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Abstract

This article addresses the Cauchy problem for the defocusing cubic
Schrédinger equation in 2D and 3D and the equation with a delta well
potential in 3D. Solutions belong to the Colombeau algebra of generalized
functions Go1 g2 (see [15]). The physically significant homogeneous prob-
lem in 2D and 3D has not yet been treated in this framework, whereas
no classical results exist on the equation with delta potential. The paper
contains the construction of unique generalized solutions for both of these
problems. One could also find two assertions about compatibility with
classical solutions, again for both equations.
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1 Introduction

The subject of this paper are the following defocusing cubic Schrédinger equa-
tions

i0pu + Au = uul*> on R™ x (0,00)
u(z,0) = a(z), (1)

n € {2,3} and

i0pu + Au = ulu? +du, on R3x (0,T)
u(0,2) = a(z), (2)

where § is the Dirac delta distribution and the initial data a are generalized
functions.

The nonlinear Schrédinger equation (NLS) represents a universal model at
the root of a wide range of physical and other natural phenomena and applica-
tions. For example, (1) is a model for the propagation of short temporal pulses
in optical fibers. Because of its importance in quantum physics, it is natural to
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consider singular initial data, such as the delta function (representing an ini-
tially localized particle). It was shown in [14] that the one-dimensional cubic
Schrdinger equation with the delta function as initial data is ill-posed in the
class L*°([0,00),S’(R)). Contrary to this result, we obtain a unique solution
to the corresponding problem in 2D and 3D in the setting of the Colombeau
algebra. The critical regularity for global existence of solutions of (1) in 3D
is in H® for s > %, as is shown in [7]. Our result extends this to the space
of distributions, embedded in the Colombeau algebra. Algebras of generalized
functions allow performing multiplication and some other nonlinear operations
within the space. This is another reason to use the setting, since the solution
is expected to be as singular as the initial data and consequently, (1) an (2)
involve a product of distributions.

Classical solutions of the equation (1) have been studied extensively in the
framework of H® spaces, where s is at least 0. For a summary of these results
see [3]. On the other hand, there are no classical results for the equation (2), but
its significance as a model for Bose-Einstein condensates with a well potential
is reflected in the large amount of papers regarding solitons, bound states and
exact solutions of (2), see for example [§8], [9] and [11].

We will employ L?-based Colombeau algebras Gt .12, which we define below.
A representative of a generalized function is then a net of smooth functions which
permits the use of the classical estimates on each element of the net. This was
the main idea used in the paper.

Up to our knowledge, there are three papers dealing with the Schrédinger
equation in the setting of the Colombeau algebra of generalized functions. In
[12], Hérmann solved the Cauchy problem in R™ for the linear Schrodinger
equation with variable coefficients, provided the coefficients and initial data are
generalized functions. In [13], the convergence properties of regularized solutions
to the linear equation were studied. In [4], Bu showed that the cubic one-
dimensional Schrdinger equation has a unique generalized solution. The next
logical step is studying the limiting case. In this regard, we obtain a positive
result for (1) and we leave open the question of convergence of regularized
solutions of (2).

This paper is organized as follows.

In Section 2, the required results for (1) are recalled regarding the existence
of strong local and global solutions and estimates of H® norm of solutions. The
main point needed for our setting is that for each s > 0, ||u(t)|| g is bounded
uniformly in ¢ both in 2D and 3D, but the bound in 2D is linear in ||a|| g« and the
bound in 3D is exponential in ||a|| . Further, the existence of a global solution
of (1) in GC*, H? is proved. Uniqueness asks for new estimates of the solution
of the regularized equation. Since we do this work in a more general setting for
equation (2), we prove uniqueness using estimates from Section 3. Finally, we
show that for any strong solution u € H? of (1) with initial data in H? there
is a net of solutions converging to u. Here, the initial data are regularized by
a: = a * ¢, where ¢. is an appropriate mollifier. In Section 3, we study a
regularized version of (2). Bounds for second order derivatives of the solution
are obtained. We have used the operator 7 (¢), which is a solution operator for
the linear homogeneous equation. For NLS, Duhamel’s formula holds and also
a fundamental estimate for 7(¢). Once the estimates were derived, existence
and uniqueness of a generalized solution followed.

The notation we use is as in [15]. Let H™P(R™), n € {2, 3} denote the usual



Sobolev space, H™?(R™) = H™(R™). Then Ec1 g2([0,T) x R™) (respectively
Ner g2([0,T) x R™)), T > 0 is the vector space of nets (u.). of functions

u. € C([0,T), H*(R™)) nC*([0,T), L*(R"™)), € € (0,1),

with the property that there exists N € N (respectively, for every M € N) such
that

max{ sup |luc(t)|g2, sup |Owuc(t)||r2} = O(™N),
t€[0,T) t€[0,T)
max{ sup |luc(t)||m2, sup ||Opue(t)| 2} = O(e™), respectively.
tel0,T) te[0,T)
The quotient space

Gor,u2([0,T) x R") = Ecr 52 ([0, T) x R") /N g2 ([0, T) x R™)

is a Colombeau type vector space. For n < 3 this is a multiplicative algebra,
since H%(R™) itself is an algebra for n < 3.

Space G2 (R™) is defined in a similar way, but with representatives indepen-
dent in the time variable t. This space is also an algebra in the case n < 3. H?
spaces are chosen for simplicity, especially in the case of delta potential.

Throughout the paper we use || - ||, to denote the LP(R™) norm. By DX,
we denote any partial derivative w.r.t. x1,...,x, of the form Dg!..Dg" with
multindex o = (a1, ..., ap) € N§ of order |a| = k.

We will use the following lemmas in the sequel:

Lemma 1.1 (Gronwall’s inequality). Let A(t) be continuous and nonnegative
on [0,T] and satisfy
¢
A(t) < E(t) +/ r(s)A(s)ds, 0<t<T,
0
where r(t) is a nonnegative integrable function on [0,T] with E(t) bounded on
[0,T]. Then
¢
A(t) < |E(t)|exp (/ r(s)ds) , 0<t<T.
0

Lemma 1.2 (Gagliardo-Nirenberg [5]). let 1 < p,q,r < co and let j,m be two
integers such that 0 < j < m. If

1 j 1 1-0
p n roon q
for some b € [j/m,1] (b < 1ifr > 1 and m —j— = = 0) then there exists
C =C(n,m,j,q,r) so that

S ity < o X 1%u) @I} ueDE ()

lel=y lee|=m



2 The cubic Schrodinger equation

2.1 Estimates

Let s = ”T_Q and s > sg, where 5o > 0 for n € {2,3}. For a € H®, the Cauchy
problem (1) is well posed in [0,T*] for some T* and

we C([0,T),H?), T<T*

i.e. u is a local solution. It can be extended to a global solution if a € H!. Also,
|z|™a € L? for every m € N implies that the solution is smooth in x and ¢ (see
[10]). Standard energy equalities hold for (1):

[u@lzz = llallz  and  H(u(t)) = H(a)

where H(u(t)) :== 1 [o. |[Vul|?dz + % [5. |u[*dz denotes the Hamiltonian. The
energy equalities imply that the global solution satisfies

sup lu(t)||r < oo.
te[0,00)

In one dimension, for every s > 0 the norm |lu(¢,-)| gs is uniformly bounded
w.r.t. ¢ € R. In two and three dimensions u(t) € H*® holds for every ¢ and there
exists T' = T'(||a||g=) such that

lu®ll < Cllall-, t € [0,7T).
In [2], it was shown that in 3D there is scattering and a uniform bound
lu®)|| g < Cexp(|lallgs), forallt>0, s>1. (4)

In [6] (inequality (3.25)), it was shown by a similar argument that global in time
solutions in 2D also satisfy a uniform bound

lu@)|ls < cllal|gs, forallt>0, s>1. (5)

2.2 Existence and uniqueness

We say that u € Gor g2([0, 7)) x R™) is a solution to (1) if there is its represen-
tative u. satisfying
i0yue + Aue — |ue|?u. = N.
ue(,0) = ac(x) + ne(z),

(6)

where (N:). € N1 g2([0,T) x R") and (n.). € Ny2(R™). The initial data
a € Gg2(R™) is represented by a..

Theorem 2.1. Letn € {2,3}, T >0, a € Gg2(R™) and
lacllge < he (7)

where he ~ ¢~ forn =2 and h ~ NIne™! for n = 3, for some N € N.
Then there exists a solution u € Gor y2([0,T) x R™) of (1). If, additionally
he ~ (In(Ine=")Y6 and a € Gys(R™), |lac||gs ~ (Ine=H)/14, the solution is
unique in Gen g2([0,T) x R™).



Proof. FEzistence. Let us take the equation (1) written in the form of represen-
tatives

i0ue + Aue — |uePue =0
ue(2,0) = ac(x)

(8)

There exists a unique solution u. € C([0,T], H*(R") for every T > 0 and ¢
(see [2] and [6]). Estimates (4) and (5) together with assumption (7) imply

Sgg D3 ue(t)]| L2 mny = O(E™™), e =0,
>

for |a| < 2. From the Gagliardo-Nirenberg inequality it follows that
e () Pue (D)]l2 < [[Vue (113,

so boundedness of ||Oyuc(t)||2 follows easily from (8). We can conclude that w,
represented by the net of functions (u.). belongs to the space Go1 g2 ([0, 7)) xR™)
that solves the problem (1) in the above sense.

Uniqueness. Let u,v € Gor g2([0,T) x R™), n € {2,3} be two solutions of (1)
with representatives u. and v, satisfying (6). To obtain uniqueness we need to
show that (us —v.)e € Non g2([0,T) x R™). Let we = ue — v.. Then w, solves:

i(we)t + Awe — (|u5|2u8 — |ue — w8|2(u€ —we)) + Ne =0,

we(x,0) = ne(z),

(9)
where (n.). € Nys(R™), (N:)e € Neor g2([0,T) x R™). The first equation is
simplified to

i(wa)t + Aw, — |u5|2ua + (Ue - wa)(lue|2 — UeWe — UWe + |’U}5|2) +N. =0,

i(we)t + Awe = u?@—l— 2w€|u5|2 — 2u€|w€|2 — wngE + w€|w8|2 — N,

If we multiply (9) by we, integrate over R™ and take the imaginary part (using
the fact that w.(z,t) — 0 fast enough as ||z|| — oo for any t).

1d
3q \wE\Qd:r = Im (2Re(uem)u5@ - |w5|2u5@ - NEfLTE) dz
Rn Rn

< / (2\u5w5|2 + |us|\w5|3 + \Nsw5|) dx. (10)
RTL

Integration with respect to t gives

lwe (£)113 Sllns\|§+/0 (2llus(t)||§ollwe(t)||§ + [le (8) oo [we (8) [l oo = (1) 113

+ Nzl (1)) dr

T
sup [we (£)[13 <[Ine 3 + 2 sup (|fue ()] + Hus(t)llooIIwE(lﬁ)Hoo)/O [[we (t)|[3d

) )

+ sup [we(8)[|2]| Vell2,
[O1T)

sup [[we(8)[3 <e™ exp(sup (|lue ()12, + lue ()| we () 1)), (11)
[0,7) [0,7)



for arbitrary M € N. Due to the construction above, the Sobolev inequality
[[ue(t)]loo < |lue(t)]| g2 holds. We will use the following two facts that will be
proved in Section 3.

e Condition (7) and ||ac||zs ~ (Ine™ 1)1 imply ||uc(t)|| gz ~ VIne=1 (the
relation (36)).

e Estimates (4) and (5) can not be directly used bellow, since equation (6)
is not homogeneous. These bounds are derived in the uniqueness proof of
Theorem 3.4 (relation (35)).

Applying Gronwall’s inequality, Lemma 1.1 to (11) we obtain

sup |Jwe(t)||2 = O(sM), e —0, forany M e N. (12)
0<t<T

To obtain a bound on the first derivative in z, differentiate (9) in 2, multiply
by D,w., integrate over R™ and take the imaginary part. Similarly as before,
this results in the following

sup || Dawe (£)]|3 < sup ([Jue (8113 + e (t)lloolwe (8) [l + [lwe (8)]13)
[0,1) [0,T)

T
/0 I Dawe () [3d7 + || Danell3 +T;u%(lleNe(t)Hz||mea(t)H2)
T
+ [SujP)(”ua(t)Hoo + IIwE(t)Iloo)/ [[we (8) 2] Dowe () Daue (¢) || 2dr
0, 0

T
glne’l/ Dyw. ()| 2dr + M + T(eMeN 4 Vine 1e-NeM),
0

The last inequality follows from (12) and
[ Dawe (8) Dytie (8)]|2 < || Dawe (£)]|4]| Daue (t) 4

<( Y2 1D20e0)l) T @13 (3 ID2uc0)l) a3 < =N, (13)

le|=2 le|=2

whereb:%forn:2andb:§forn:3, in both casesp=4, r=q=2, j =
1,m = 2. Here, the Holder inequality and the Gagliardo- Nirenberg inequality
were used. Applying Gronwall’s lemma we obtain

sup || Dywe(t)||2 = O(sM)7 e— 0. (14)
0<t<T

By differentiation of (9) it further follows that

d
7 |D2w, |*dx < / |(ue + we)Dyuie Dywe D2w, + wo(Dyue)* D3 w,
Rn

+ (uewe + wg)DguEDin + (ue + wg)(DIwE)zDiwAdx

n

+/ |u§+u5ws+w§|\Din|2dx+/ |D2N.||D2w.|dz.
R R™



For the first term on the right hand side we have

(e (8) +we (£)) Datee () Dawe (8) D3we (8|1 < ([Jue (8) oo +[[we (1) o) | D3 we (£)]12
(D IDgu0)12)F (S 1D we(t)]2)F (e (1) ol (1))

lee|=2 le]=2

(15)
Further on

[we (£) (Daue (£))> D2w. (8)|ly < [|D2we (t) o ]lwe (8) (Daue (1))
<|D2we)le Y IDsw-()2( S 1D u(t)]2)*. (16)

la|=1 |a]=2

The fourth term can be bounded in the following way

() + wo () (Do (£))Dwe ()]s
<Jue(t) + wE(t)||oo||D92cw€(t)||2”Dzw6(t)”z21
<Jue(t) + weO)loeID2we ()2 S ID2we(B)l2) Jwe@l  (17)

|| =2

Also,

(e (B)we (8) + w2 (t)) Diue (8) Diwe (¢
<lue () + we (8) oo [we (8) oo | DZ e (1) 2]l D3rwe (£)]|2
e () + we (8) oo (lwe (|2 + | Dowe (8) 12) 1D e (8) 2]l Diwe (£)]]2
+ [1DZwe (O[3 D7 e (8) |2l ue () + we (8)l|oo- (18)

The last inequality was obtained using Sobolev inequality and (15) — (17) fol-
lowed from the Gagliardo—Nirenberg inequality. All factors except the one for
| D2we (t)|3]| D2ue () ||2||ue (t) + we(t) || o can be bounded by e because of (12),
(14) and again the fact that ||uc(t)]|co < c||uc(t)||gz ~ VIne~!. Integrating in
2
D3 we(1)][3
<(llue ()3 + e (@)oo lwe () oo + lwe ()3 + 1 D2ue () l2]lue +we(t)loo)

t
[ 12 ar + M,
0

Gronwall’s lemma again implies that supy<,< ||[D2w(t)||2 = O(eM), ¢ — 0,
for any M € N. o

Directly from equation (9), it follows that [|Q;w.(t)|2 = O(EM), e — 0,
for any M € N. Thus, (w.). € N1 g2([0,7) x R™) and the solution to (1) is
unique. L]

Remark 2.2. Note that we have used the initial data a € Gyus(R™) for the
uniqueness proof. The condition Ggz(R™) suffices for the existence proof. That
will be the case for the equation with a delta potential bellow, too.



2.3 Compatibility with the classical solution

Let ¢ € Cg°(R™) such that [, ¢ de =1 and ¢ > 0. Define ¢.(x) = e~ "¢(2).
The following holds

Theorem 2.3. Let u be the classical H? solution of the cubic Schrdinger equa-
tion in n € {2,3} dimensions:

i0pu+ Au—JuPu=0 on R" x (0,00)
u(z,0) = a(z),

for a € H3(R"™). Let T > 0. The solution u. to the equation (8) with initial
data a. = a * ¢ converges to u in H*(R™)-norm for everyt <T.

Proof. Since
1D (a * ¢e)ll2 = [[Dga* dell2 < [|DFall2ll¢ellr = | D7 all2

for |a] < 3, uniformly with respect to €, we obtain condition (7). It follows
that the regularized initial data give rise to a unique solution in the space
QC17H2([O,T) X Rn)

We put ve = u — ue now. Then u € H? implies that ||u(t)||o is finite, and
ue € H? for each € > 0 gives, based on (4),

[ve(D)loo < Nlu(®)lloo + [[ue(B)lloo < 1+ [lue ()]l
< a texp(llaxdclpz) < e+ e,
Also,
[1D3ve(B)ll2 < [[DFu()]l2 + |1DFu()]2 < ¢, [y <2
Further, v, satisfies
i0pve + Ave — ([u]?u — Ju — v |?(u —v.)) =0,
ve(x,0) = a(z) — a * g ().
Like in the uniqueness proof, one can see that
l=(O)113 < lla = ax ¢el3 exp((u(®)l|Z + lu®)lloo|ve(t)lloc)T)-

Therefore,
[o:(t)[3 < Clla — ax ¢cll5 =0, & —0.

In the same way,

[Dzve ()13 < T [[Dala — ax de)[13 (6]lu(t) oo llve (t) 1o
+3[lv-(D)1%) 1Dzu(®)2[Dave () 2-
-exp(3[|u(t)ll3 + 6llu®) o llve (t)llosc + 2|0 (B)lloc)T — 0, & =0,

because all terms are bounded with respect to € and ||Dy(a—ax*¢pe)||2 — 0, € —
0. The second order derivatives can be bounded in the following way

d
GID2 @ < [ (120 + o 02
R’VL
+ [uDyuDyv. D2v.| + |ve(Dyu)* D2v.| + |u(Dyv.)? Do, |
+ |uD2uv. D?v.| + \nggungeod:ﬁ



Integrating in ¢t we obtain

IDZv=()]13 < [1DZ(a — ax de)3

+ (@)% + [u®)llsollve ()l + ||vs(t)||§o)/0 1DZve (t)||3d

+ [lu(®)lloo | DZve () 12l Dou(t) Dove (#)2 + ve (8) oo [ D3ve (8) 2] (Dau($))? |2
+ u(®) oo D3ve ()21l (Dave ()2
+ (lu@®llscllve(®)lloo + e (D12 I DZu(t) |2 D3ve (£)]2 (19)

Using the Holder inequality,
[ Dauu(t) Dyve (t)||2 < [[Daw(t) |4l Dave (t)l4

<( X 102l a3 1D3eewk) -0l < €,

|a|=2 |a|=2

where the Gagliardo-Nirenberg inequality was also used with b = % forn =2
and b = I for n = 3. Terms ||(Dyu(t))?(|2 and ||(Dyv(t))?||2 can be estimated in
the same way. Convergence of || D2v.(t)]||2 to zero as € — 0 follows by applying
Gronwall’s inequality to (19). This completes the proof. O

3 The delta potential

Consider now the equation with the delta potential

i0pu + ANu = ulul? + du,

u(0,z) = a(z), a € Gy2(R3). (20)

A representative of ¢ is chosen such that the regularized version of (20) is

10pue + Aue = uE‘u6‘2 + ¢hgu€a

ue (0, ) = as(x),

(21)

where ¢,_(7) = h3¢(h.z) and ¢ is a non-negative mollifier as before. Later on,
one will see that we have to take h. ~ (Ine~1)5/19. Let ¢ > 0. Multiplying by
7z, integrating over R? and taking the imaginary part, we again get conservation
of energy

e @)l L2®s) = llacllL2rs)-

Multiplying by (%), integrating over R3 and taking the real part , we have

1 1 1
7/ |Vu5|2dm+ 7/ |u€|4dx+ 7/ ¢h€|u5|2dx = H(a.),
2 ]R3 4 Ra 2 R3

1 1 1
where H(a.) := B /R3 \Va.|*dx + 1 /]RS lac|*dx + 3 /]R3 én.|az|*dz. Then

H(u.(t)) = H(a:) > %/]R& |Vu€|2d:v



and
[ue @)1 <H(ac) + |lac||2

1 1 3 1
<= [ |Va.|]*dz + -~ - > IDy —||acl?
_Q/RS\ ae|*dz + ”%HZ(M:l” zacll2) + 5 llaells

<llac |z + llaclz-- (22)

We have used inequality (3) with j =0, m =1, a= %, p=4,and r =q=2.
3.1 Solution for a fixed ¢ > 0
The first step is to find a local solution in H'(R3) to

10pue + DAues + g1 (ua) + g2(u5) =0,
ue(0,2) = as(x), (23)

where gl(us) = —¢eu, 92(us) = 7us|us|27 ¢ € CSO(RS)

Theorem 3.1. (Theorem 4.3.1 in [5]) Let g1 and go satisfy the following
assumptions:

gj =G, for some G; € C'(H'(R®),R), j € {1,2}.

In particular, g; € C(H'(R?), H"'(R®)). We assume that there exist rj, p; €

[2,6) such that g; € C(H(R®), L? (R®)) and such that for every M < oo there
exists C(M) < oo such that

lg;(u) = g (Wl o; < CM)lJu—vlL;

for all u,v € HY(R3) such that ||u(t)|| g + ||vl|g: < M. Finally, we assume
that, for every u € HY(R3),

Im(g;(w)@) =0, a.e. in R>.

Let G(u) = G1(u) + Ga(u) and define the energy H by
Hu) = %/|Vu|2dx ~ G

for u € HY(R3®). Under these assumptions, the initial value problem is locally
well posed in H*(R3). Furthermore, the energy is conserved,

lu@)llze = llallrz,  H(u(t)) = H(a)
fOT’ allt S (7Tmin;Tmam)-

The functions g;(u) = —¢pn,u and ga(u) = —ulu|? satisfy the conditions of
the theorem:

e Example 3.2.1 and Proposition 3.2.2 for g1,

e Proposition 3.2.5 and Remark 3.2.6 for go,

10



e and Remark 3.3.4 for both functions, with
o Gi(u) = —3 [¢lul’, Ga(u) = — [|ul*.

Using (22), one can see that there exists a unique local solution satisfying
[lue ()]l L2 = |lacllr2, and H(u:(t)) = H(ae), t < T. (24)

The bounds (24) enable us to prolong a solution to any 7" using the same time
steps T.. Thus, there exists a global solution in H!(R?) to (23).

Even more, there exists a solution in C*([0,7), H?>(R?)) when the initial
data belongs to H?(R?) The proof is based on the analysis from Section 5 in
[5]: The right-hand side of (10) satisfies all assumptions in Theorem 5.3.1, so a
H?-solution solution exist in the same interval [0, T) where we already have the
H'-solution determined above. The proofs of the theorems is based on the fact
that for more regular initial data local solution in H? does not blow up before
t =T, where T is a life-span of H' solution.

3.2 Generalized solution

Let T(t) = €™ denote the Schrdinger evolution operator (propagator) defined
in the following way (see [16]). Take the equation

0w+ Au=0, u(0,z)=ug(x), (25)
for ug in the Schwartz space S(R™). Then,

—

u(t),(€) = —iléPPu(t)(€) and

—

u(t)(€) = e MG ().

It follows that
eitAuo(x) _ / 67#\5‘2“95.555(5)6[5

is a solution of (25). This operator is defined initially for Schwartz functions,
but can be extended by standard density arguments to other spaces. T (t) is
unitary on L*(R") and H*(R™). It is also a Fourier multiplier and as such,
commutes with other Fourier multipliers, including constant coefficient differ-
ential operators. We use this fact in the proof of Theorem 3.4, along with the
following theorems

Theorem 3.2. (Proposition 2.2.3 in [5]) Let p € [2,00], 1/p+1/p' =1 and
t > 0. Then T (t) maps LP (R™) continuously to LP(R™) and

IT®ell, < @nlt) ™"y, for all ¢ € LF' (26)

Theorem 3.3. (Duhamel’s formula) The function u € C(I, H3(R?)) is so-
lution of (23) if and only if:

t
u(t) =T(t)a + 2/ T (t — s)(—u(s)|u(s)|? — ou(s))ds for all t € I, (27)
0
where I is an interval in R such that 0 € I.

11



We can now state the theorem

Theorem 3.4. Let
lacllgs = O(™N), and |ac|g2 = O(he) for some N €N, (28)

where h, ~ (lns_l)%. Then for any T > O there exists a generalized solu-
tion u € Gen y2([0,T) x R3) of (20). Additionally, if he ~ (In(Ine")74)s ~
(In(lne=1))s and a € Gus®s), l|acl| s ~ (Ine~1)75, the solution is unique in
Gorm2([0,T) x R?).

Proof. Ezxistence. The following inequalities
> IDSu (b2 < ey/H{ac),
loe]=1

o 3
H(a:) < llacl3p + (Y I1D%acll2)” - llacll2 + llacllso
|a|=1

< cllaclF + llaclz2)

hold as above. Then H(a.) < ¢(Ine~!)T8 ase — 0, from (28). We have seen that
for each € > 0 there exists a unique solution u. € C*([0,T), H*(R?)) to (21).
Differentiating Duhamel’s formula (27) twice in  and using (26) we obtain

t
1DZue(t)]]2 <[|DZac|l2 + C/ 2 (8) D3ue () + ue (8)| Doue (t) | 2ds
0

t
+ / e (t)D2bn. + Dypdn. Dyuc(t) 4 dn. (t)D2u.(t)||2ds. (29)
0

There holds

luZ D3ue (1) |2 </ D3ue ()] 10 lue (t) 15

<ID2uc )l (D2 IDZuc(t)l1s0) )5

3

Here we used the Holder inequality and the Gagliardo—Nirenberg inequality for
ij,mzl,ple,r:13—0,(]:2,132% Similarly,

lue ()| Dau(t)*ll2 <lue (t)ll6]| Dae (1)1

a a I 5
<( X 1Dgu@l) (X2 1Dsuc®lsg) s 0)15
|a]=1 |a]=2
where j =1, m=2,p=6,r = 13—0, q=2,b= }—g in the Gagliardo—Nirenberg
inequality. Finally,
lue D¢, |2 < D2 lloolue(t)ll2, | Dotie Dot ll2 < | Dadn ool Datie (t)]]2,

16n. D3us(®)l2 < [1DZue(t) 1073/ 6. |15-

The norms || Dy, ||, are controlled by A" for some m. It remains to obtain
bounds for [[Dguc(t)|1 and ||D§,u€(t)||% Again we use Duhamel’s formula

12



(27), estimate (26) for p = 42, p’ = 22 and the fact that 7(¢) commutes with
D,

[ Daue(t)][10 < | Do (T (£)ac)l| o

t# w () ()12 AT P
”/o <t_5>g”Dw< () 1= (3)? + b, )(5) | o ds,

o 4 1
IDo(T(®)ac)l[0 < (D I1D(T#)ac)ll2) * (T (#acll3 < llacl| s

3
|or|=2

where the Gagliardo-Nirenberg inequality (3) was used, j = 1, m = 2, p =
10/3, ¢g=r =2, b=4/5. Applying the Holder inequality and (3) again with
i=0,m=1,p=5,r=q=2,b= 10, we derive the following inequalities

1Dz ¢n.ue(@)| 12 <|lacll2]| Dz ls,
én, Datte (8) |32 <[ Datic ()2l 6n. lls < H(ae)?||én. |5, and
1Dz e (8) ue (8) P[0 <|| Doe () 20 [|ue (£)]13

<UDl (3 IDZuc(0)lz) e )1

=1
9 1
S Dzuc(t)]| 10 H(ac) ™ |lac||3 -

Gronwall’s inequality implies

sup [ID.uc(t)yp < (el + T (laclall Da s + Hiae) 6. )
0,T

2 1
exp (7% H(a) o) (30)
Denote by f. the expression on the right hand side. It follows

fo < (Ine )™ exp(T? (Ine™1)P),

_ 2.9 , 5 1_ .
for some m >0 and p = {5 - 75 + 75 - 5 = 1. Finally,
sup || Dyuc(t)|] 1 < ce™™, &0, for some N.

[0,T)
Similarly

IDZue ()] 10 < |DZ(T()ae)| 10

+ C/Ot &_Z)gllDi(ug(s)luE(s)IQ + b, ue(s)) | ds,

13
15 2
IDAT (Bl < (D2 ID°(T(1ac)l2) *ITMaclF < lal s,

lov[=3

2 1
1D2u: ()30 < (llacllis + 7% (llacllal D26, s + H(a:)*| Dasin. s

+||ag||2/3(§; IDsuc®lle) ) ) exp (T3 (ln. 5 + Hla) B D)) (31

13



Denote by g. the expression on the right hand side. It follows that g. < ce=V
for ¢ — 0 and for some N, since

)3
Note that HDzuE(t)H% and || D2u. (t)||% are bounded on [0,7) (an assumption

needed for Gronwall’s inequality), since the Gagliardo—Nirenberg inequality im-
plies

9 5
lon lls < chi ~ ((Ine™!)T5)? < ((lne™h)¥)

1 2
1D2u:(t)1ap < (3 IDZuc(t)]2) " e ()5 < o for cach ¢ € [0,7).
|a|=3

One can bound |[Dguc(t)|| 10 similarly. Returning to (29) we sce that

3 1 120 6
[Sup) ID2ue ()2 <llacllmz + g f2 lacll3 + H(ac)? g2 |lacl|3®
0,7

1
+ D2, llollacllz + H(ae)? [ Dan, lloo + gellén. Ils,

sup || D2u.(t)|la =O(e™"), for some N.
[0,7)

Moderateness of supjy 1y [|[Oruc(t)]|2 follows easily from (21), moreover

Ue € C([OﬂT)aHz(Rn)) N Cl([()?T)ﬂLz(Rn))? €€ (07 1)

Uniqueness. Let u,v € G2 be two solutions with representatives u.,v. and let
we = Uz — ve. Also, let now h. = (In(lne=1)/1*)V/6 ~ (In(lne~1))/%. Then w,

solves
t(we)e + Awe :u5|u5|2 — (uefws)(|u5|2—usﬁe—w5ﬂ5+|w5|2) + ¢n.we + Ne
we(0,z) = ne(x), (32)
where (n.). € Ngs(R"), (N:): € Ner g2([0,7) x R™). Multiplying by .,

integrating on R? and taking the imaginary part we obtain again equation (10),
since ¢y, |we|? is real. Furthermore, for arbitrary M € N

T
sup lwe (0113 <llne ()15 + sup (llue ()13 + Hue(t)llooIIwa(?f)Hoo)/0 lwe (8)13dr

)

+ sup [lwe (8)|2[ Ve (£)]]2;
[0,T)

sup [|we (t)[|3 <e™ exp (sup ([lue()]3 + llue(®)lloolwe(t)l) )- (33)
[0,7) [0,7)

The following estimates are needed for completing the proof of Theorem 2.1
above. We know that u. and v. satisfy

Z'atuc»: + Aue = UE‘UE‘Q + ¢h5ue + N,

ue (0, 2) = ac(z) + ne(z) (34)

where N. € Ng1 y2([0,T) x R™) and n. € Nys(R").
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Using the same procedure as in the existence proof we obtain

3 1 1 20 6
sup || D3ue(t)ll2 < llacl = + g2 llacll3 + H(ac)2 g% |lac[137 + clllac |l m) el 2
T

)

1
+ D2 0n. Nlscllacllz + H(az)? | Dadn. oo + gellon. s + TE)UT% DN (t)]l2,
(35)

We can now use the fact that [Ju.(t)||2, < [uc(¢)||32. Recall that

laclia ~ hey H(a) ~ B, 6cllg ~ b, [l9clls ~ b
1D2telloo ~ hE, [1D20: o0 ~ B2, ID26c]15 ~ b, | Dutrclls ~ b
From (30) and (31) we derive
forv (Ine™)T, go ~ (Ine )i,

Using the fact that In®In?e~! < In?e7!, ¢ — 0 for s < 1 we see that each factor
in (35) can be estimated by vIne—!. Thus,

[[ue ()] 2 ~ VInet. (36)

Returning to (33), it follows that for any M € N |lw.(t)||2 < eM.
A similar procedure leads to

sup || Dy w. (t)]13
[0.7)

<[1Dane()lf + sup (el + e @) o () + e (215

T
: / | Dpwe (t)||5ds + T (Sup) ((Ilue + we ()] oo [|we (8) [|2]| Dotte Dowe (t)]]2
0 0,T

+ llwe ()2l D@, [l oo [ Dawe ()2 + ||Dzwe(t)H2||Dst||2)
and as in the homogeneous case (equation (13)), supy 1y [|Date(t) Dywe(t)(2
can be bounded by e~V. Tt follows that sup || Dyw.(t)||3 < e for any M € N.
T
Also,

IDZw: ()13 < [[Dine(2)]13 + T(Sb P (IIDxcbha loo | Dowe (#) 2/l Dwe (¢)]|2

+ HDidmaIImIIwe(t)IlzIIDiwe(t)Hfz)  sup (Ilue(t)Hoone(t)lloo + [l ()13

T
HlwaOl + 1D2u0)]) [ 1D2ue0)]ds + =,
0
where e was obtained in the same way as in the homogeneous case (equations
(15) — (18)). The remaining factors can also be bounded by ™. Applying
Gronwall’s lemma ||D2w,(t)||3 < e NeM| for some N and any M € N.

Once again, ||(we)¢ll2 = O(eM), € = 0, VM € N follows directly from (32)
and this completes the proof. O
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