregory, see [6]). If GCH holds and there is a non-reflecting sta-
tionary subset of S3, then there is an Ny-branching Ro-Souslin tree.

6. DIRECTED SET BETWEEN [w;]<% X [w2]S¥ AND [wq] <%

The standing assumption in this section will be that GCH holds, and that S
is a non-reflecting stationary subset of S3. GCH implies that there is a collection
C = {C, : a € S} of sets of order type w, such that C, C « for each @ € S, and
that for each set X C wq of size Ny there is some o € S such that C, C X. Define

De ={Y € [wo]™ : (Va € 9) [Y NCy| < Ry},

and consider D¢ directed by inclusion. In this section we prove that [wq]<“ x D¢ is
the directed set strictly between [w;]<% X [we]<* and [w2]<“ in the Tukey ordering.

Since GCH implies that R = Ry, we have |D¢| = Ry. Thus cf(De) = Ry, and
consequently D¢ <t [we]<%. Together with [w1]<¥ < [w2]<* and Lemma 2.1, this
implies that [w1]<¥ x D¢ <7 [wo]<¥.

Since GCH implies |D¢| = |[w2]S*| = Ry, there is a 1-1 function ¢ : D¢ — wa.
Denote X = {z U {¢(z)} : x € Dc}. Clearly, X is a cofinal subset of D¢. Since ¢
is 1-1, union of every uncountable subset of X contains an uncountable subset of
No as a subset. Hence, every uncountable subset of X is unbounded in D¢. This
means that any 1-1 function g : [we]S¥ — X witnesses that [ws]<* <7 D¢ holds.
Now f mapping [1]<¥ x [ws]=¥ to [wn]<* x De, defined by f(F,Y) = (F,g(Y)),
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is Tukey. So we finally have

[wi] < X [wa] =¥ <7 [w1]< x D¢ < [wa] <
In the remainder of this section we show that these inequalities are strict.
Lemma 6.1. There is no Tukey map from D¢ x [wi]<% into [wa]=% x [wi]<«.

Proof. Suppose that f: D¢ x [w1]<% — [wa]=* x [w1]<¥ is Tukey. For each £ < wo
denote (z¢,s¢) = f({€},0). Consider the set {(z¢,s¢) : £ < wa}. Since [wi]<* is of
size Ny, there is some X C wq of size Ny, and s € [w1]<“ such that s¢ = s for each
¢ € X. By the assumption on C, there is some « € S such that C, C X. Now,
the set A = {({¢},0) : £ € Cy} is unbounded in D¢ X [w1]<¥. In particular the set
WI[/)CA is unbounded in D¢, as witnessed by the infinite intersection ﬂ}’)cA N Ch,.
But the set f”A = {(z¢,s) : £ € C,} is bounded in [we]<* X [w1]<¥ contradicting
the assumption that f is a Tukey map. To see that f” A is bounded, note that C,,
is countable so the bound for f”A is (U, ¢, s). This is because g, ¢ is in
[wo] =¥ (being a countable union of countable sets). O

Lemma 6.2. There is no Tukey map from [wo] <N into [w1]<* x De.

Proof. Suppose that the lemma fails. This means that [wy]<®° =7 [w1]<* x De,
i.e. that there is Y C [w1]<¥ x D¢ of size Ny such that every infinite subset of ¥’
is unbounded in D¢. Since Y is of size Ng, there is a finite F' C wy, and X C D¢
of size Ny such that (F,z) € Y for each z € X. Let X = {z, : @ <ws}. Clearly,
every infinite subset of X is unbounded in D¢.

Using GCH we may assume that X forms an increasing A-system with the root
Xo. In other words, for @ < f < wy we have z, Nzg = Xp and z, \ Xo <
x \ Xo. Take some large enough € so that all relevant object belong to H(6). Pick
a continuous increasing sequence (M : { < wq) of elementary submodels of H(6) of
cardinality N;, such that X € My. Now the set C' = {0 < ws : My Nws =4} is a
club in wy. Let v € C be such that cf(v) = w; and sup(C' N~v) = . Such a v exists
because C is a club. Since S is non-reflecting, there is £ C C Ny, club in C' N~y
such that otp(F) = wy and ENS = 0. Let F = {d, : @« <wi} be an increasing
enumeration of E. For each a < wj let 67 = min(E \ d,). By elementarity,
there is a sequence (z¢, : @ <wi) such that x¢, \ Xo € M+ \ M;,,. Consider the
set © = (U, 7¢e, and take a € S. Then a ¢ E, so either o > sup,,_, 6, or
o < SUP, <y, On. If @ > sup, ., dp, then C Nz is a finite set. If o < sup,, ., On,
then there is ng so that d,,+1 > a. Since C, N x¢,, is finite for each m < ng, and
Co Nz = U,cn, (Ca Nzg,,) it must be that C,, Nz is finite in this case also. Thus
x € D¢ is a bound for a countable set {z¢, : n < w} C X, which is in contradiction
with the choice of X. So the lemma is proved. ([

This concludes the proof of Theorem 1.2.
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