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ABSTRACT. We adopt the theory of uniformly continuous operator semigroups for use in Colombeau
generalized function spaces. The main objective is to find a unique solution to a class of semi-
linear hyperbolic systems with singularities. The idea of regularized derivatives is to transform
unbounded differential operators into bounded, integral ones. This idea is used here to permit
working with uniformly continuous operators.

1. INTRODUCTION

Generalized uniformly continuous semigroups are introduced in [5] in order to use the classical
theory of semigroups in solving linear partial differential equations with singularities in Colombeau
generalized function spaces. This paper is a continuation of that effort. Our aim is to solve some
semilinear hyperbolic systems. Singularities in initial data or in coefficients are represented by
generalized functions, so the theory of semigroups can be used efficiently.

Regularized derivatives (see [3]) are used for transforming differential into integral (bounded) op-
erators. This was the main tool permitting a use of uniformly continuous semigroups for differential
operators. Generalized functions used here are based on Sobolev spaces instead of distributions,
and the use of Banach space methods is available.

The main results of the paper are assertions concerning existence and uniqueness of solutions to a
class of semilinear hyperbolic systems. Cauchy problem for semilinear first-order hyperbolic system
with smooth coefficients and Lipschitz nonlinearity is solved in the usual Colombeau generalized
function space in [6]. In this paper, besides giving a solution to the problem above, we also
investigate its relation with the solution from [6] in the case when the system has smooth coefficients
with appropriate type of initial data.

The definitions of basic generalized function spaces suitable for work with generalized uniformly
continuous semigroups are given in the second section. Let us note that similar procedure can be
performed for generalized Cp-semigroups (see [4], for example).

In the third section, the definitions given previously by the authors in [5] are repeated, and
followed with some assertions about uniformly continuous semigroups and their infinitesimal gen-
erators.

The existence and uniqueness theorem is given and proved in the fourth section.

The last, fifth, section is devoted to examination of the connection between the results from the
previous section and the result in [6] for a class of systems described above and the L2-association
of the solutions is established.
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2. BASIC SPACES

Let (E,| - ||) be a Banach space and L(E) the space of all linear continuous mappings from F
into E.
SEn ([0,00) : L(E)) is the space of nets

Se 1 [0,00) — L(E),e € (0,1)

differentiable with respect to ¢ € [0, 00), with the property that for every T > 0 there exist N € N,
M >0 and g € (0, 1) such that

dot

dt—aSg(t) < Me N e <eg,ac{0,1}.

(1) sup
t€[0,T)

L(E)

It is an algebra with respect to composition of operators.
SN (]0,00) : L(E)) is the space of nets

N::[0,00) — L(E),e € (0,1)

differentiable with respect to ¢ € [0, 00), with the property that for every T > 0 and a € R there
exist M > 0 and g € (0,1) such that

Ne(t)

(o3

2 -
( ) sup dta

t€(0,T)

< Me® e < e, € {0,1}.
L(E)

It is an ideal of SE);. Thus, we define Colombeau space as

SEp ([0,00) : L(E))
00): L(F)) = .
SG ([0,00) : £(E)) SN ([0,00) : L(E))

Elements of SG ([0, 00) : L(F)) will be denoted by S = [Sc] where S, is a representative of the class.
Similarly, one can define following spaces:
SE(E) is the space of nets of linear continuous mappings

At E— E, e€(0,1)
with the property that there exist constants N € N, M > 0 and gy € (0,1) such that

(3) Acllcp) < Me VN e < eg.

SN(E) is the space of nets of linear continuous mappings A. : E — E, € € (0,1) with the
property that for every a € R there exist M > 0 and ¢ > 0 such that

(4) |Acllz(py < Me®, e < eo.
Now, Colombeau space is defined by
SEN(E)
E) = S B
SG(E) SN(E)

Elements of SG(E) will be denoted by A = [A.] where A, is a representative of the class.
Let H™(R") be the usual Sobolev space H™?2(R"). In the paper we shall use the following

spaces:
Enr ([0,00) : H™(R™)) is the space of nets

Ge 1 [0,00) x R" — C,G(t,-) € H™(R"), for every t € [0, 00),
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with the property that for every T' > 0 there exist C' > 0, N € N and ¢y > 0 such that
sup [|08G(t,)||am < Ce™N, a€{0,1},e < &.
te[0,T)

N ([0,00) : H™(R™)) is the space of nets Ge € En ([0,00) : H™(R™)) with the property that for
every T' > 0 and a € R there exist C' > 0 and g9 > 0 such that
sup ||07Ge(t,)||lgm < Ce®,a € {0,1},e < &p.
t€(0,T)
Define the quotient space
En ([0,00) : H™(R™))
G([0,00) : H™(R™)) = .
N([0,00) : H™(R"))
In similar way, by omitting ¢-variable, one can define spaces &y (H™(R™)), N (H™(R™)) and
G (H™(R™)).
Note that the above spaces are not algebras with respect to multiplication (which is the case for
the original definition of generalized function spaces).

3. GENERALIZED SEMIGROUPS

Definition 1. S € SG([0,00) : L(E)) is called a uniformly continuous Colombeau semigroup if it
has a representative Se which is a uniformly continuous semigroup for every € small enough, i.e.
(i) 5.(0) = I.
(ii) Se(t1 +t2) = Sc(t1)Sc(t2), for every ti,ta > 0.
(i) Timq o ||S-(t) — I|| = 0.

The following proposition is proved in [5].

Proposition 1. Let S; and g; be representatives of a uniformly continuous Colombeau semigroup

S, with infinitesimal generators A., and A., respectively, for ¢ small enough. Then A, — A. €
SN(E).

Definition 2. A € SG(FE) is called the infinitesimal generator of a uniformly continuous Colombeau
semigroup S € SG ([0,00) : L(E)) if Ac is the infinitesimal generator of the representative Se, for
every € small enough.

Definition 3. Let h. be a positive net satisfying he < e~1. It is said that A € SG(E) is of he-type
if it has a representative A, such that

(5) [Acll() = O(he),e — 0.
G € G ([0,00) : H™(R™)) is said to be of he-type if it has a representative G such that
|Gellzm = O(he),e — 0.
In the classical theory semigroups of bounded linear operators the following theorem holds.

Theorem 1. ([7], Theorem 1.2) A linear operator A is the infinitesimal generator of a uniformly
continuous semigroup if and only if A is a bounded linear operator.

The following lemma holds for generalized operators.

Lemma 1. Every A € SG(E) of he-type, where he < Clog%, is the infinitesimal generator of
some T € SG ([0,00) : L(E)).
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Proof. According to Theorem 1 every bounded operator A. is the infinitesimal generator of the
uniformly continuous semigroup

n@:d&:zfm?.
n:
n=0

Let us show that T, € SEj ([0,00) : L(E)). We have that

n

— [tA]" — 1 n_ g the
|\Ta(t)||§;) : gM;ﬁ(tha) = Meth=,

Since he < C'log 2 we have supyeo,r) I7:(1)[| < Me=TC, for ¢ small enough. Since 47T.(t) = A.,
for every ¢ small enough, we have

4
dt
for every such ¢, i.e., T, € SEj (]0,00) : L(E)). Thus, the proof is completed. O

Ta(t)} = || A.| < Clogé <ce

Proposition 2. Let A be the infinitesimal generator of a uniformly continuous Colombeau semi-
group S, and B be the infinitesimal generator of a uniformly continuous Colombeau semigroup T .
IfA=B, then S=T.
Proof. Let N, = A, — B. € SN'(F). We have
4
dt
Duhamel principle and S.(0) = T.(0) = I imply

(Se(t) = To(t)) = Ac(S=(t) — To(t))x + N.T-(t)x.

(S.(t) - To(t)z = /O S.(t — s)N.T.(s)xds.

One can easily show that ||Sc(t) — T:(¢)|| < Ce®, for every real a, because N, € SN'(E). The same
bounds for ¢-derivative of S, (t) — T (t) can be obtained by a successive differentiation of the above
term. O

4. SEMILINEAR HYPERBOLIC SYSTEMS WITH REGULARIZED DERIVATIVES

Definition 4. Let o € Njj. Regularized a-th derivative of a generalized function G is defined by
the representative

(6) O Ge = Ge %0,

where on, (z) = h2o(ahe), By) = dr(n) - - - S1(yn), 61 € CF(R), $1(6) > 0, ¢ is symmetric
function with [ ¢1(£)d¢ = 1.

For definition and some basic properties of regularized derivatives we refer to [3] and [8]. In the
sequel, we shall use the symbol J,_ for the first order derivative in one-dimensional case.

Theorem 2. Let ug € (G (Hl(R)))n and h. be a net satisfying he = O ((log 1/5)1/2), as € — 0.

Let function f(x,t,u(t)) = (fr(z, t,u(t)),..., fa(z, t,u(t))) be globally Lipschitz with respect to x
and u with bounded second order derivative with respect to u and f(x,t,0) = 0. Also, suppose that
O f(x,t,u(t)) is globally Lipschitz function with respect to u.
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Let operator A € SG ((Hl(R))n) be represented by the nets of operators
Ao (H'(R)" — (H'(R))",
AE’UJ = —Aséhsu,

n

(7)

where A. = diag(A\L, ..., A\2) € (HM°(R))"™" and || \c|| e (m) = O ((10g1/5)1/2),

Then there exists the generalized function u € (G([0,00) : (H*(R)))", which uniquely solves the
Cauchy problem

() %u(t) = Au(t) + f(-,t,u(t)), u(0) = uo.

That solution is represented by
t
(9) ug(t) = Se(t)ug, —|—/ Se(t—s)f'(-,s,u’(s))ds, i=1,...,n,
0

where S € SG ([O, 00) : (Hl(R))n) is the uniformly continuous Colombeau semigroup generated by
A.

Proof. Take u € (H'(R))". Then

n n
lAcullze <D A u'll e < Y ALl ool * O | 12

i=1

=1
<IN el 2 ll0n, én Nz <37 Cr (log /)2 - Cs (log 1/)"/? ||| 2
=1

i=1
<Clog1/e Y lu'] 12
i=1
and

102 (Acw) |2 <D 1100 (AD)n.u'llz2 + Y XD (On. )|z

=1 i=1
<D NOAL L 1n |2 + D (ALl oo 10n. (B’ 2
i=1 i=1

K3
n ~ n ~
S Sl R P P P Sl M P T P TR P
i=1 1=1

L=y :
<Clog - ; ('l 22 + 102" 22) -
Since u € (H 1(R))n it follows that operator A is of log %—type. Therefore, it is the infinitesimal

generator of a uniformly continuous Colombeau semigroup S € (SG([0,00) : (H 1(R)))n By well
known classical result (see [7]) we know that (9) represents a solution to (8).
Let us show that this solution is an element of (G([0,00) : (H'(R)))". We have

lue(®)llz> < [[Se()uoc | 22 +/O [Sc(t = 8)f (s 8, uc(s))||L2ds
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and

H—us( ) LS [Ac(@)ue|[L2 + || f (2, T, ue ()| L2-

Since f(z,t,u) is globally Lipschitz with respect to w and f(x,t,0) = 0, one gets f(-,t,u(t)) €
(H'(R))™ if u(t) € (H'(R))". Thus, the moderate bounds for |Juc(t)| 2 and || &uc(t)],, immedi-
ately follow.

After a differentiation of (9) with respect to x we have

t
0pue ()| L2 <||Se(t)Druioe| L2 +/O [Se(t = 8) (Vuf (2, 8,uc(8))0zuc(s)) || L2ds
+ / 1Sc(t — 8)0u f (2, 8, u:(8))uc(s)| L2ds
0
t
<|ISe () Oz uoel| 12 +/O (1St = )|l - [[Vufllee - |0zuc(s)| L2ds

t
+ / 15(t = )| - 19 £l - llue(s)l|z2ds.

Since f is Lipschitz with respect to u and x the moderate bound for ||Ozucl|/r2 follows. Thus,
u € (G([0,00) : (H'(R)))".

To show that the solution is unique in (G([0,00) : (H*(R™)))", suppose that there exist two
solutions u and v to equation (8) and set we = us — v.. This difference satisfies

Dve(t) = Ac(t)wa(t) + 6 ua(1)) = £, 1 0(0) + Nat), w2(0) = s,

where N (t) € N([0,00) : (H'(R))") and wo. € N((H'(R)"). Then

wk(0) =S.(tyuj. + / (1= 8) (e 5,0 () = fi-3.01(9))) s

(10)

(11)

and

[we(®)]| 22 <||Se()woe | 2 +/ 1Se(t =) (f (s 5,uc(s)) = f(-s8,0:(5))) || 2dls

o A CX LAY
Using the fact that ||0,, f]lr~ < C < 0o and
1f (@, 5,ue(s)) = f(z,5,0(5))[L2 < [[Vuf Lo - [Jue(s) = ve(s)| 2

we obtain N-bound for ||w.(t)|[12.
Equation (10) implies
d
g | S M Acwe®)llzz +[1F (2, 5, ue(s)) = f (2, 5,v2(9)) |22 + [|N= ()| 2.
L

Since, as we showed in previous step, ||we(t)| g has the N-bound and N.(t) € N([0,T) : (H'(R))")
we obtain that || %ws (t)|| 2 has the M-bound, too.

—we(t)
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Finally,
|0xwell L2 <||Se(t)Oxwoe || L2 + |0 Ne| 2

+/0 152t = 5) (Vu f (-, 5, ue(8))Dutic(s) = Vuf (- 5,02(5)) vz (5))) [| L2ds
+/O [[S=(t = ) (O f (-, 5, us(s))uc(s) = Ouf (- 5,ve(s))v=(5))) | L2ds.

But
[(Vuf (s ue(s))0zue(s) = Vuf (s 5,ve(5))0ave(s)| L2
<I(Vuf (s ,us(S))8 ue(s) = Vu ( 0(8)) Oz tic(s)| 22
T IVuf (- 5,0e(5))0puc(s) — ( 8, V(8))0zve (s)|| L2
<|10zue(s)llz2 - [ fuu(s s, 9(s ))I\Lw l[ue(s) — ve(s)l|Loe
FIVuf(8,0e(8)) Lo - [|02us(s) — Opve(s)|| L2
SCi|0zuc(s)| 22 - lwe(s)llmr + Co - |95we ()]l L2,
and

102 f (-, 5,ue(s))ue(s) — Oz f (-, 5,v(s))ve ()| 2
S[10af (- 5, ue(s))ue(s) = Onf (- 5, ue(s))ve(s)]| L2
102 f (- 5, ue(s))ve(5)02 f (-, 5,0 (5))ve (5) | L2
<10z f (-5 Us)||L°°||Us(S) ve(s)z>
+lve ()L Ve f (- 5,5(s ))HLOOHUE(S) — v=(s)| L2
for some functions §(s) € (H'(R))". Since wo. € (N( R)))" and N. € (N([0,T) : ( L(R))"

Gronwall inequality gives the N-bound for ||9,w. (¢ )HLz Thus we = uz—v: € (N([0,00) : (H'(R)) )
i.e. the solution is unique.

Definition 5. The solution w of the problem (8) introduced in Theorem 2 is called generalized
solution of the equation

() = =Adu(t) + (-t u(t))

with regularized derivatives.

5. RELATIONS WITH THE PREVIOUS RESULTS
n [6] Oberguggenberger gives the following theorem:

Theorem 3. ([6], Theorem 16.1) Let A(z,t) be a smooth, real valued diagonal matriz. Let f be
smooth and u— f(x,t,u) be polynomially bounded together with all derivatives, uniformly for (z,t)
varying in compact subsets of R?. Let u v+ </ f(x,t,u) be globally bounded, uniformly with respect
to (x,t) varying in compact subsets of R?.

Then, for given ug € G(R), the problem
(12) (Or + Mz, t)0)u = f(x,t,u), ult—o = ug
has a unique solution u € G(R?).

Let Ky = KN{(x,t) : t € [0,T]}, K is a region bounded by the external characteristics emerging
from the end points of Ky = [A, B] D suppUp.. The following Lemma will be useful.
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Lemma 2. ([6], Lemma 16.2) Let v be a smooth solution to the linear problem
(O + A, )02 )v(x,t) = f(z,t)o(z,t) + g(x, 1), v(x, 0) = b(x),
where [ is a smooth matriz and g, b are smooth. Then
[0l oo (rry < MOl Loe (a60) + Tlll oo (rry exp(T | fll Lo (56r))-

In order to compare solutions to regularized and non-regularized equations we need some addi-
tional a priori bounds for solution to (12).

Lemma 3. Let u be a solution to (12), where all derivatives of f with respect to u®, i = 1,...,n,
and x of order less or equal to three are bounded when (x,t) belongs to some compact set. Suppose
that HainHLm(KD) <b.,1=0,1,2,where b, > 1. Then

lull oo (i) < comstbe, |[Opul|pe (k) < consthe,

and ||07u|| oo (rep) < constb?.
Proof. We differentiate system in (12) three times with respect to = and use the Lemma 2. The
bounds for u and 9,u directly follows from the proof of Theorem 3 given in [6], so we shall give the

estimate for the second derivative.
After differentiating the system two times with respect to x we have

(0 + M0 )w =(Vou f — 20, \)w + 02 f
(Vafv+ Vudo f — 07N,
where v = 9,u and w = 92u. Now, the above lemma gives the estimate
[ wll Loe (k07) <lwoll Lo (o) + 102 f | (kz) + eXP(NT |V f — 202 M|l Lo (51))
T(IVa fo3] Lo (kr) + Va0 [0l Lo (07) + 10220 Lo (507))-
Using the assumptions and the bounds for u and v one can see that there exists a constant C' such

that [|03ul| L~ (k) < CBZ. 0

Theorem 4. Let u be a solution of (12), with A = A(z) from Theorem 3. Let the initial data be
compactly supported and satisfy

(13) [0Luoe ||~ < gz M/, =0,1,2,

for some M >0 and g. = loghe, h: < log %
Then, u and the solution v to (8) with the initial data v(0) = ug given in Theorem 2 are L*-
associated.

Proof. In Lemma 3 is proved that
(14) ||8;u5||L°° Sg;M7a’S€_)07’L:Ovla27

where L*-norm can taken over all R x [0, T, since supp(U.) C K.
Also, the assumption on compact supports for the initial data and finite propagation speed
ensures that u(-,t) € L?(R), and (14) holds for L?-norm, too for every t < T.
The following equations are satisfied
Orue(t) + A0z uc(t) = f(-,t, ucs(t))
Orve (t) + ANOyve * dp_ () = f(-,t,ve(t)).
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Difference of these two equalities gives
(15) Op(ue(t) — v=(t)) + A0z (ue(t) — ve(t)) * P,
:)‘(awu€(t) — Opue * (bhs (t)) + f(v 2 US(t)) - f(v t U€(t))7

for every t < T.
Let us fix t for a moment. Then

”aacua('at) — Pn, * awua('vt)HL“’(lR)

= sup / o1 (1) (Dote ) — Dpucla — 3, 1)) dy
z€R |/ |y|<h.
1
— sup / on. () ( / aiusu—ay,t)do) ydy| < Cg=Mh2 =0, 0,
z€R |/ |y|<h. 0

since g. = log h., and (14) holds.
Since Kp N {(z,7) : 7 = t} is a bounded set with a finite Lebesgue measure, say I(t), one can
immediately see that

(16) IME) (e (1) = dn. * Dyue (1) L2(w)
<const(N) - 1(t) - |0Lus(-,t) — dn. * Oruie ()| Lo () — 0,6 — 0,0 = 0,1

by the previous estimate on L*°-norm. Put w. = ue — v.. One can write (15) in the form

(17) %ws(t) = Ac(H)we(t) + f( tue(t) — f(,t,v:(t)) + Ne(t), we(0) =0,

where Acu = —Ady.u and N.(t) = A(t)(Opue(-t) — ¢n. * Opuc(-,t)). Inequality (16) means that
|INc||g1 — 0 as & — 0. Then, each component of w,. satisfies

we (t) :/ Se(t = s)(f'(, 5,uz(s)) = ['(, 5,v2(5)))ds
(18) -
+/0 Se(t — s)NL(s)ds,i=1,...,n,

[[we(#)]] > S/O 15t = 5) (f(:; 8, ue(5)) = (s 8,0=(5))) | L2 ds

+/O 152 (t — $)N-(5)|| p=ds.

If w € H', then ||Acullz2 < M||ul|f1, where M does not depend on e. Since S.(t) = et =

> (t’?f!)n, one can see that || Scul|zz < e ||ul|f1. Particularly, ||Se(t — s)Ne(s)||z2 — 0, as
e — 0. Using the fact that ||V, f[|r~ < C < oo and the estimate

1f (@, 5,uc(s)) = f(,5,0:(5)) |22 < [ VaufllLes - [lue(s) —ve(s)llL> < C-we(s),
use of Gronwall lemma gives sup;c (g 7) [|we(t)||z2 — 0, as e — 0. O

Immediate consequence of the above theorem is the following corollary.

Corollary 1. If there exists a L™ classical solution to problem (12) with L -initial data then it
can be regularized so that it is L>°-associated with the solution to system (8), when A given by (7).
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