MAXIMAL CHAINS OF ISOMORPHIC SUBGRAPHS
OF COUNTABLE ULTRAHOMOGENEOUS GRAPHS
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Abstract

For a countable ultrahomogeneous graph G = (G, p) let P(G) denote the
collection of sets A C G such that (4, p N [A]?) = G. The order types of
maximal chains in the poset (P(G) U {0}, C) are characterized as:
(D) the order types of compact sets of reals having the minimum non-
isolated, if G is the Rado graph or the Henson graph H,,, for some n > 3;
(II) the order types of compact nowhere dense sets of reals having the
minimum non-isolated, if G is the union of p disjoint complete graphs of
size v, where uv = w.
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1 Introduction

If X is a relational structure, P(X) will denote the set of domains of substructures of
X which are isomorphic to X. X is called ultrahomogeneous iff each isomorphism
between two finite substructures of X can be extended to an automorphism of X.

A structure G = (G, p) is a graph iff G is a set and p a symmetric irreflexive
binary relation on G. We will also use the following equivalent definition: a pair
G = (G, p) is a graph iff G is a set and p C [G]*. Then for H C G, (H, p N [H]?)
(or (H,p N (H x H)), in the relational version) is the corresponding subgraph
of G. For a cardinal v, K, will denote the complete graph of size v. A graph is
called K,,-free iff it has no subgraphs isomorphic to K,,. We will use the following
well-known classification of countable ultrahomogeneous graphs [9]:

Theorem 1.1 (Lachlan and Woodrow) Each countable ultrahomogeneous graph
is isomorphic to one of the following graphs
- G, the union of y disjoint copies of K,,, where v = w,
- GRado, the unique countable homogeneous universal graph, the Rado graph,
- H,,, the unique countable homogeneous universal K, -free graph, for n > 3,
- the complements of these graphs.

Properties of maximal chains in posets are widely studied order invariants (see [1],
[3], [4], [10], [11]) and, as a part of investigation of the partial orders of the form
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(P(X), C), where X is a relational structure, the class of order types of maximal
chains in the poset (P(GRraqo), C) was characterized in [7]. The aim of this paper
is to complete the picture for all countable ultrahomogeneous graphs in this context
and, thus, the following theorem is our main result.

Theorem 1.2 Let G be a countable ultrahomogeneous graph. Then
D If G = Grago or G = Hi,, for some n > 3, then for each linear order L the
following conditions are equivalent:

(a) L is isomorphic to a maximal chain in the poset (P(G) U {0}, C);

(b) L is an R-embeddable complete linear order with Oy, non-isolated;

(c) L is isomorphic to a compact set K C R having the minimum non-isolated.
(I If G = G, where v = w, then for each linear order L the following condi-
tions are equivalent:

(a) L is isomorphic to a maximal chain in the poset (P(G) U {0}, C);

(b) L is an R-embeddable Boolean linear order with 07, non-isolated;

(c) L is isomorphic to a compact nowhere dense set K C R having the mini-
mum non-isolated.

It is easy to check that for a relational structure (X, p) we have P((X,p)) =
P((X, p°)) and, hence, regarding Theorem 1.1, Theorem 1.2 in fact covers all
countable ultrahomogeneous graphs. The statement (I) for the Rado graph is proved
in [7] and in this paper we consider the Henson graphs I, and the graphs G, .
The outline of the paper is as follows. Section 2 contains necessary defini-
tions and facts. The main result of Section 3, Theorem 3.2, is general and gives a
condition (for a countable relational structure X) providing that for each compact
set K C R satisfying min K € K’ (e.g. for [0, 1] or the Cantor set) the poset of
copies of X contains a maximal chain isomorphic to K \ {min K'}. In Section 4
we show that the graphs H, satisfy this condition and, using Theorem 3.2, prove
the corresponding part of Theorem 1.2 for the most complex class of countable
ultrahomogeneous graphs - the class of Henson graphs. Essentially we construct
a relational structure (Q, <, p) satisfying conditions of Theorem 3.2 and such that
(Q, p) = H,,. Our construction is generic - we use the partial order of finite ap-
proximations of the structure (Q, p) and, applying the Rasiowa-Sikorski theorem to
a countable family of suitably chosen dense subsets of this partial order, we obtain
a filter intersecting all of them and coding the relation p. In Section 5 we prove
Theorem 1.2 for disjoint unions of complete graphs, which completes its proof.

2 Preliminaries

In this section we recall basic definitions and facts which will be used in the paper.

If (P, <) is a partial order, then the smallest and the largest element of P are
denoted by Op and 1p; the intervals (z,y)p, [, y]p, (—o0, z)p etc. are defined in
the usual way. A set D C P is dense iff for each p € P there is ¢ € D such that
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q < p. Aset G C P is afilter iff (F1) for each p,q € G there is r € G such that
r <p,qand (F2) G 2 p < g implies q € G.

Fact 2.1 (Rasiowa-Sikorski) If D,,, n € w are dense sets in a partial order (P, <),
then there is a filter G in P intersecting all of them.

Proof. Let pg € Dy and, for n € w, let us pick pp+1 € Dy41 such that p,+1 < py,.
Then G = {p € P: In € w p, < p} is a filter intersecting all D,,’s. O

A pair (A, B) is a cut in a linear order (L, <) iff L = A U B, A,B # 0 and
a < b, foreacha € Aand b € B. A cut (A, B) is a gap iff neither max .4 nor
min B exist. (L, <) is called: complete iff it has 0 and 1 and has no gaps; dense iff
(z,y)r # 0, foreach x,y € L satisfying x < y; R-embeddable iff it is isomorphic
to a subset of R; Boolean iff it is complete and has dense jumps, which means that
for each x,y € L satisfying © < y there are a,b € Lsuchthatz < a <b <y
and (a,b), = (. A set D C L is called dense in L iff for each z,y € L satisfying
x < ythereis z € Dsuchthatx < z < y. If (I, <p) and (L;, <;), i € I, are linear
orders and L; N L; = (), whenever i # j, then the corresponding lexicographic
sum ) ;. L; is the linear ordering (| J;o; Li, <) where the relation < is defined
byrx<yedicel (v,yc Line <;y)VI,jel(i<ijhzeLiNycLj).

Fact 2.2 If (L, <) is an at most countable complete linear order, it is Boolean.

Proof. Let z,y € L and x < y. Suppose that for each a,b € [z,y|r, satisfying
a < bwe have (a,b), # 0. Then [z,y];, would be a dense complete linear order,
which is impossible because L is countable. Thus L has dense jumps. O

P C P(w) is called a positive family iff (P1) () ¢ P; (P2) P 2 AC B C w =
BeP;(PYAEPAIF|<w=A\FeP;P4H)IAcP|w\A| =w.

Fact 2.3 (See [6]) If P C P(w) is a positive family, then for each linear order L
the following conditions are equivalent:

(a) L is isomorphic to a maximal chain in the poset (P U {0}, C);

(b) L is an R-embeddable Boolean linear order with 07, non-isolated;

(c) L is isomorphic to a compact nowhere dense set K C R having the mini-
mum non-isolated.

(d) L is isomorphic to a maximal chain £ in the poset (P U {(}}, C) such that

NLAN{0}) = 0.

Fact24 et A C B C w and let L be a complete linear ordering, such that
|B\ A| = |L| — 1. Then there is a chain £ in [A, B] p(p, satisfying A, B € L= L
and such that | J A, B € Land | B\ JA| <1, foreach cut (A, B) in L.

Proof. If | B \ A is a finite set, say B = AU {a1,...a,}, then |L| = n + 1 and
L={A,AU{a1},AU{ai,az},..., B} is achain with the desired properties.

If | B\ A| = w, then L is a countable and, hence, R-embeddable complete linear
order. It is known that an infinite linear order is isomorphic to a maximal chain in
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P(w) iff it is R-embeddable and Boolean (see, for example, [5]). By Fact 2.2 L is
a Boolean order and, thus, there is a maximal chain £; in P(B \ A) isomorphic to
L.LetL={AUC :C € Ly}. Since ), B\ A € L1 we have A, B € L and the
function f : £; — L, defined by f(C') = AU C, witnesses that (L1, &) = (£, &)
so L is isomorphic to L. For each cut (A, B) in £; we have | J.A C (B and, by
the maximality of £, |JA, (B € £1 and | B\ JA| < 1. Clearly, the same is
true for each cutin L. O

3 General results

The following three general statements, concerning the class of the order types
of maximal chains of copies of relational structures, will be used in the proof of
Theorem 1.2. The first one gives a necessary condition for a type to be in the class
corresponding to a countable ultrahomogeneous structure.

Theorem 3.1 ([8]) Let X be a countable ultrahomogeneous structure of an at most
countable relational language and P(X) # {X}. Then for each linear order L we
have (a) = (b), where

(a) L is isomorphic to a maximal chain in the poset (P(X) U {0}, C);

(b) L is an R-embeddable complete linear order with Oz, non-isolated.
In particular, the union of a chain in (P(X), C) belongs to P(X).

The following statement describes a class of structures such that, regarding Theo-
rem 3.1, the implication (b) = (a) holds for each linear order L.

Theorem 3.2 Let X be a countable relational structure and Q the set of rationals.

(A) If there exist a partition {.J,, : n € w} of Q and a structure with the domain
Q of the same signature as X such that
(i) Jo is a dense subset of QQ,
(i) J,, n € N, are coinitial subsets of Q,
(i) JoN(—o0,z) C A C QN(—o0,z)implies A = X, forall z € RU{o0},
(iv) JoN(—o0,q] € C C QN (—o0,q]implies C' # X, for each ¢ € Jy,
then for each uncountable R-embeddable complete linear order L with Of,

non-isolated and such that all initial segments of L \ {0z} are uncountable
there is a maximal chain in (P(X) U {0}, C) isomorphic to L.

(B) If, in addition,

(v) for each countable complete linear order L with Oy, non-isolated there
is a maximal chain in (P(X) U {0}, C) isomorphic to L,
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then for each R-embeddable complete linear order L with 07, non-isolated
there is a maximal chain in (P(X) U {0}, C) isomorphic to L.

Proof. Let L be an uncountable R-embeddable complete linear order with 07, non-
isolated.

Claim3.3 L=3 . . La, where
(L1) L, x € [—00, 00|, are at most countable complete linear orders,
(L2) The set M = {z € [—00,00] : |L,| > 1} is at most countable,
(L3) |L_oo| = 1 0or 0y,___ is non-isolated.

Proof. L = ), ; L;, where L; are the equivalence classes corresponding to the
condensation relation ~ on L given by: = ~ y < |[min{x, y}, max{z,y}]| < w
(see [12]). Since L is complete and R-embeddable I is too and, since the cofi-
nalities and coinitialities of L;’s are countable, [ is a dense linear order; so I =
[0,1] = [—o00, 00]. Hence L;’s are complete and, since min L; ~ max L;, count-
able. If | L;| > 1, L; has a jump (Fact 2.2) so, L — R gives |M| < w. O

(A) Let all initial segments of L \ {0} be uncountable. Then, by Claim 3.3,
|L_s| = 1, thatis —oo ¢ M, and we have two cases.
Case I: oo € M. By (L2) there is an injection ¢ : M — N. By (L1), for
y € M we have |L,| < w and by (ii) |J,(,) N (—00,y)| = w so we take I, €
[Jo(y) N (=00, y)]EvI=1. Let us define the sets A,, = € [—00,c0] and At, z € M,
by

A _{@7 forz = —o0,
! ( oM (—OO,.%)) U UyEMﬁ(—oo,x)Iya forxz € (—OO, OO];

A=A, U, forze M.

Since Jy C AL = JoU UyGM I, C Q, by (iii) we have AT, = X and we construct
a maximal chain £ in (P(A%) U {0}, C), such that £ = L.

Claim 3.4 The sets A, z € [—00,00] and A}, x € M are subsets of the set AZ.
In addition, for each x, z1, 2o € [—00, 00| we have

(a) Ay C (—o0,x);

(b) A} C (—o0, ), ifz € M,

©x1 <2 = Ay, & Asys

AM>3>z1 <z = Aj;l & AxQ;

(e) |Af \ Ay| = |L.| — 1,if x € M,

(f) A, € P(AL), for each z € (—o0, 00].

(g) A € P(AL) and [A,, AI]IP(A?O) = [Aﬁ,A;]P(A;), foreach z € M.

Proof. Statements (c) and (d) are true since Jj is a dense subset of QQ; (a), (b) and
(e) follow from the definitions of A, and A} and the choice of the sets I,. Forx €
(—o00, 00| we have JyN(—oo, ) C Ay C QN (—o0,z) so, by (iii), A, = X = AL
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and (f) is true. If z € M, then Jy N (—o0,z) C A, C AF C QN (—o0,x) so, by
(iii), A C A C A implies A & X = AT and (g) is true as well. O

Now, for x € [—00, 0o] we define chains £, in (P(AL) U {0}, C) as follows.

For x & M we define £, = {A,}. In particular, £L_., = {0}.

For x € M, using Claim 3.4(g) and Fact 2.4 we obtain £, C [A,, A;CF]P(A:)
such that (L5, &) = (L, <) and

Ay, Af € Ly C[Ag, Aflpiatys (1)

UANBe L, and |NB\UA| <1, foreachcut (4,B)inL,. (2)
For A, B C P(AL) we will write A < Biff A ¢ B, foreach A € Aand B € B.

Claim 3.5 Let £ = {J,¢[_co,00] L2+ Then
(@) If —oo < 21 < g < oo, then Ly, < Ly, and|J Ly, C Az, CULs,-
(b) £ is a chain in (P(AL) U {0}, C) isomorphic to L = 37, _, o La-
(c) £ is a maximal chain in (P(A%) U {0}, C).

Proof. (a) Let A € £,, and B € L,,. If 21 € (—o0,00] \ M, then, by (1) and
Claim 3.4(c) we have A = A,, ¢ A,, C B. If x1 € M, then, by (1) and Claim
3.4(d), A C A} ¢ A,, C B. The second statement follows from A,, € Ly,.

(b) By (a), ([—o0,00], <) = ({L; : x € [—00, 00|}, <). Since L, = L, for
z € [—o00,00], we have (£, %) = 3 1o o0 (La &) = X pe—00,00] Le = L.

(c) Suppose that C' € P(AL)) U {0} witnesses that £ is not maximal. Clearly
L=AUBand A < B,where A = {Ae€L:AGClandB={BeL:
C ¢ B}. Now () € £L_., and, since oo € M, by (1) we have AT € L. Thus
0, AL € L, which implies A, B # () and, hence, (A, B) is a cut in (£, &). By (1)
we have {A; : © € (—o0,00]} C L\ {0} and, by Claim 3.4(a), (£ \ {0}) C
Nae(—o0,00] Ao € Nye(—o0,00)(—00, @) = B, which implies A # {0}. Clearly,

UAcCcNkB. 3)

Case 1: ANL,, # 0 and BN L, # 0, for some 29 € (—oc, c0|. Then |L,,| > 1,
xg € M and (AN Ly, BN Ly,) is a cut in L, satisfying (2). By (a), A =
Uscay L2 U (AN Ly) and, consequently, [JA = [J(AN Ly,) € L. Similarly,
OB =NBNLy) € Land, since | 1B\UJA| <1,by (3)wehave C € L. A

contradiction.

Case 2: — Case 1. Then for each x € (—o0, 0o] we have £, C Aor L, C B. Since
L=AUB,A# {0} and A,B # 0, the sets A’ = {z € (—00,00] : L, C A}
and B = {z € (—00,00] : L, C B} are non-empty and (—o0o,00] = A" U B'.
Since A < B, for z1 € A’ and 25 € B’ we have L, < L, so, by (a), x1 < 3.
Thus (A’, B’) is a cut in (—oo, 0o] and, consequently, there is 2y € (—o0, o] such
that 29 = max A’ or 2o = min B'.
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Subcase 2.1: xo = max A’. Then zg < oo because B # () and A = UgcgmO L,
so, by @), UA = U<, ULs = U, cp ULz UU Liy = U La, which, together
with (1) implies

Ay, ifzo €M,
UA_{N if 2o € M. @

o
Since B = U, ¢(29,00 Lo» We have (1B = [\, ¢(4,00 [ 1L By (D) (Lo = Ag,

so we have ﬂB = (nxe(xo,oo}(_ooa :E) N JO) U (ﬂ x€(z0,00) UyEMﬂ(fOO,x)Iy) =
((—OO, 330] N JO) U UyGMﬁ(—oo,aco]Iy = A:Eo U ({$0} N JO) U UyEMﬁ{mo}Iya SO

Axo if xg ¢ Jo Nz ¢ M,
. Azo U {x()} if zg€Jy A xg ¢ M,
ﬂB o Aj?_o if xg g Jo AN €M, )

Aio U {xg} if zg€eJy A xg€ M.

If 29 & Jo, then, by (3), (4) and (5), we have | JA = (B = C € L. A contradic-
tion.

If z9 € Jp and zg & M, then | JA = Ay, and (B = Ay, U {zo}. So, by (3)
and since C' ¢ £ we have C = (B = A, U {xo}. Thus Jy N (—o0,z9] C C
and, by Claim 3.4(a), C C (—o0,z¢]. But by (iv) we have C' % X(& A}). A
contradiction.

If 29 € Jand zp € M, then |JA = A} and B = Af U {xo}. Again, by
(3) and since C' ¢ L we have C' = (B = A} U {xo}. Thus Jo N (—o0,z0] C C
and, by Claim 3.4(b), C' C (—o00,zg]. Again, by (iv) we have C % X(= AL), a
contradiction.

Subcase 2.2: xy = minB’. Then, by (1), A,, € L;, C B which, by (a), im-
plies (1B = Ay,. Since A, € Ly, for x € (—o00,00] and A = |J, ., L2 we have
U A= Ux<a:o U Ex - Ua:<xo AI = Ux<a:0 ((_007 $)mJ0)UUx<:L‘o UyeMﬂ(foo,:z:) Iy
= ((—00,20) N Jo) U UyEMﬂ(foo,xo) Iy = Agy 80 Ayy CUA C B = Ay,
which implies C' = A;, € L. A contradiction. O

Case II: co ¢ M. Then Lo, = {max L} and the sum L + 1 belongs to Case
I. So, there exists a maximal chain £ in (P(X) U {0}, C) and an isomorphism
f:(L+1,<) = (L£,C). Then A = f(max L) € P(X) and L = f[L] = L. By
the maximality of £, £’ is a maximal chain in (P(A) U{0}, C) = (P(X)U{0}, C).

(B) Since (v) holds we assume that L is uncountable. If all initial segments of

L are uncountable, the statement is proved in (A). Otherwise, by Claim 3.3 we have
L= Exe[foom} L, (L1) and (L2) hold and

(L3) L_ is a countable complete linear order with 0;,___ non-isolated.

Clearly L = L_., + L™, where L™ = erkoo’oo] L, = EyE(O,oo] Ly, (here
Inoco = o). Let L, y € [~00, oc], be disjoint linear orders such that L; = 1, for

y € [-00,0], and Ly = Ly, fory € (0,00]. Now >° o o Ly = [—00,0] +
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LT and by (A) we obtain a maximal chain £ in P(X) U {(} and an isomorphism
[ {[—00,0] + LT, <) — (£, C). Clearly, for Ag = f(0) and LT = f[L"] we
have Ag € Land LT = LT,

By the assumption and (L3’), P(Ag) U {0} contains a maximal chain £_,, =
L_o. Clearly Ag € L_and L_ULT = L_ + LT = L. Suppose that
B witnesses that £_, U L7 is not a maximal chain in P(X) U {0}. Then either
Ap & B, which is impossible since £ is maximal in P(X)U {0}, or B & Ay, which
is impossible since £_o, is maximal in P(Ag) U {0}. 0

The following theorem gives a sufficient condition for (v) of Theorem 3.2.

Theorem 3.6 Let X = (X, (0; : @ € I)) be a countable relational structure. If
there is a positive family P in P(X) such that P C P(X) and (P = 0, then

(a) For each R-embeddable Boolean linear order L with 07, non-isolated there
is a maximal chain in (P(X) U {0}, C) isomorphic to L;

(b) For each countable complete linear order L with Oy, non-isolated there is a
maximal chain in (P(X) U {0}, C) isomorphic to L.

Proof. (a) By Fact 2.3 there is a maximal chain £ in P U {()} isomorphic to L and
satisfying ((£ \ {0}) = 0. Suppose that C' € P(X) U {(}} witnesses that L is not
a maximal chain in (P(X) U {0}, C). Since C' # 0 there is A € £\ {(} such that
A C C and, hence, C' € P. Thus L U {C} is a chain in P U {0} bigger than L. A
contradiction.

(b) follows from (a) and Fact 2.2. O

4 Maximal chains of copies of H,

The graphs H,,, n > 3, were constructed by Henson in [2]. By [2], H, is the unique
(up to isomorphism) countable ultrahomogeneous universal K,,-free graph.

In order to cite a characterization of H,, which is more convenient for our con-
struction, we introduce the following notation. If G = (G, p) is a graph and n > 3
let C,,(G) denote the set of all pairs (H, K) of finite subsets of G such that:

(C1) K C H and

(C2) K does not contain a copy of K,,_.

For (H, K) € Cpn(G), let GE denote the set of all v € G\ H satisfying:

(S1) {v,k} € p,forall k € K and

(S2) {v,h} ¢ p,forallh € H \ K.

The graphs H,, can be characterized in the following way.

Fact 4.1 (Henson) A countable graph G = (G, p) is isomorphic to H,, iff it is
K,-free and GE # 0, for each (H, K) € C,,(G).

Now we prove (I) of Theorem 1.2 for the graphs H,.
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Theorem 4.2 For each n > 3 and each linear order L the following conditions are
equivalent:

(a) L is isomorphic to a maximal chain in the poset (P(H,,) U {0}, C);

(b) L is an R-embeddable complete linear order with Oz, non-isolated;

(c) L is isomorphic to a compact set X' C R having the minimum non-isolated.

Proof. The equivalence (b) < (c) is proved in Theorem 6 of [6] and (a) = (b)
follows from Theorem 3.1.

(b) = (a). We intend to use Theorem 3.2. Let {J/, : n € w} be a partition of
the set [0, 1) N Q into dense subsets of [0, 1) N Q. Let Z denote the set of integers
andlet J, = {¢g+m:q € J,Am e Z}, forn € w. Clearly, {J, : n € w}isa
partition of QQ into dense subsets of (Q and conditions (i) and (ii) are satisfied.

Now we construct a copy of H,, with the domain Q. Let IP be the set of K,,-free
graphs p = (Gp, pp) such that G), € [Q]<“ and for each a,b € Q

(P1) {a,b} € pp AN{a+1,b} € p,=b>a+1,

P2) {a,a — 1} ¢ pp.

Let the relation < on P be defined by

p<qeGyDGy A ppN |Gy = py (6)
Claim 4.3 (P, <) is a partial order.

Proof. It is evident that the relation < is reflexive and antisymmetric. If p < g < r,
then G, C G, C Gpand p, = p, N [Gr]2 = pp N [Gg2 N [G)? = pp N [G,]2. O

Claim 4.4 Thesets D, = {p € P:q € G,}, ¢ € Q, are dense in (P, <).

Proof. If p = (Gp,pp) € P\ Dy, then ¢ ¢ G, and, since {q,z} & p,, for all
x € Gp, p1 = (Gp U {q}, pp) is a K, -free graph and, clearly, satisfies (P1) and
(P2). Thus p; € Dy and p1 < p. O

For H € [Q]<¥ let my = max H.

Claim 4.5 For each K C H € [Q]<* and each m € N, the set
DR, ={peP: HC G, A ((HK) € Calp) = 3q € Jo O (mur, mur + )

vk € K ({a.k} € pp) AR € H\K ({g.h} & py)) }

is dense in P.

Proof. Let py € P. By Claim 4.4 there is p € IP such that p < pg and H C G,,.
If (H, K) ¢ Cp(p) then p € Dif | and we are done.
If (H,K) € Cy,(p), we take ¢ € Jgﬂ(mH,mH—I—%)\Uaer{a, a—1,a+1},
define
p = (GpU{a},ppU{{q, k} : k € K}). 7
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and first prove that p; € P. Clearly G, € [Q]<“ and we check that p; is K, -free.
Suppose that there is F' € [G),|" such that [F]? C pp,. Since p is K,-free we
have ¢ € F' and there are different f1,..., f,—1 € G, N F such that {q, f;} € pp,,
for i < n — 1, which by (7) implies {f1, ..., fa—1} C K. Since [F]? C pp,, we
have [{f1,..., fa—1}]> C pp. But (H, K) € C,(p) implies that K is K,,_1-free.
A contradiction.

(P1) Suppose that for some a,b € Q

{a,b} € pp, N {a+1,b} €pp, ND<a+1. (8)

Then, since p € IP, at least one of the two pairs does not belong to p, and, hence,
q € {a,a+ 1,b}. So we have the following three cases.

q = a. Then by (8) we have b # ¢ and, by (7), {¢ + 1,b} € p, which implies
g+ 1 € Gp. A contradiction to the choice of g.

q = a + 1. Then by (8) we have b # ¢ and, since a # ¢, by (7) we have
{a, b} € p, which implies a € G). A contradiction to the choice of g.

q = b. Then by (8) and (7) we have {a, ¢}, {a+1, ¢} € pp, \ pp Which implies
a,a+1¢€ K. Sinceq>mgand K C Hwehaveq >a+ 1thatisb>a+ 1. A
contradiction again.

(P2) holds because p € P and q & UaeGP{a, a—1,a+1}.

Thus p; € P. Since H C G, C G, and since, by (7) we have {q,k} € pp,,
forall k € K, and {q,h} & p,,, forall h € H \ K, it follows that p; € ng.

Since Gy, D Gy, and pp, N [Gp]? = pp, we have p1 < p < po. o

By Fact 2.1 there is a filter G in (P, <) intersecting all sets Dy, ¢ € Q, and ng,
for K ¢ H € [Q]<“ and m € N.

Claim 4.6 (a) Upeg G, =Q;
(b) (Q, p) is a graph, where p = (¢ pp, also {a,a — 1} ¢ p, forall a € Q;
(©) pN[Gp)* = pp, foreach p € G;
IfACQ pa=pn[A%pe G and HC ANG,, then py N[H? =
pp N [H]?. Thus if, in addition, (H, K) € C,,(A, pa), then (H, K) € Cy,(p),
(e) (Q, p) is a K,,-free graph.

Proof. (a) For g € Qlet pg € GND,. Thenq € G, C Upeg Gp.

(b) By the definition of P we have {a,a — 1} & p, C [Q]?, forall p € P.

(c) The inclusion “D” is evident. If {a,b} € p N [G})?, then there is p; € G
such that {a, b} € p,, and, since G is a filter, there is p € G such that py < p, p;.
By the definition of < we have p,, C p,,, which implies {a, b} € p,, and {a, b} €
pp N [Gpl” = pp.

(d) By (c) we have paN[H|* = pN[A]’N[H]* = pn[H]* = pN[G,]*N[H]* =
pp N [H?. If (H,K) € Cn(A,pa), then K is K,_;-free in (A, p4) and, since
paN[K? = p, N [K]% K is K,,_1-free in p as well. Thus (H, K) € Cy,(p).



Maximal chains of isomorphic subgraphs of countable ultrahomogeneous ... 11

(e) Suppose that (A, pa) is a copy of K,, and let p, € G N Dy, ¢ € A. Since G
is a filter there is p € G such that p < p,, forall ¢ € A, and, hence, A C G/, which
by (d) implies p4 = p, N [A]*. But this is impossible since p is K,,-free. m

Now we show that conditions (iii) and (iv) of Theorem 3.2 are satisfied.

(iii) Let x € R U {oo} and Jy N (—o0,z) C A C QN (—o0,x). We show
that (A4, p4a) = H,,. By Claim 4.6(e) (A, pa) is K,-free. Let (H, K) € Cp(4, pa).
Sincempy € H C Awehave my < x and there is m € N satisfying mH—i-% < x.
Letp € GNDy . Then K C H C Gy and, by Claim 4.6(d), (H, K) € Cn(p).
Thus thereis g € Joﬁ(mH,mH—F%) C JoN(—o0,x) C Asuchthat{q,k} € p, C
p, which implies {q, k} € pa, for all kK € K, and that {g, h} & p,, wWhich implies
{q,h} & p,forall h € H. Thus q € AZL. By Fact 4.1 we have (A4, pa) = H,,.

(iv) Let ¢ € Jy and Jy N (—o0,q] € C € QN (—o0,q]. We prove that
(C, pc) % H,. Since ¢ € Jy by the construction of Jy we have ¢ — 1 € Jy and,
by the assumption, H = {¢ — 1,q} C C. By Claim 4.6(b) we have {¢ — 1,q} & p
which implies that H is K,,_-free and, hence, (H, H) € C,,(C, pc). Suppose that
b€ CH. Then {q—1,b},{q,b} € pand,since G is a filter, {g — 1,b}, {q, b} € pp,
for some p € G. By (P1) we have b > ¢, which is impossible since ¢ = maxC.
Thus C# = () and by Fact 4.1 we have (C, pc) % H,.

<w
Claim 4.7 The family P = {@ \Uycz, Fn:¥n€Z F, € [[n, n+1)N Q} }
is a positive family in P(Q) satisfying (P = () and P C P(Q, p).

Proof. It is easy to check (P1)-(P4). Since Q \ {¢} € P, for each ¢ € Q, we have
NP =0.Let A=Q\ U, ey, Fn € P. (H,K) € C,,(A, pa) and mpy = max H €
[no,no + 1) N Q. Since |F,,| <wand my € A C Q\ F,, there is m € N such
that (mpg, my + %) NQC A Letpe gn ng. Then H C Gy, and, by Claim
4.6(d), (H, K) € Cy(p). Hence there is g € Jo N (mpy, mpy + 1) C A such that
- for each k € K we have {q, k} € p, which, since {¢, k} C ANG), by Claim
4.6(d) implies {q,k} € pa;
- for each h € H \ K we have {¢q,h} & p,, which by Claim 4.6(c) implies
{q,h} & pand, hence, {q,h} & pa.
Thus ¢ € AZ. By Fact 4.1 we have (A, pa) = H, = (Q,p) and, hence, A €
P(Q, p). O
Now (b) = (a) of Theorem 4.2 for countable L follows from Claim 4.7 and

Theorem 3.6(b). Thus condition (v) of Theorem 3.2 is satisfied and, by (B) of
Theorem 3.2, (b) = (a) of Theorem 4.2 is true for uncountable L. O

S Maximal chains of copies of G,

Theorem 5.1 If ;1 and v are cardinals satisfying pv = w, then for each linear order
L the following conditions are equivalent:
(a) L is isomorphic to a maximal chain in the poset (P(G,,,) U {0}, C);
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(b) L is an R-embeddable Boolean linear order with 07, non-isolated;
(c) L is isomorphic to a compact nowhere dense set K C R having the mini-
mum non-isolated.

Proof. Clearly, concerning the values of x4 and v we have three cases.

L Gun = Ujey, Gi, where n € N and G; = (Gj, [Gi]?), i € w, are dis-
joint copies of K,,. Then, clearly P(G.n) = {U;c4 Gi : A € [w]”} and, hence,
(P(Gup) U{0}, C) = (Jw]¥ U {0}, C). Since [w]“ is a positive family in P(w) the
statement follows from Fact 2.3.

IL Gyw = Ujep, Gi» where m € Nand G; = (G, [G3]?), i < m, are disjoint
copies of K,,. Then, since each copy of G, must have m components of size w,
we have P(G) = {U;cpn 4i + Vi < m A; € [G;]”} and it is easy to see that
P(Gy) is a positive family in P(G) so we apply Fact 2.3 again.

L. Guw = U;ey, Gis where G; = (G, [Gi]?), i < w, are disjoint copies of
K. The equivalence (b) <> (c) is a part of Fact 2.3

(a) = (b). If £ is a maximal chain in (P(G,,,) U {0}, C), then, by Theorem
3.1, itis an R-embeddable complete linear order with 0, non-isolated and we prove
that it has dense jumps. Let G = | J,__, G;. Since each copy of G,,, must have w
components of size w, we have

<w

P(Guw) = {Uieg Ai : S € [w]* AVi € S A; € [Gi]*} )

and, for A = (J;c g Ai € P(Gy,) we will write S = supp A.
Let A,B € £\ {0}, where A & B.

Claim 5.2 Thereis C' € L satisfying A C C C B and such that CNG; & BNG,,
for some i € supp C.

Proof. Suppose that for each C' € £ N [A, B] we have: C N G; = BN G, for
all i € suppC. Then, since A & B, we have supp A & supp B and we choose
i € supp B \ supp A. Clearly, for the sets L~ = {C € L : i ¢ suppC'} and
Lt ={CeL:iecsuppC}wehave L= L"ULT and C; & Co, for each C; €
L~ and Cy € LT. By Theorem 3.1 we have C~ = |J£~ € P(G,,,) and, since
L~ < LT, by the maximality of £ we have C~ € L. Clearly i ¢ supp C~, which
implies C~ = max L~. Let CT = C~U(BNG;). By (9) we have CT € P(Gy).
For C € L' we have i € suppC and, by the assumption, C N G; = B N G,
which implies C* C C. Thus, by the maximality of £, C* € L, and, moreover,
Ct =minL". Leta € BNG;. ThenC = C~ U (BNG;\ {a}) € P(Guw)
and C~ & C' G CT, which implies that £ is not a maximal chain in P(G,). A
contradiction. O

Let Cyp € L and ip € supp Cp be the objects provided by Claim 5.2. Let
a€(B\Co)NGi, L={CeL:agC}and LT ={C € L:a € C}. Then
wehave L =L ULT, Cy € L and C; & Co, foreachC; € L™ and Cy € L.
By Theorem 3.1 we have C~ = |J£~ € P(G..) and, by the maximality of L,
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C~ € L. Since a ¢ C~ we have C~ = max £L~, which implies Cy C C~ and,
hence, iy € supp C~. Thus, by (9), C* = C~ U {a} € P(Guy). For C € LT
we have CT C C and, by the maximality of £, C™ € £, in fact CT™ = min L.
Clearly the pair (C~,C*) is a jump in £. Since A C Cy and B € L1 we have
AcC C~ c Ot C B. Thus, £\ {0} has dense jumps and, since 0. is non-isolated,
the same holds for L.

(b) = (a). Clearly, P = {{J;c, Ai : Vi € w A; € [G;]”} is a positive family
contained in P(G,,,) and (P = (. Now the statement follows from Theorem
3.6(a). O
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