ON THE COMPACTNESS FOR TWO DIMENSIONAL SCALAR
CONSERVATION LAW WITH DISCONTINUOUS FLUX

J. ALEKSIC AND D. MITROVIC

ABSTRACT. We prove that a family of solutions to two dimensional scalar con-
servation law with discontinuous flux function regularized with the vanishing
viscosity and smoothen flux augmented with BV initial data is strongly pre-

compact in LllOC under a weaker nonlinearity condition then in previous works.

1. INTRODUCTION

In the paper we consider the following Cauchy problem for two dimensional
scalar conservation law

Ut + divf(x,y, u) = 07 (1)
“(9572%0) = UQ(Z‘,y),

where u = u(z,y,t), v,y € R, t € R" and f = (fi, f2) : R® — R? (divergence is
taken with respect to x and y). For the initial data ug we assume that

up € (BV N L®)(R?), a<up(r,y) <b, x,y€R. (2)
The flux function f = (f1, f2) that we consider here has the following properties:
fi(5,-,A) € (BV N L>®)(R?), for all A € R, (3)
fi(z,y,-) € C(R), for all (z,y) € R? (4)
0= fi(-,-,b) = fi(-,-,a), i = 1,2, for all (z,y) € R?. (5)

In recent years problems of this kind received lots of attention since they model
many physical phenomena. As examples of special importance we emphasize appli-
cations in flow in porous media, sedimentation processes, traffic flow, radar shape-
from-shading problems, blood flow, and gas flow in a variable duct.

If f; and fo are smooth functions then existence and uniqueness of an entropy
solution is provided by well known method of doubling of variables due to Kruzkov
[8], or using the measure valued concept by DiPerna [2]. It is well known, cf.
[1, 8], that for Lipshitz-continuous flux, the family of solutions to vanishing viscosity
regularization of (1) converges to the solution of (1) in the strong topology of
L'(R? x R*). But, if the flux is discontinuous in x,%y, we can not apply classical
results.
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Existence of solution for the problem of type (1) was settled only recently in
[6]. The proof is based on two dimensional variant [5] of celebrated method of
compensated compactness [11]. The case when the space is of an arbitrary dimen-
sion was completed by Panov [9], using another method of Tartar — H-measures
[12] (introduced independently by Gerard [3] who named them microlocal defect
measures).

In both papers [6, 9] the following regularization of problem (1) was considered
(here and in the sequel A stands for the Laplacian, Au = gy + tyy):

0=’ + div f* (2, y,u™’) = eAu™’, (6)
U= = g, (7)

where the approximations fi‘S and ug are constructed in the following manner. Let
w : R — R be arbitrary smooth function such that w(§) = 0 for |£] > 1, and
Jrw(€) dé = 1. We define

Bl =g ([ stenow (555)w (552) w (25 dednac
and
o= (55 (52

Notice that from (3), for all A € R,
FC ) € (LN BY) (R?) (8)

and (-, A) — fi(-,, A), as § — 0, in L (R?).

In [6, 9], the existence of the solution was obtained by proving that a family of
solutions to equation (6) (i.e. to (1) regularized with the vanishing viscosity and
smoothen flux) is strongly precompact in L{ (R? x R*). In order to prove the
latter, the following nonlinearity condition was necessary (this is a (weaker) variant
used in [9]; for other variants see [6, 7, 10]): Let S? C R? denotes the unit sphere.
We say that the flux (f1, f2) satisfy a nonlinearity condition if

for almost every (z,y) € R? and every ¢ € S? the mapping
AH&O/\+f1(‘ray7>\)§1+f2(x7y’)\)§2 (9)

is not constant in A on any nontrivial interval.

We stress that in one dimensional case one does not need any nonlinearity con-
dition in order to prove existence of a weak solution to a scalar conservation law
with a flux discontinuous in space variable. More precisely, if we consider a family
of solutions to one dimensional variant of (6), using the compensated compact-
ness argument [4, 7], it is not difficult to prove that a family of entropy admis-
sible solutions [6, 9] to (6) weakly converges along a subsequence to a solution
of one dimensional variant of (1). But, we can not state anything about strong
L} -precompactness. In this paper we shall prove that under relaxed nonlinearity

condition (see (10) below), a family of solution to (6) is strongly precompact in

L{ (R? x RT). As a consequence, in one dimensional situation we are able to
prove strong Ll -precompactness of the family (u®°) practically merely assuming
that the initial data belong to the BV-class.

In order to get the result, we shall use variants of estimates derived in [6], and
the following theorem (used also in [4]).
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Theorem 1 (][9], Corollary 2). Assume that the vector ¢p(z,u) € (C(Ry; BV(Q2)))",
Q C R is an open set, is genuinely nonlinear, i.e. for a.e. z € 2 and for all £ € R™,
€ #0, the map (a,b) 3 ur— (&, ¢(x,u)) # constant on any nontrivial interval.

Then, each bounded sequence (ux(x))r € L®(), a < uk(x) < b, satisfying for
the Heaviside function H,

div,, [H(uk(ac) —p)(p(x,ug(z)) — ¢(x,p))| is precompact in VVIEC12 (),

contains a subsequence convergent in Li (Q).

Roughly speaking, the key point of our procedure is the fact that we have
lue (-, -, )| L1 (r2) bound, for all £ > 0. Therefore, we can replace u; by a function
(h(z,y,u))s (us will end up on the right hand side) without affecting the precom-
pactness framework. This means that we can replace A from (9) by &oh(x, y, A)
where h is chosen so that (10) is satisfied (this is actually (9) with A replaced by
&oh(x,y,\)). Then, we can apply Theorem 1 to obtain strong L{ . precompactness
of the family (u?). 5.

The paper is organized as follows. In Section 2 we give a priori estimates. In
Section 3, using results from Section 2, we prove the main theorem - Theorem 5.
We pay special attention on the one dimensional case. In Section 4 we give an
example of scalar conservation law where we apply the new genuine nonlinearity
condition, because the usual one, (9), is not fulfilled.

2. A PRIORI LEMMAS

In order to use Theorem 1, we will need the following a priory estimates (Lemmas
2-4), cf. [5].

Lemma 2. [L°°-bound] There exists constant ¢ > 0 such that for all ¢ € (0,7T),
||u5’6(-, ° t)HLOC(Rz) § C.

Proof: The proof is standard [5, 9] and follows from the assumptions (2) and (5).
Actually, u®° stays between the same constants a and b from (2). a

Lemma 3. [Lipshitz regularity in time] If § = ce for a constant ¢ > 0, then there
exists constant ¢y, independent of ¢, such that for all ¢ > 0,

// |6tu5’5(o, S 0| dedy < co.
R2

Proof: Denote w®° = d,us?. Then, by differentiating (6) in ¢ we see that w®°
satisfies

wf’é + (8uff(a:,y,u5’5) . ws"s)m + (6uf§(x,y,u€’5) . wg"s)y = eAw?.
Multiplying this by sign w®® we obtain

[0 (B ) - | ]), (DS, ) - ™)

=& (AJw™’| — sign'w™® (W) + (w5°)?)),

Y
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in the sense of distributions. Now we integrate over R? and use (8) to obtain

d £, _
%//Rz \w°|(z, y, - )dedy =

[0 @) 1 £ 3, (b )ty
R2
+ 8// Wy + WPy dady — s// ((w;"s)2 + (w;’5)2) sign’ (w®%)dady
R2 R2
= —¢ // ((w;"s)2 + (wg";)z) sign’ (w®)dzdy < 0
R2

and conclude that [[g. [w™°|(z,y, -)dzdy is not increasing in time, i.c. for all ¢ > 0,

// ™| (2, y, )ddy < // w2, y, 0)dedy
R?2 R2

9
< C el (u)ar + (f)yllmey < O+ 5 [ 16l + 1) | oy
£
<C+ g||u0||BV(R2)a

where the constant C' appears due to (8) and (2). Taking into account the assump-
tion that 0 = ce and (2) again, we conclude the proof. a

Lemma 4. [Entropy dissipation bound] There exists a constant ¢ independent from

¢ and ¢ such that
E// (u;ﬁ(U '7t))2 + (u276('7 '7t))2 d.’L'dy S C,
R2

for all ¢ > 0.

Proof: We multiply (6) by u5° and integrate over R2. This implies

E// ()" (1)) dady

//Rz [ SOup 4 (/Ousﬁéff(x,y,v)dvl—/ou’ (f (2, y,0)), dv

.8

*(/o fa(,0 >d> [ (), oy
<||ut |z ®+:21 (R2)) // / o (fS (,y,v))dv| + |/ L (fS (2, ))dv|>

5 5 5
<c (||U§ | Loe ;01 (R2)) + Jmax 1£7 (9, v) || BV (r2) + max, | .f2 (xayyv)”BV(Ri’)) -

Applying Lemma 3 and (8), we conclude the proof. a



3. NEW GENUINE NONLINEARITY CONDITION AND THE MAIN RESULT

On the beginning of the section we introduce a generalization of nonlinearity
condition (9) that will be used in the proof of Theorem 5. We assume that

exists h(z,y,\) € C*(Ry; L (R, x Ry)) such that for all £ € S? the mapping
Ao h(@y, A) + & file,y, A) + & - falz,y, A) (10)

is not constant in A on any nontrivial interval.

In order to use (10), we rewrite (6) as

h(fE, Y, us,&)t + ff(xv Y, ue’é)x + fg(xv Y, us’é)y

(11)
= hla,y,u™) = up” + e(ug) 4 ugy).

Denote n'(A) = H(\ — k), for some constant k (here H stands for the Heaviside
step function) and define corresponding entropy fluxes:
QO(xa Y, )‘) - H(>‘ - k)(h(xv Y, >‘) - h(wv Y, k))a
Qi(l',u, )‘) = H(A - k)(fl(xvyv >‘) - fz(xa Y, k))? i=1,2,
6 (@, y,0) = HO = k) (f) (2,9, 0) = f(2,y,k)), i=1,2.
We multiply (11) by n/(u?) and add 0,q1(z,y,u*°) and dyqa(x,y,us°) on both
sides of equality (11) to obtain
3#10 (LC, Y, UE76) + 81(]1 (.’E, Y, ua,é) + 8yQ2 (fE, Y, ua,é)
= H(us o— k) (ath(x Y, u6,5) -D f{s(‘r Y, k") - Dyfg(xaya k) - ui 6)
—|—E( ( £,0 /( )) ( 56)277//( 66) _|_a ( €,0 /(us,é)) _ (u;’6)2’r)”(u6’6))
+ 0@ fql)(fc,y,u %)+ 8y (a2 — ¢5)(w, y,u™) (12)
< H(u? m@tx% ) = Dofl(w,y.k) = Dy fi @,y k) — i)
+ (0 (ug”n' (u™?)) + 8y (ug’n' (u™)))
+0s(a1 — a7) (@, y,u™°) + 3y (a2 — 3) (, y, u™)
in D'((0,7) x R?).
Theorem 5. Assume that the functions f1, fo from (1) satisfy (3)-(5) and (10). If

g = cd, then the family of solutions (uf). = (u%). s to (6) is strongly precompact
in L1((0,T) x R?).
Proof: In the sequel, for Q = (0,7) x R, W, c_1<1)c2 (Q) stands for families of func-
tions that are precompact in ngl *(Q), while My 10c() stands for families of
functions which are locally bounded in the space of Radon measures M(2).

In order to use Theorem 1 we have to show that

div(t,w,y) [(QO,Ql’Q2)(=’177y7U€)] S W_lif(Q) (13)
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From (12) and the Schwartz lemma on nonnegative distributions it follows that
there exists bounded measure uy € M(2) such that

9qo(, Y, u%) + 021 (2, Y, u%) + Oyga(2, y, u%)
= H(u — k) (0@, y,u™®) = Do f7 (2, y, k) = Dy 3 (x,y,k) — uf)
+0a(1 — 1) (2,9, u7) + Oy (02 = a3) (w,y, %)
(D (s (u)) + 0, (S (u))) + it 2, ),
ie,
OpH (u” = k) (h(z,y,u") = h(z,y, k) + 0 H (u” = k) (fi(2,y,u) = fi(2,y,F))
+ 0y H(u® = k)(fo(z,y,u%) = fo(,y, k)
= (g (2, y,0%) — ) (2,,0%)) + 0y (qa(,y,w%) — @3 (x, y, u7))
+ H(u = k) (Ouh(z,y,u)0pu® = Do ff (x,y,k) = Dy f3 (2,1, k)
+ (0 (ugn' (u%)) + Oy (ugn’ (u)) + px(t, 2, y).
In order to prove (13) we shall need Murat’s lemma stating that
(divQe)e € W por if divQe =p: + e,
with (¢.)e € W2 ,22(Q) and (p.)e € My 10c(Q). Indeed, from Lemma 3

c,loc
H(u® — k) (Oxh(z,y, u®)0u® — Opu®) € My 10c(€2). (14)
Lemma 4 implies
00 (e0,u H (uf — k) + 0y (e0,u"H (u® — k)) € W02 (Q), (15)

provided that
e0,uH(u® — k) — 0 in L3 (Q)

and
/ ledpu® H (u — k)|? dedydt < 62/ |0y uf|2dxdydt < Tee — 0, & — 0.
Q Q

Furthermore,
(Do f7 (2, y. k) + Dy f3 (,y, k) H(u® = k)) € M, j0c(), (16)
since f{ € BV (Q). Finally,
ax(ql _qf)’ay(qQ _qQ) € Wc loc(Q) (]‘7)
since

|Qi - Qf\ S |f1;6(x5y7u6) - fi(zvyaugﬂ + |fz§(w7y7 ) fz( x,Y, )|
S 2 max ‘ff(:ﬂ,y’p) - fl(xayap” — 0in LIOC(R2)'
a<p<b

Collecting (14-17), from Murat’s lemma we obtain (13). Applying Theorem 1 we
conclude the proof. a

Now, we shall apply the previous theorem on one dimensional case of the con-
sidered problem

ug + (f(z,u))e =0,
uli=0 = up(z) E(BVNL®)(R) a <wug <b,
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where (3)-(5) (with R? replaced by R) are satisfied. We need to assume that for
almost every z € R the mapping

[a,b] 2 A — f(x, ), (18)
is different from a constant on any nontrivial interval.
Corollary 6. A sequence of solutions (u®). of the problem
up + (5 (2, u%))2 =eug,,
uf =0 =ug (7, y),
where the notation is taken from (6)-(7), is strongly precompact in L .(RT x R).

Proof: According to the previous theorem, it is enough to find a function h(x, \)
such that the mapping

is different from a constant on any nontrivial interval. Taking
h(z,A) = f*(z, )

we conclude that (19) will not be satisfied only if there exists a nonzero set 2 C R
such that for = € Q there exists (&,&1) € R?\{0} satisfying

_ =& £ /& + 4&c
280 ’

for a constant ¢, contradicting (18). a

f@, )

4. EXAMPLE

Consider the following Cauchy problem

ur + (k(2)g(uw)z + (1(y) f(u))y =0
uli=o = uo(z,y) € BV(R?)

with
—1<up(z,y) <1
0, for |ul >1

glu)=<u+1, for —1<u<0

1—u?, for O<u<1
3, for >0
1, for x <0,

and

1—u, for O<u<l1

for y >0
2, for y <0,

for |u| >1
1—u for —1<u<O
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Clearly, the flux vector (k(z)g(u),i(x)f(u)) does not satisfy classical genuine
nonlinearity condition (9). Therefore, hitherto it has not been possible to state
that the family (u®). of solutions to the equation

ug + (ke(2)g(u®)a + (Hy) f(ue))y = euz, + ug,)

where
3, for x > ¢
ke(z) =q2+2, for —e<z<e
1, for x < —e¢,
and
4, for z>¢
le(y) =4 2+3, for —e<z<e
2, for z < —¢,

is strongly precompact in L{ (RT x R?). Still, it is true according to Theorem

5. Indeed, take h from (10) to be h(z,u) = u3. In that case, the vector field
(h(z,u), k(x)g(u),l(y) f(u)) satisfies the conditions from Theorem 5, since k € BV.
Therefore, Theorem 5 provides strong Llloc—precompactness of the family (u®)..
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