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Abstract

For a semigroup S, pn(S) denotes the number of all operations on S,
induced by words, which depend on all their variables. In this note we
prove that any finite semigroup which can be represented as a nilpotent
ideal extension of a regular semigroup satisfies the Berman conjecture, i.e.
that its pn-sequence is either bounded above by a constant, or eventually
strictly increasing.
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Let S be any semigroup. By a term operation of S we mean an n-ary
operation of S which is induced by some nonempty word w by substitution
of letters. Such an operation is essentially n-ary if it depends on all of its
variables. For n ≥ 1, we denote the set of all essentially n-ary term operations
of S by ES

n , while ES
0 is the set of all constant unary term operations of S. Let

pn(S) = |ES
n | for all n ≥ 0. Since it is not difficult to show that the semigroup

of all term operations of S over some given set of variables X is isomorphic to
the (relatively) free semigroup on X of the variety generated by S, it follows
that all pn(S), n ≥ 0, are finite numbers if and only if S generates a locally
finite semigroup variety. Of course, all these concepts can be generalized for
arbitrary algebras, cf. the survey paper by Grätzer and Kisielewicz [7].

The pn-sequence is an important invariant of a semigroup (or of an algebra),
and it contains a lot of information on its structural features. Actually, the
principal goal of the theory of pn-sequences of general algebras, formulated back
in 1966 by E. Marczewski [9], is to characterize those sequences of non-negative
integers which are representable as the pn-sequence of some algebra. Hence,
investigations aiming to establish the way in which the numerical properties
of sequences influence the structure of corresponding algebras, have a central
importance in this theory. We refer to [7] for some related examples.

In this environment, it is even more interesting to restrict the study of
pn-sequences to finite algebras (semigroups), and to look for some regularities
following from the finiteness condition. One of the most intriguing hypotheses
in this field was given by J. Berman, who conjectured that the pn-sequence of
any finite algebra is either bounded above by a constant, or eventually strictly
increasing. While this assertion, referred to as the Berman conjecture, is easily
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shown to be true for finite monoids, groups, rings, modules, lattices, Boolean
algebras, etc., R. Willard refuted the Berman conjecture in [10] by constructing
a 4-element algebra with finitely many basic operations whose pn-sequence is
(0, 3, 2, 5, 4, 7, 6, 9, 8, . . .).

Our main interest is in investigating the question whether the Berman con-
jecture holds in the class of all finite semigroups. In [5], all finite semigroups
whose pn-sequences have constant bounds are determined. The Berman con-
jecture for all globally idempotent finite semigroups (S2 = S) is proved in [6],
and for some other particular classes, in [4]. It may be noted that the prin-
cipal results of [4, 5] are formulated in terms of nilpotent ideal extensions of
globally idempotent semigroups of some specific kind. This is so because if
S is finite, then the sequence S ⊇ S2 ⊇ . . . ⊇ Sm ⊇ Sm+1 ⊇ . . . (where
Sm = {s1s2 . . . sm : s1, . . . , sm ∈ S}) of ideals of S must eventually stabilize,
say at Sm = Sm+1. If we denote such Sm by Sω, then Sω is globally idempo-
tent, while the Rees quotient S/Sω is nilpotent. So, [4] covers the cases when
Sω is either a union of groups, or left (right) reductive (which, for example,
includes all finite commutative semigroups and all finite semigroups in which
Sω is inverse). This one-theorem note deals with the case when Sω is regular.

Theorem. Let S be a finite semigroup such that Sω is regular. Then either
pn(S) is bounded above by a constant, or pn(S) < pn+1(S) for n large enough.

Proof. Let Sω = Sm. We prove that the required inequality holds for all
n ≥ m (except for the cases described in [5]). In the sequel, we may assume
that every term operation under consideration depends on all of its variables.
Otherwise, S satisfies a heterotypical identity, implying S to be a nilpotent
extension of a completely simple semigroup (since every finite nil-semigroup is
nilpotent), by Lemma 2.3 of [6], or by a result of Chrislock [2]. However, in
such a case, our result follows from Theorem 2.2 of [4].

First, choose an integer r ≥ 1 such that for each a ∈ S belonging to a
subgroup of S, ar is the identity element of that group (this can be achieved,
for example, by taking r to be the l.c.m. of orders of all subgroups of S). Now
we define a mapping ϕ : ES

n → ES
n+1 by

(ϕf)(x1, . . . , xn, xn+1) = (fxn+1)
rf.

By the above remarks, ϕ is well defined. We proceed by proving that ϕ is
injective.

To this end, we shall consider a fixed but arbitrary n-tuple (a1, . . . , an)
of elements of S. Assume that ϕf = ϕg for two (essentially) n-nary term
operations f, g of S. For brevity, denote c = f(a1, . . . , an) and d = g(a1, . . . , an).
Since n ≥ m, c, d ∈ Sω and thus they are regular. Now, our assumption is that

(cx)rc = (dx)rd

for all x ∈ S. Let c′, d′ be any inverses for c, d, respectively. By setting x → c′

and x → d′, we obtain c = (cc′)rc = (dc′)rd = d(c′d)r and d = (dd′)rd =
(cd′)rc = c(d′c)r, showing that cH d. Denote by H the H-class of c and d.
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If H is a group, then we immediately have c = (cx)rc = (dx)rd = d for
any x ∈ H (since cx, dx ∈ H), by the choice of r. So, let H be a non-group
H-class. Then choose idempotents e ∈ Rc and h ∈ Lc. It follows that the
H-class Rh ∩ Le contains inverses c̄, d̄ of c, d, respectively. Since h ∈ Rd̄ ∩ Lc it
follows by Theorem 2.17 of [3] that cd̄ ∈ Rc ∩ Ld̄ = He. Hence, (cd̄)r = e, and
so c = ec = (cd̄)rc = (dd̄)rd = d.

Since the parameters (a1, . . . , an) were chosen arbitrarily, we conclude that
f = g. Therefore, it remains to exhibit a term operation of S which is not of the
form ϕf for any f ∈ ES

n . We claim that the operation x1 . . . xnxn+1 will do. We
may take for granted that S has a non-group H-class H, for otherwise Theorem
2.2 of [4] provides the required result, as before. Let a ∈ H be arbitrary, e ∈ Ra

and set xn+1 → a, while all other variables are evaluated to e. The assumption
that x1 . . . xnxn+1 = ϕf yields a = ea = ena = (f(e, . . . , e)a)rf(e, . . . , e) =
(ea)re = are = (ae)r. However, since Ha = Re ∩ La, by [3, Theorem 2.17] we
have that ae ̸∈ Ra ∩ Le(= He). On the other hand, Rae ≤ Ra and Lae ≤ Le,
and the preceding argument shows that at least one of these inequalities must
be strict. Since the R-classes (L-classes) contained in the same D-class of a
finite semigroup must be incomparable (cf. Proposition 3.7 of [8]), ae ̸∈ Da,
whence a = (ae)r ̸∈ Da. The contradiction just obtained completes the proof
of the theorem. 2
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(Petar Marković) Department of Mathematics, Vanderbilt University, 1326 Steven-
son Center, Nashville, TN 37240–0001, U.S.A.

E-mail address: markovic@math.vanderbilt.edu

4


