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Abstract

A class of optimization problems characterized by a weighted finite-
sum objective function subject to box constraints is considered. We
propose a novel stochastic optimization method, named AS-BOX (Addi-
tional Sampling for BOX constraints), that combines projected gradi-
ent directions with adaptive variable sample size strategies and non-
monotone line search. The method dynamically adjusts the batch size
based on progress with respect to the additional sampling function and
on structural consistency of the projected direction, enabling practical
adaptivity of AS-BOX, while ensuring theoretical support. We estab-
lish almost sure convergence under standard assumptions and provide
complexity bounds. Numerical experiments demonstrate the efficiency
and competitiveness of the proposed method compared to state-of-the-
art algorithms.
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1 Introduction

We consider a box-constrained optimization problem with the objective
function in the form of a weighted finite sum, i.e.,

N
i = ifi(r), S={z eR" |; <z <wu;, i=1,...,n}, (11
Iglelgf(x) ;w fi(z) {z \ Ti < Uy, 1 n}, (L1

where S represents the feasible set defined by
li e RU{—o0},u; e RU{o0},i=1,2,...,n,

while f; : R" = R,i =1,..., N are continuously-differentiable functions and
w1, ..., wyN represent the weights such that

N
dwi=1, w;>0,i=1,.,N
i=1

This problem captures a wide class of practical problems. It generalizes clas-
sical unconstrained finite-sum formulations, where w; = 1/N and S = R"
(e.g., empirical risk minimization with uniform weights) by allowing arbi-
trary positive weights and bound constraints. Special cases include non-
negative constraints x > 0, i.e., x; > 0,7 = 1,...,n. Such box-constrained
problems naturally arise in machine learning, signal processing, portfolio
optimization, and computational statistics.

In large-scale optimization problems of form , evaluating the full
gradient V f(z) = Zfil w;V fi(x) can be computationally expensive, espe-
cially when N is large. Stochastic methods based on subsampling are widely
used to reduce this cost. One possibility to reduce the cost while main-
taining reasonably good approximations of the gradients is to use adaptive
sampling strategies. These strategies dynamically refine gradient approxi-
mations during the optimization process, mainly by progressive increase of
the sample size based on variance estimates or structural indicators such
as descent quality or direction stability. This way one is able to main-
tain a balance between computational efficiency and convergence reliability.
Adaptive sampling methods have been extensively studied in recent years
[ 21 3, 5l 13, 14, 17, 21].

One effective subclass of adaptive sampling is the so-called additional
sampling, which typically increases the sample size when a prescribed cri-
terion fails [8 15, 19 20, 21, 22]. The criterion of progress is defined by
an additional sampling, i.e., a new independent subsample (of modest size)
is generated after each iteration and is used to accept/reject the iteration.
As the additional sample is of mainly of modest size, this approach avoids
excessive computational cost while still ensures convergence in a stochastic
sense. For example, in the IPAS method [20], the additional sampling is



combined with projected gradient steps for problems with linear equality
constraints. Sampling growth is governed by a descent-based condition that
assess whether the current sample is sufficient to ensure meaningful progress.
This mechanism allows the method to operate efficiently in early iterations
with small batches and to increase precision only when needed. Furthermore,
the ASPEN method [19] extends this idea to nonlinear equality-constrained
problems by incorporating a quadratic penalty term. In this method, addi-
tional sampling is applied adaptively based on indicators such as gradient
norm and descent quality. The method attempts to make progress using
the current sample and increases the sample size only when necessary, mak-
ing it particularly effective near critical points where variance in gradient
estimates becomes more pronounced.

Another key component of the method proposed here is nonmonotone
line search (NMLS). Classical Armijo-type condition requires a sufficient
decrease in each iteration, which can be restrictive and lead to overly con-
servative steps in noisy settings. Nonmonotone line searches, on the other
hand, allow temporary increases in the objective function, enabling bet-
ter exploration of the landscape and improving practical performance. A
number of NMLS is present in the literature, [10, 27, 23] and they are suc-
cessfully applied in numerous deterministic and stochastic frameworks (e.g.,
[4, 12} [15], 16, 18, 22]). In stochastic settings, the effect of noise and variance
by relaxing strict descent conditions are particularly important. The NMLS
method we rely on is originally defined in [23].

Interior-point methods (IPMs) represent another popular class of algo-
rithms for constrained optimization, known for their strong theoretical prop-
erties and practical efficiency. Numerous works have extended IPMs to ac-
commodate large-scale and structured problems, including both determinis-
tic and stochastic settings. For instance, classical interior-point frameworks
tailored for convex programming and barrier methods are well-established
(e.g., [24,126] ), while more recent advances incorporate stochastic elements or
specific constraint structures (e.g., [11}, 25]). In the stochastic optimization
literature, interior-point methods have also been adapted to settings where
exact gradients are either expensive or impossible to compute. These adap-
tations often involve inexact or sampled gradient approximations and the
use of approximate barrier subproblems to preserve feasibility and conver-
gence properties under uncertainty. A recent contribution in this direction is
[7], where a stochastic gradient-based interior point method (SIPM) to solve
box-constrained optimization problems is proposed. The SIPM algorithm
extends the classical interior-point framework to the stochastic setting by
augmenting the objective with a logarithmic barrier that enforces box con-
straints and by employing a prescribed decreasing sequence of barrier param-
eters rather than adaptive updates. Unlike standard interior-point methods,
SIPM maintains iterates within progressively shrinking inner neighborhoods
of the feasible box and avoids fraction-to-the-boundary rules or line searches,



which are challenging to implement in stochastic regimes.

As the baseline algorithm, we use the Projected Stochastic Gradient
Method (PSGM), which originates from the classical framework of projected
gradient methods and is here adapted into a stochastic version following the
implementation in [7]. PSGM is a projection-based method that iteratively
computes stochastic gradient steps on the original objective and projects
them back onto the feasible region, i.e., updates are of the form xpy; =
i (zr —aggr), where T[1,,) denotes the projection onto the box constraints.
While SIPM leverages barrier smoothing to handle boundaries implicitly,
PSGM enforces feasibility explicitly through projection. These two methods
are used for numerical comparison in this paper.

The method we propose here, AS-BOX is a novel stochastic optimization
algorithm for weighted finite-sum problems with box constraints. Our key
contributions include:

- A design of a novel first-order stochastic method based on projected
gradient directions, non-monotone line search and additional sampling
technique to guide the potential increase of the sample size. The pro-
posed method can be seen as a natural extension of the existing adap-
tive sampling frameworks for equality-constrained problems [19] 20] to
the box-constrained case.

- The a.s. convergence of AS-BOX is proved under a set of standard
assumptions. Moreover, some complexity bounds are provided for the
proposed method as well.

- Demonstration of the method’s effectiveness in numerical experiments
on real-world data, including both logistic regression and Neural Net-
work problems.

Paper organization. The paper is organized as follows. Section
provides the necessary preliminaries. In Section [3] we present the AS-NC
method designed for problems with non-negativity constraints, including the
algorithmic framework and convergence analysis. Although non-negativity
constraints are a special case of the general box constraints we start with
this case for clarity of exposition. Then, in Section [4] we generalize to AS-
BOX method, our main contribution, for solving box-constrained problems.
Numerical experiments are reported in Section [5, while Section [6] concludes
the paper.

Notation. Throughout the paper, we use the following notation: R,
denotes the set of non-negative real numbers. The symbol || - || represents
the standard Euclidean norm. The expectation operator is denoted by E(-),
and E(- | F) stands for the conditional expectation given a o-algebra F. We
use “a.s.” to abbreviate “almost sure”. For a finite set A, |A| denotes its



cardinality. Finally, mg(z) denotes the orthogonal projection of a point z
onto the set S.

2 Preliminaries

Let us denote by 7g(y) the orthogonal projection of a point y on the set S.
It is easy to see that [mg(y)]; is equal to: 1) I; if y; < l;; 2) w; if y; > w;; 3)
yi if l; <y <wg, fori=1,..,n, ie.,

[s(y)]i = min{max {y;, l;}, u;}, fori=1,...,n. (2.1)
One can show that the projected gradient direction of the form
d(z) :==ng(zr —Vf(z)) —x (2.2)

is a descent direction for function f at point x € S unless x is a stationary
point of problem ([1.1). More precisely, the following result is known.

Theorem 2.1. [/J] Assume that f € C*(Sg) and x € S. Then the projected
gradient direction (2.2) satisfies:

a) d"(2)V f(z) < —[ld(z)|*.
b) d(z) =0 if and only if x is a stationary point of problem (|L.1)).

We will be dealing with approximate functions and the gradients. More
precisely, we use the following sample-based estimate of the objective func-
tion at iteration k in general [20]

fn () = ;k S i), (2.3)
1EN},

k e N takes the value

where Nj = [Ng|, Ny = {z’f,,zﬁvk}, and each

s € N :={1,..., N} with probability ws, i.e.,
Pl =s)=ws, s=1,.,N, j=1,..., N (2.4)

This way we have an unbiased estimate of f, i.e.,

1 O 1 O 1 D
E(fn, (z)|x) = E(Fk Zfif (z)]|z) = N, ZE(fi;v(l‘)lﬂ?) =N, Z f(z) = f(z),
j=1 j=1 Jj=1

where E(-|z) denotes conditional probability given the point z. However,
this is not crucial for the analysis, and the convergence results hold for an
arbitrary sampling of N} as well. Moreover, since the method that will be
proposed in the sequel may reach the full sample size, we will assume that



when Np = N we simply take the whole sample, i.e., N, = N. The approx-
imate gradient will be taken as the gradient of the approximate function
Vin,-

Since we work with approximate functions in general, non-monotone
Armijo-type line search will be employed [23] to determine the step size ¢y
given a direction py = wg(zr, — Vin, (1)) — 2k

v (@n + tipr) < fv (zn) + et (V g (21) e + ek,

where €, > 0,k € N represents a predetermined sequence which satisfies the
following condition

(o]
Y ep<e< oo (2.5)
k=0

Notice that the search direction pj is a descent direction for the function
fn,, at point zj. Moreover, x + py is feasible provided that xz is feasible
as well, and due to the convexity of S, backtracking line search will ensure
that xy + tgpr remains in the feasible set. Thus, starting from zy € S, the
proposed algorithm will ensure the feasibility of all the iterates.

We apply an additional sampling technique to guide the sample size
increase. Additional sampling is used to overcome bias that comes from
the dependency of the candidate iterate T = xp + tgpr on the sample
Ng. Moreover, it can be viewed as a check on the similarity of the local
cost functions - if they are heterogeneous, then it is probably beneficial to
increase the sample size since the mini-batch estimate is not good enough
representative of the objective function. For more details one can see [20] and
the references therein. We form an additional sampling function similarly
to fu,, but with a much smaller sample in general. Namely, we have

fo () = lik S i),

1€Dy,

where Dy := |Dg|, Dy = {l’f,...,l%k}, and each l;“ € Dy, takes the value
s € N :={1,..., N} with probability ws, i.e.,

Ply=s)=ws, s=1,..,N, j=1,.,Dy. (2.6)

Although Dy may be of arbitrary size, it is assumed that it is significantly
smaller than N, and the common choice is Dy, = 1 for all k. The additional
sampling rule within this paper is adapted to box constraints. It is modified
in such way to take into account the structure of the projection operator
. A part of the additional sampling rule is also used to guide the
acceptance of the candidate point. We will elaborate this in more detail in
the next section. Finally, we emphasize that the additional sampling rule
is constructed to determine if the sample size increase is needed, but allows
an arbitrary increase.



For simplicity, we start our analysis by observing non-negativity con-
straints, and later on we extend it to general box constraints by introducing
some simple modifications within the algorithm and the convergence analy-
sis.

3 Nonnegativity Constraints: AS-NC method

Within this section we consider an important special case of problem (|1.1])
given by
min f(z), (3.1)

x>0

where the function f is as in problem (1.1)) and inequalities z > 0 are
component-wise. Compared to the general box-constrained problem, this
setting simplifies the structure of the feasible set, and we have

0, yi <0
Yi, Yi >0,

[Ts(y)]i = {

fori=1,..,n,ie., [rs(y)]; = max{y;, 0}. Since our direction will be of the
form

pr = Ts(vx — Vin, (zr) — 21 (3.2)

we will distinguish two cases for each component i € {1,...,n}:

prli = =[xl i [ze]i < [Ving (@r)]i

and
k)i = =[VIng (@r)li i [vk)i > [V ()]

Let us denote by In; an indicator vector of the event xp < V fas (z), with
inequality defined by components. . More precisely, for ¢ = 1,...,n we have

[INk]i:{l’ [ ]

Tli < (3.3)
0, [2kli > [Vin, (@k)]i-

Analogously, we define an indicator vector Ip, of the event zj, < V fp, (x1)
and

Dy = ||INk - IDk||' (3'4)

These random vectors are used to check the similarity of local cost functions
in terms of the structure of the search direction p,. Namely, notice that if
rp, = 0 then the structure of zero entries in wg(z, — V fa;, (1)) is the same
as for mg(xy — Vfp, (x1)).



3.1

The Algorithm

We state the algorithm for solving (3.1)) as follows.
Algorithm 1: AS-NC (Additional Sampling - Nonnegativity Constraints)

SO0 Initialization. Input: xg > 0,Ng € N,SB,¢,¢1 € (0,1),C > 0, {e}

S1

S2
S3

S4

S5

S6

S7

satisfying (2.5)). Set k := 0.

Subsampling. If N < N, choose N such that (2.4 holds. Else, set

Inve =T

Search direction. Compute py = ms(zr — V fa, (25)) — Tk-

Step size. Find the smallest j € Ny such that t; = 3/ satisfies

v @k + tiepk) < fv (k) + eiti(V g (@) e + ek

Set T = xp + typk.

Additional sampling.
If N, = N, set x11 =T, kK =k + 1 and go to step S1.
Else choose Dy, via (2.6) and compute

sk =ms(xp — Vp, (x1)) — xk
and D = ||INk - IDkH‘

Sample size update.
If

rp, =0 and fp, (Tx) < fp,(zx) — c||s||* + Cep,

N1 = Ng.
Else choose Ny; € {Ny +1,...,N}.

Iterate update.
If

fp(Tk) < fo, (k) — c|lsi||® + Cey

holds set xx11 = T. Else 211 = .

Counter update. Set k =k + 1 and go to Step S1.

(3.5)

(3.6)

(3.7)

Notice that the algorithm can yield two types of scenarios: the Mini-
batch (MB) scenario, where N, < N for all & € N, and the Full sample
(FS) scenario, where the full sample is eventually reached. Moreover, we
say that AS-NC is in the MB phase at iteration k if Ny < N. Otherwise,
the full sample size is reached, i.e., if N = N, for some k then all further



iterations have the same property and we say that we are in the FS phase.
In that case, the algorithm behaves as a deterministic projected gradient
method. However, the sequence of iterates is still random due to sampling
in the initial (MB) phase of the algorithm.

In the MB phase, we have sampling at two steps of the algorithm: S1 and
S4. Although we propose unbiased estimators in step S1, the sampling
used for AV}, can in fact be arbitrary. This allows many strategies which can
be very important from a practical point of view. Moreover, the choice of Dy,
may be modified as well, but it has to meet certain requirements - it needs
to be chosen independently of N and it must allow positive probabilities for
choosing each of the local cost function. Unbiased estimator is not essential
for the convergence analysis.

Notice that the sequence of iterates is feasible due to the construction
of the algorithm. The search direction pj, is a descent direction for f; and
feasible with respect to constraints, while backtracking line search retains
feasibility. The same type of direction is calculated in step S4, but with
respect to fp,, which is independent of fp,. However, the Armijo-like con-
dition is checked without performing any line search - it simply checks if the
candidate point Zj, is good enough for fp, , which is an independent estimate
of the objective function. Notice that in this check the constants ¢ and C
can be arbitrary small and large, respectively. If the value of fp, is good
enough the candidate point is accepted at step S6. Otherwise, the step is
rejected and the sample size i is increased within step S5. The increase
is arbitrary, as mentioned in Preliminaries. However, the sample size Nj
can be increased also due to the different structure of the projection consid-
ering two approximate gradients V fx; and V fp,, which discloses through
rp, > 0. Overall, the condition serves as the check of similarity of local
cost functions and governs the sample size. Notice that calculating rp, does
not yield additional costs since the structure observed in is needed for
forming the projections as well.

3.2 Convergence analysis

Within this section, we prove almost sure convergence of the proposed al-
gorithm and analyze the complexity. We start the analysis by stating the
following standard assumption.

Assumption A 1. Fach function f;,i = 1,...,N is continuously differ-
entiable with L-Lispchitz continuous gradient and bounded from below by a
constant fiow-

As usual for additional sampling framework analysis, we proceed by di-
viding the set of all possible outcomes at iteration k into two complementary
subsets. Namely, let us denote by D,j the subset of all possible outcomes of



Dy, at iteration k for which the condition (3.7) is satisfied, i.e.,
’Dlj ={Dp CN |rp, =0, [fp,(Z) < fp, (k) — C||5k||2 + Cey}.
We denote the complementary subset of outcomes at iteration k by
Dy ={Dx C N |rp, >0 or fp(z) > fp,(2x) — c|lsel* + Cer}.

We begin our analysis with the following lemma, which basically de-
scribed the situation in which the full sample is a.s. reached, based of
choices of Dy, that violate (3.7). This lemma is conceptually aligned with
Lemma 4.3 in [20], and similar results are also discussed in other additional
sampling related papers. Since the proof is the same as in [20], we omit it
here and delegate it to the Appendix for completeness.

Lemma 3.1. Suppose that Assumption holds. If N, < N for all k € N,
then a.s. there exists k1 € N such that D, = O for all k > k.

The following lemma states the well-known result for backtracking line
search under the stated assumptions since, according to Theorem a),
there holds

iV fa (@) < —llpxl.

Lemma 3.2. Suppose that Assumption holds. Then the step size ty,
obtained from step S3 satisfies

tr > tmin := min {1, i

26(1 — 1) } ‘

Next, we prove the key result for the convergence analysis of AS-NC.
Notice that ( is related to the original objective function and d defined
as in (2.2), d = 7wg(x — Vf(x)) — z, regardless of the scenario (MB or
FS).

Theorem 3.3. Suppose that Assumption Al holds. Then a.s. there exists
a finite, random iteration k such that for all k > k there holds

Flanr) < fla) = elld@p)l* + Cex, (3.8)
where ¢ = min{c, ¢1,2¢c1(1 — ¢1)B3/L} and C = max{1,C}.

Proof. Let us consider the F'S scenario first. Then there exists a finite k1
such that for all £ > k; we operate with the true objective function f and
according to (3.5 there holds

F@ps) < flmw) + erti(V () d(ar) + ep < flaw) — eatilld(ai)|* + ek,

10



where the last inequality comes from Theorem a). Moreover, Lemma
implies that t; > t,,;» and thus we obtain

f(@re1) < flar) = crtminlld(za) | + ek (3.9)

Now, let us observe the MB scenario. According to Lemma/|3.1|a.s. there
exists some finite, random iteration ki such that D, = 0 for all k > k.
This means that the condition holds for all the local cost functionﬂ
Therefore, for all k > k; and all j € N there holds

£i(@x) < filar) — cllsh)|? + Cex,

where si/, = ms(x — Vfj(xr)) — xi. Using the fact that in the considered
scenario the candidate point would be accepted, i.e., xx4+1 = Tk, multiplying
both sides with w; and summing up, we obtain

N
F@ra) < flax) — e wyllshl® + Cep. (3.10)
j=1

Let us consider the first condition of (3.7)). Denote by Aas, the set of indices
(components) i € {1,...,n} such that [In,]; = 1, i.e.,

An, = {i e {L,....,n} | [zk]i < [Vfn, (zr)]i}- (3.11)

Furthermore, using the similar arguments as for the second condition of
, we conclude that D, = ( for all k > k; implies that rp, = 0 for all
the singleton choices Dy, = {1}, ..., Dy = {N} for all £ > k;. Having in mind
the definition of rp, we conclude that for all k& > £y

Ay, = Ap = ... = AY, (3.12)

where AL = {i € {1,...,n} | [zx)i < [Vfj(z1)]i},4 = 1,..., N. This further
implies that all k& > kq, for all ¢ € Ay, for all j € N there holds [zg]; <
[V fj(xk)]; and thus

N N
[mk]z = ij[a:k]i < ij [Vf](:ck)]l = [Vf(xk)]“ forall i€ .Aj\/,c
=1 =1

Similarly, we obtain [zx]; > [V f(zr)]; for all i ¢ A, and due to (2.2) we
conclude that the following holds for all k£ > k;

[d(zy)]i = —[zk]i, for all i € Ans, [d(zk)]i = —[V f(xr)]i for alli ¢ Ay, .
(3.13)

!Otherwise the set D, would not be empty since one could form at least one possible
Dy, that violates (3.7), e.g., Dr = {jv, ..., jo } Where j, represents a local cost function that
violates (3.7)).

11



Now, let us estimate the norm of d(xy) for k > ki as follows

@)l = D ([d@))® = > ([d@])* + Y ([dlza)])3.14)
i=1 i€ AN, i¢An,
= > (=)*+ D (VF)))*
i€ A, ig A,
According to we have for all k > ky and all j € N/
[s7)i = [ms(z — V()i — [zali = —[wxli, i € Aw,
and thus for all i € Ay,
Zw] sk Zw] ([xki ([z]:)?, (3.15)
which further implies
N
SN wilsil® = > ()’ (3.16)

i€AN,, J=1 1€AN,
Similarly, we conclude that for all £ > k; and all 5 € N there holds
[s)i = =V fi(@n)lis i & Awg
and we conclude that for all i ¢ Ax;,

uMz

([Vf (@) Z w; [V £ ()]

7=1

which further implies

Z ([Vf(zp)]i)” < Z ZU’J s1li)

iEAN, ig A, J=1

Combining (3.14)), (3.16)) and (3.18) we obtain
N . N '
ld)l> < Y D willsl)? + Y D willsth)?

ieAN,c Jj=1 i¢ A, =1
-3 ( NCITDS qsw)
zGANk i%ANk

= ijHSiIIQ-
j=1

12

i([V fi(xr)] Zw] sk

(3.17)

(3.18)

(3.19)



Combining this with (3.10)) we obtain for all k > k;

flars) < flan) — cld@p)|? + Ccp. (3.20)

Taking into account both scenarios (FS and MB), i.e., and .,
we conclude the proof with k= k1 in FS and k= k1 in MB case.

In order to obtain a.s. convergence, we impose the following assumption
[22].
Assumption A 2. There exists a constant Cy, such that E(|f(x;)]) < Gy,
where k is specified in Theorem |3.9 .

Let us denote by Epg(-) := E(- | F'S) the conditional expectation con-
cerning all the sample paths falling into the FS scenario. Analogously, we
define Eprp(-) := E(- | MB). It can be shown (see [22] e.g.) that Assump-
tion AP2|implies

Ers(|f(z3)) < CF° and  Eyp(|f(a,)]) < 17, (3.21)

for some constants C{ S, C’If\/l B where 12:1 and kq are as in the proof of Theorem

B3

Next, we state the main convergence result for AS-NC.

Theorem 3.4. Suppose that Assumptions Al and A hold. Then a.s. every
accumulation point of sequence {xy}ren generated by AS-NC'is a stationary

point of the problem (3.1)).
Proof. According to (3.8]) we have that a.s.

-1 -1

f(@pg) < Flg) - CZ ld(2745) I+ ngkﬂ’

7=0

for any [ € N. Applying the expectation and using Assumption together
with sumability of ej given in (2.5)), by letting [ — co we obtain

S E(ld(xy,,)I?) < oo
=0

Now, the extended Markov’s inequality and the Borel-Cantelli lemma (see
g. [22] for details), we conclude that

P( lim d(zz) = 0) = 1. (3.22)

k—o0

Let z* be an arbitrary accumulation point of the sequence {xj}, and let
Ky C N be a subsequence such that

lim z, = z*.
ke Ky

13



Due to continuity of the gradient and the projection operator, from (3.22])
we conclude that a.s.

0= lim d(x) = klér}(lo (rs(xp — Vf(zk)) —x) = mg(x* =V f(a¥))—z* = d(z")

ke Ky

and by Theorem b) and the feasibility of the iterates, we conclude that
x* is a.s. a stationary point of problem (3.1]), which completes the proof. [

Next, we analyze the complexity of the proposed method. The analysis
combines techniques of [2], [9], and [22]. We impose the assumption used
in [22]. It states that the local cost functions are not homogeneous in the
following sense.

Assumption A 3. For each k there exists at least one function f; such that
the condition (3.7)) is violated.

Theorem 3.5. Suppose that Assumptions AZ and A3 hold. Then the
expected number of iterations to reach ||d(zy)|| < v is upper bounded by

B FS _
q cv

where ¢ is as in Theorem C{S as in (3.21)) and ¢ = min{wy, ..., wy }V L.

Proof. Assumption ensures that for every iteration k, there exists at
least one function f; that violates the condition (3.7]). Therefore, according
to the distribution of Dy, (2.6), we conclude that

P(Dy € Dy ) > min{wy, ..., wy }P% > min{wy, ..., wn}V ' =q.

Further, let us denote by S; a random variable that counts the number
of increments of the sample size until iteration k. Notice that Sy can be
represented as S = I1 + Is + - - - + I, where I}, is an indicator variable, i.e.,
I, = 1if Ny > Np_1 and I, = 0 otherwise. Furthermore, according to step
S5 of AS-NC algorithm, the increase of the sample size happens if and only
if D, € D, and thus

E(ly) = P(Iy =1) = P(Dy, € D;;) > q,

which further implies
E(Sk) > kq. (3.23)

Let N represent the number of increments of the sample size needed to reach
the full sample Requiring E(S;) = N and using (3.23), we conclude that

2For instance, if we set Ni4+1 = Ni+1 at the end of step S5 of AS-NC, then N= N—Np.
See [22] and the text after Assumption 4 therein for further discussion on this topic.
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the expected number of iterations to reach the full sample is bounded from
above by [N /q| which can further be upper bounded by

[Nq_ 1} : (3.24)

Furthermore, let k; be the starting iteration of the F'S phase. Then the
decrease condition (3.9) holds and according to Assumptions and
(2.5) we conclude that for any j € N we have

k145
> Eps(ld(a)|®) <

k=ky

G = fiow + ° (3.25)
C

Obviously, for each FS scenario there holds limy . [|d(2k)|| = 0. Now, let
us denote by T" the number of iterations (counting from ki) needed to reach
||d(xk)|| < v. Then, we have

l‘;l“rT—l 231+T—1
S Eps(lda)?) > Y A=T0
k:él k:]’;l

and thus due to (3.25) we obtain

7<= flowte
- v2e
Combining this with (3.24)) we obtain the result. O

Remark 1. Notice that the expected complexity bound kg is very
conservative. Since we observe the FS scenario in the previous theorem,
instead of ¢, we can use ¢it;,. Moreover, instead of N — 1, we can take
N, which reveals the influence of the dynamics of increase used in step S5
of AS-NC to the complexity bound. Finally, notice that ¢ in fact depends
on the size of the additional sample Djg. Thus, setting e.g. Dy = 1 for
each k yields ¢ = min{wy,...,wy} which can be significantly larger than
q = min{wy, ..., wy VL

We end this analysis by observing the strongly convex poblems. In that
case, under Assumption there exists an unique solution z* of problem

D).

Theorem 3.6. Suppose that Assumption holds and that the sequence
{zk }ken generated by AS-NC'is bounded. If the function f is strongly convez,
then limy_,oo T, = =¥ a.s.

Proof. Bounded iterates imply Assumption A2)and thus Theorem [3.4]implies
that every accumulation point of the sequence {xy }ren is a stationary point
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of a.s.. On the other hand, the strong convexity implies that x* is
the unique stationary point of problem (3.1]). Therefore, we conclude that
all accumulation points of the sequence {z}ren are equal to x* a.s., which
further implies that the whole sequence converges to * a.s. This completes
the proof. O

4 Box Constraints: AS-BOX method

Within this section, we observe the general box-constrained problems .
The analysis is essentially the same as for the non-negativity constraints
case, and we focus on the differences needed to extend the results. The main
difference is in the projection form, which further influences the changes
in the definition of rp,. These are, in fact, the only two modifications
with respect to the AS-NC algorithm, as will be stated in the sequel. The
convergence analysis is completely the same, except for the proof of Theorem
[3:3] which needs to be adapted to the general case. We start by analyzing
the projection operator and specifying the form of the search direction in
this setting.

Considering the set S = {x € R" | [; < z; < w;, @ = 1,...,n}, the
projection operator is defined by and the search direction is thus
given by

li =[xk, li = [Vin ()] < s,

[Tk]i
peli = § —[Vine (@e)lis b < [zi)i — Vi (@)l <wi, i=1,...,n
[z1]i

u; — [zg]i, li = [V (zr)]i > ui.
(4.1)
Analogously to (3.3) we define

3, if [(L‘k]z — [Vf/\/k (xk)]z > U,

and the indicator vector jpk accordingly. Then, the sparsity similarity vector
analogous to (3.4) is defined as

ka = ||I~Nk - INDICH (4'2)

4.1 The Algorithm

The algorithm differs from AS-NC only in steps S2 and S4. We state it for
completeness.
Algorithm 2: AS-BOX (Additional Sampling - BOX constraints)

S0 Initialization. Input: 29 € S,Ng € N,B,¢,¢1 € (0,1),C > 0, {er}
satisfying (2.5)). Set k := 0.
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S1
S2
S3

S4

S5

S6

S7

4.2

Subsampling. If Nj, < N, choose N}, via (2.4). Else, set fu;, = f.
Search direction. Compute py via (4.1).

Step size. Find the smallest j € Ny such that t;, = 37 satisfies

I (@ + tepr) < v (@) + erte(V v () ok + e (4.3)
Set T = xp + typpg.

Additional sampling.
If N, =N, set x4+1 =T, k =k + 1 and go to step S1.
Else choose Dy via ([2.6) and compute

s =ms(xr — Vp, (Tk)) — Tk (4.4)

and 7p, defined by (4.2)).

Sample size update.
If

rp, =0 and ka(jk) < ka(xk) - CH3k||2 + Cey, (4'5)

Ni41 = Ny.
Else choose Ni1q1 € {N+1,..., N}.

Tterate update.
If

I, (Zk) < fo, (wk) — cl|sk]|* + Cey

holds set xg+1 = Zk.
Else set 1 = x.

Counter update. Set k =k + 1 and go to Step S1.

Convergence analysis

The convergence analysis is conducted under the same set of assumptions.
Notice that the results of Lemma [3.1] and also hold for AS-BOX. Now,
we state the result analogous to Theorem |3.3] Notice that k has the same
role as in Theorem [3.3]

Theorem 4.1. Suppose that Assumption holds. Then a.s. there exists
a finite, random iteration k such that for all k > k there holds

f(ars) < flar) = elld@)|* + Cep,

where ¢ = min{c, c1,2¢c1(1 — ¢1)B/L} and C = max{1,C}.
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Proof. The first part of the proof is completely the same as the proof of
Theorem Consider first the FS scenario. Analogously as in the proof of
Theorem [3.3] we derive the inequality

fl@rar) < flan) — crtminlld(zr)|* + e (4.6)

In the MB case, proceeding as in Theorem [3.3|we conclude that for all k& > &y

there holds
N

f(@ra) < fag) — e wyllsl® + Cey. (4.7)
j=1

Notice that k; is again defined in Lemma[3.1] Now, let us define the following
sets of indices

[’Nk = {Z S {1, A ,n} ’ [a:k], — [Vf/\[k (a;k)]I < li},

Un,, ={i €{L,....n} | [mx]i — [V (@) > ui}
Using the same arguments as in the proof of Theorem [3.3] we conclude that
for all £ > kq we have

Ly, :ﬁllc: "':[';cvv A :II% = "':Iljcvv UN;, :uli :"':ulévv
(4.8)
where for each j =1,..., N, we define
Ll =i e{l,..,n} | [mli = [V i)l < 1},
Ui =i e{L,...,n} [ [z — [Vfi(@p)]i > wib
This further implies that for all k > ki, for all i € Ly, , for all j € N, there
holds [mk]z — [Vf](xk)]l <l;, i.e., [wk]z < [Vf](xk)]z + I;, and thus

N N
[z]i = ij [rr]i < ij([ij(xk)]iHi) = [Vf(zx))i+li, forall i€ Ly,.
i=1 i=1

Similarly, for all i € U, , we obtain [x]; — [V f(xk)]i > u;, and for all i € Ty,
l; < lxgli — [V f(xg)]i < u;. Therefore, for all k& > ki we have

l; — [xk]@, if 7 € £j\/’k,

U; — [a:k]i, ifiGU/\/k.
Now, let us estimate the norm of d(xy) for k > k; as follows

n

ld)? = > ([dw)])? (4.9)
i=1
= > =l + D (V@) + ) (i — [2x]:)*.
z'EENk iEINk iEL{Nk
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Recalling the definition si = mgs(xp — Vfi(zg)) — xk, due to (4.8) we obtain

b — [z, ifi € Ly,
[stli = § =V fi(z)li, ifi€ Iy,
U; — [a:k]z, ifi € U/\/k,

for all £k > k; and all j € M. Hence, for ¢ € Ly, and k > k; there holds

Zwa Sk Zw] (Ii — [z1]i)? = (i — [zr)i)?,

and thus

N
Do willsil)? = Y (i [=ao) (4.10)

iEENk 7j=1 iEENk

Similarly, for i € Uy, , we have

Zwa ng 102 = (ui — [24]s)?,

and hence

N
Yo willstl)® = Y (i [wi)* (4.11)

1€Up,, J=1 1EUN,

Now, for i € Ty,

2
([V f (zx)); (ng V() ) <ij (Vfi(zn))? = w;((sh]:)?,

which further implies

DTV < D ij sh1i)2. (4.12)

iEINk zEINk j=1

Combining (4.9 - -, and , we obtain
() |I” < Z ij Z ij 2 Z ij

i€LNG, 5=1 1€y, j=1 i€lUp,, j=1

n N N n N
=33 w1 =Y w; Y (1) = willsh|. (4.13)
i=1 j=1 j=1 i=1 j=1
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Furthermore, combining this with (4.7)) we obtain for all & > k;

Fana) < flag) = clld(ay)|® + Cey. (4.14)
Finally, Taking into account both scenarios (FS and MB), i.e., (4.14) and
(4.6)), we conclude the proof. O

The proofs of the following three main results for AS-BOX are the same
as for AS-NC, so we only provide statements for completeness.

Theorem 4.2. Suppose that Assumptions Al and A hold. Then a.s. every
accumulation point of sequence {xy}ren generated by AS-BOX is a station-

ary point of problem ((1.1)).

Theorem 4.3. Suppose that Assumptions AZ and A3 hold. Then the
expected number of iterations to reach ||d(zy)|| < v is upper bounded by

_ FS =
o — [Nq 1} N {Cb flow+06—‘ |

cv?

where € is as in Theorem C{S as in (3.21)) and ¢ = min{wy, ..., wy}V L.

Theorem 4.4. Suppose that Assumption holds and that the sequence
{zp}ren generated by AS-BOX is bounded. If the function f is strongly
convez, then limy_,oo . = * a.s.

5 Numerical results

In this section, we present numerical experiments designed to evaluate the
performance of the proposed Algorithm AS-BOX and to compare it with ex-
isting methods from the literature. In particular, we focus on a comparison
with the stochastic gradient-based interior-point method (SIPM) developed
in [7], which was designed for solving smooth optimization problems with
box constraints. The second benchmark method we consider is PSGM (Pro-
jected Stochastic Gradient Method) as in [7]. In each iteration of the PSGM
a stochastic gradient is computed and projected onto the feasible region de-
fined by the box constraints. All the parameters used in our work that are
related to SIPM and PSGM are the same as those provided in the numerical
results section of [7].

The experiments comprise two binary classification models: 1) logis-
tic regression (convex); 2) a single-hidden-layer neural network with cross-
entropy loss (nonconvex). The experiments were conducted on datasets
from the LIBSVM repository, namely Mushrooms (8124 samples, 112 fea-
tures) and IJCNN1 (49990 samples, 22 features). These datasets are widely
used benchmarks due to their diversity in structure, which enables a com-
prehensive evaluation of algorithmic performance under varying problem
structures. Labels were encoded in {—1, 1} format for binary classification.
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We generated zq for each problem with elements drawn from a uniform
distribution over [—0.01,0.01]. In both experiments, for the AS-BOX algo-
rithm we use the following parameters: D, =1, C =1, 3 =0.1, n = 1074,
c=10"% ¢, = kl—ll

5.1 Logistic Regression Problem

The first benchmark problem is given by

N
xefl—lill,ll]n % ; log(l + exp(—bial-Tx)),
where (a;, b;) are the training samples, b; € {—1,1} are binary labels. This
model is convex and commonly used as a baseline for large-scale classification
tasks. Box constraints [—1,1]™ were imposed to conform with the setup in
[7] and to enable direct comparison with existing stochastic methods. We
model the computational cost by FEV, — the number of scalar products
required by the specified method to compute zj, starting from the initial
point xg.

To evaluate the performance of the considered methods, we present: the
distance between xp and the solution x* of the considered problem, i.e.,
||z — 2*||, against the computational cost measure F'EVj.

Convergence comparison

L.
| ‘e
1
T A PP
6x107ty |
1]
\
_ \
% 4x1071 \
| \
=
= 3x107!
2x1071q ——- ASBOX
SIPM ""*—\-\.M%“‘
_____ PSGM ‘«-—-’..v---—\.u-‘-.....\-a,ﬁ“h’-"_
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0 1 2 3 4 5

FEV le6

Figure 1: Distance to the solution ||z — x*|| versus FEV, for logistic regression on the
Mushrooms dataset.

In the Figure the comparison of the three algorithms (AS-BOX, SIPM,
and PSGM) is demonstrated on the Mushrooms dataset. The graph shows
the Euclidean distance ||z — z*|| as a function of the number of scalar
products F'EVy,, where AS-BOX achieves the fastest convergence toward the
reference solution. SIPM shows a slower but steady decrease, while PSGM
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seems to be stagnating. A similar behavior can be observed on the IJCNN1
dataset (Figure , where AS-BOX again achieves the best performance
and reaches the smallest distance to the reference solution, attaining an
accuracy level of 107! between 150,000 and 200,000 FEV;, SIPM follows
with moderate convergence, and PSGM remains the slowest method.

Convergence comparison
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Figure 2: Distance to the solution ||z; — z*|| versus FEV}, for logistic regression on the
IJCNN1 dataset.

5.2 Neural Network with Cross-Entropy Loss

The second problem considers training a single-hidden-layer neural network
for binary classification. Let tanh(-) be the activation function in the hidden
layer, while the output layer uses a sigmoid activation. The network output
is therefore given by

o (Wa tanh(Wia + by) + bs),

where Wy, Wy are weight matrices and b1, by are bias vectors. The training
objective is the average cross-entropy loss

N
L % Z [ — yilog(g:) — (1 — i) log(1 — y)]
where x collects all parameters (W7, Wy, by, ba) and d denotes the total num-
ber of network parameters. As in the logistic regression case, the parameters
are constrained to lie within [—1, 1].
This problem is inherently nonconvex and poses a stronger challenge to
optimization methods. Its inclusion in the test suite allows us to assess the
robustness of AS-BOX when applied to neural network training under box

constraints. Since the solution of such problem is not unique in general, we
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plot the optimality measure ||d(x)|| against the computational cost measure
FEV, to evaluate the performance of the considered methods.

The Figure part a) shows the cross-entropy loss trajectory on the Mush-
rooms dataset. AS-BOX again outperforms its competitors, with the loss
dropping from approximately 2 x 10~! to below 1072 within 10° evalua-
tions. SIPM displays a slower descent, converging around 5 x 1072, whereas
PSGM initially outperforms AS-BOX but stagnates around 3 x 1072, The
results suggest that AS-BOX maintains its advantage across problems of
different structure. Figure [3[ part b) reports the stationarity measure for
the Mushrooms dataset. Consistent with the loss plots, AS-BOX achieves
the most significant reduction, descending from roughly 10~ to about 1072
and exhibiting a stable convergence pattern despite minor stochastic fluc-
tuations. SIPM steadily decreases but remains above 3 x 1072 by the end,
while PSGM flattens out near 4 x 1072 early in the run.

Loss vs FEV Stationarity measure

[ 20000 40000 60000 80000 100000 0 20000 40000 60000 80000 100000

Figure 3: Part a): Cross-entropy loss versus F'EVj, for the Mushrooms dataset. Part b):
Stationarity measure ||d(zx)|| versus FEV}, for the Mushrooms dataset.

Next, Figure [4] part a) illustrates the evolution of the cross-entropy loss
with respect to the number of function evaluations (FEV) for the IJCNN1
dataset. All algorithms start from a comparable initial loss of approximately
4.2 x 107, The proposed AS-BOX method demonstrates the fastest and
most consistent decrease, reaching a loss below 3.2 x 10~! after roughly 4 x
10° evaluations. The part b) on Figure [4] presents the stationarity measure
||d(xr)|| as a function of F'EV}, on the same dataset. This metric reflects how
close the iterates are to satisfying the first-order optimality conditions under
box constraints. AS-BOX exhibits the steepest decline, dropping below
2x 1072 by the end of the run, indicating near-stationarity. SIPM converges
more slowly, stabilizing around 4 x 10~2, while PSGM decreases rapidly at
first but stagnates near 4x10~2. This highlights AS-BOX’s ability to achieve
higher stationarity accuracy compared to the other methods. These results
confirm the superior long-term convergence behavior of AS-BOX.

When comparing the results obtained on the IJCNN1 and Mushrooms
datasets, a consistent trend emerges: the AS-BOX algorithm achieves the
biggest decrease in both cross-entropy loss and stationarity measure within
the considered FEV budget, outperforming SIPM and PSGM across all ex-
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Figure 4: Part a): Cross-entropy loss versus FEVj, for the IJONNI dataset. Part b):
Stationarity measure ||d(zx)|| versus FEVj for the IJCNN1 dataset.

periments. However, the rate of convergence differs between the datasets
due to their structural properties. The Mushrooms dataset, being smaller
and with more separable data, allows all algorithms to achieve lower loss val-
ues more quickly, with AS-BOX reaching near-optimal performance within
10° evaluations. In contrast, IJCNNI is higher-dimensional and less sepa-
rable, which slows down convergence for all methods; nevertheless, AS-BOX
maintains a significant advantage over SIPM and PSGM, achieving roughly
twice the reduction in stationarity by the end of the run.

6 Conclusions

A novel method (AS-BOX) for box-constrained weighted finite sum prob-
lems has been proposed. This method falls into the framework of stochastic
projected gradient methods and uses non-monotone line search to adaptively
determine the step size sequence, while retaining the feasibility of the iter-
ates. The main novelty of AS-BOX lies in the adaptation of an additional
sampling technique to box-constrained weighted finite-sum problems. Thus,
the resulting method adaptively changes the sample size and conforms to
different structures of the problems. AS-BOX also has a theoretical back-
ground - a.s. convergence is proved under a standard set of assumptions,
without imposing the convexity. This makes it suitable for NN problems
as well. Moreover, complexity analysis has been conducted as well, and a
stronger convergence result is provided for strongly convex problems such
as regularized logistic regression. Numerical study showed the efficiency of
AS-BOX.

Future work naturally tends to additional sampling methods for finite-
sum problems with general, nonlinear equality and inequality constraints.
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Appendix

The proof of Lemma (3.1

Proof. Assume that Ny < N for all £ € N. Since the sample size sequence
{N.} in TPAS Algorithm is non-decreasing, there exists some N < N such
that N, = N for all k large enough. Now, let us assume that there is no
k1 € N such that D, = @ for all k¥ > k;. Then there exists an infinite
sub-sequence of iterations K C N such that D, # () for all k € K. Without
loss of generality, let us assume that N = N for all £k € K. Since Dy is
chosen with finitely many possible outcomes with the same distribution for
each k, there exists ¢ > 0 such that P(Dy, € D, ) > ¢ for all k € K. In fact,
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given (2.6) and the fact that Dy < N — 1 for each k, we can conclude that
q = (mingeq1 o, np{ws})¥ L. So, we have

P(Dy, € D} k€ K) <jer(l—q) =0.

Thus, a.s. there exists an iteration k € K such that D; € Dlg and according

to the algorithm, this further implies that Ni , > N = N, and thus Nj, >
N, for all k large enough. This contradicts the assumption of N = N for
all k£ large enough. O
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