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Abstract

The development and implementation of modern models in the
fields of artificial intelligence, big data analysis, machine learning, and
engineering computing inherently imply solving complex, large-scale
optimization problems. In these applications, optimization processes
are directly conditioned by the specific environment and the massive
volume of data, which in practice generates high computational de-
mands and limits the efficiency of standard conventional methods. In
addition to the inherent complexity of the objective function, real-
world models require the introduction of explicit constraints on vari-
ables, such as nonlinear equalities or bound constraints. Under such
conditions, evaluating the exact values of the function and its deriva-
tives over the entire data sample at each iteration becomes compu-
tationally unsustainable, necessitating the development of efficient
stochastic methods and adaptive sampling strategies that balance ap-
proximation accuracy against computational costs.

The main objective of this dissertation is the formulation, theoret-
ical analysis, and numerical verification of a new class of first-order
stochastic algorithms based on an additional sampling mechanism for
solving optimization problems with nonlinear equalities and bound
constraints. The proposed methodological framework successfully al-
leviates a high computational cost in the early stages of optimization
by utilizing smaller subsamples, while simultaneously guaranteeing
asymptotic accuracy and convergence.

Within the framework of problems with nonlinear equality con-
straints, the ASPEN (Additional Sampling Penalty method for Equal-
ity Nonlinear constraints) algorithm is developed. The method com-
bines a quadratic penalty approach and a nonmonotone Armijo-type
line search with an innovative quality test on an independent, aux-



iliary sample. Almost sure convergence of the generated sequence of
iterates to Karush—-Kuhn—Tucker points is proved under the Linear
Independence Constraint Qualification. Furthermore, an extension of
this algorithm to a weighted finite sum framework is successfully de-
rived. For the class of problems with bound constraints, the AS-NC
(for nonnegativity constraints) and AS-BOX (for general bound con-
straints) algorithms are formulated. These methods utilize projected
gradient directions and introduce an original approach to monitoring
the structural consistency of the active set. In addition to proving
almost sure convergence to stationary points, an expected computa-
tional complexity bound is derived, while almost sure convergence to
the unique solution is established under the assumption of strong con-
vexity.

The comprehensive practical efficiency of the proposed algorithms
is verified through detailed numerical experiments on real and syn-
thetic large-scale datasets from the LIBSVM and CUTEst reposito-
ries. The investigated computational framework encompasses solving
complex convex and nonconvex problems, ranging from logistic regres-
sion under nonlinear and box constraints, to artificial neural network
training, and the sensitivity analysis of the algorithms with respect
to data heterogeneity. The computational performance, evaluated via
the cumulative number of scalar products, the distance to the solution,
and the projected stationarity measure, unequivocally confirms that
the developed adaptive and additional sampling mechanisms achieve
drastic resource savings. It is shown that the proposed algorithms
provide exceptional robustness and superior performance compared to
deterministic methods, baseline heuristic stochastic strategies, as well
as state-of-the-art, specialized interior-point and stochastic sequential
quadratic programming algorithms.
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Apstrakt

Razvoj i implementacija savremenih modela u oblastima veStacke
inteligencije, analize velikih podataka, masinskog ucenja, inzenjerskog
rac¢unanja, prirodno impliciraju reSavanje kompleksnih optimizacionih
problema velikih dimenzija. U ovim primenama, optimizacioni pro-
cesi su direktno uslovljeni specificnim okruzenjem i velikim obimom
podataka, Sto u praksi generiSe visoke racunske zahteve i ogranicava
efikasnost standardnih konvencionalnih metoda. Pored same sloZenosti
funkcije cilja, realni modeli zahtevaju uvodenje eksplicitnih ograni¢enja
na promenljive, kao $to su nelinearne jednakosti ili ograni¢enja sa do-
njom i gornjom granicom. U ovakvim uslovima, izracunavanje tacnih
vrednosti funkcije i njenih izvoda na celom uzorku podataka u svakoj
iteraciji postaje racunski neodrzivo, sto namece potrebu za razvojem
efikasnih stohastickih metoda i strategija adaptivnog uzorkovanja koje
balansiraju izmedu tacnosti aproksimacije i racunskih troskova.

Glavni cilj ove disertacije jeste formulacija, teorijska analiza i nu-
mericka verifikacija nove klase stohastickih algoritama prvog reda za-
snovanih na mehanizmu dodatnog uzorkovanja za resavanje optimiza-
cionih problema sa nelinearnim jednakostima i ogranic¢enjima sa do-
njom i gornjom granicom. PredloZzeni metodoloski okvir uspesno pre-
vazilazi veliki broj izraCunavanja u ranim fazama optimizacije ko-
ris¢enjem manjih poduzoraka, dok istovremeno garantuje asimptotsku
tacnost 1 konvergenciju.

U okviru problema sa nelinearnim ogranic¢enjima jednakosti, razvi-
jen je algoritam ASPEN (Additional Sampling Penalty method for
Equality Nonlinear constraints). Metod kombinuje pristup kvadratne
kaznene funkcije i nemonotonu linijsku pretragu Armizovog tipa sa ino-
vativnim testom kvaliteta na nezavisnom, pomoénom uzorku. Doka-
zana je skoro sigurna konvergencija generisanog niza tacaka ka Karus-
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Kun-Takerovim tackama uz pretpostavku uslova linearne nezavisnosti
ogranicenja. Takode, uspesno je izvedeno proSirenje ovog algoritma na
okvir tezinskih kona¢nih suma. Za klasu problema sa ograni¢enjima
sa donjom i gornjom granicom, formulisani su algoritmi AS-NC (za
nenegativna ogranicenja) i AS-BOX (za opSta ograni¢enja sa donjom
i gornjom granicom). Ove metode koriste projektovane gradijentne
pravce i uvode originalan pristup prac¢enju strukturalne konzistentno-
sti aktivnog skupa. Pored dokaza skoro sigurne konvergencije ka sta-
cionarnim tackama, izvedena je ocena ocekivane racunske slozenosti
reda, dok je pod pretpostavkom stroge konveksnosti dokazana skoro
sigurna konvergencija ka jedinstvenom resenju.

Sveobuhvatna prakti¢na efikasnost predlozenih algoritama verifiko-
vana je kroz detaljne numericke eksperimente na realnim i sintetickim
skupovima podataka visokih dimenzija iz kolekcija LIBSVM i CUTESst.
Ispitivani rac¢unski okvir obuhvata resavanje slozenih konveksnih i ne-
konveksnih problema, u rasponu od logisticke regresije pod neline-
arnim i ograni¢enjima sa donjom i gornjom granicom, preko obuca-
vanja vestackih neuronskih mreza, do analize osetljivosti algoritama
na nivo heterogenosti u podacima. Racunski u¢inak, evaluiran preko
kumulativnog broja skalarnih proizvoda, udaljenosti od reSenja i proje-
ktovane mere stacionarnosti, nedvosmisleno potvrduje da razvijeni me-
hanizmi adaptivnog i dodatnog uzorkovanja ostvaruju drasti¢ne uste-
de resursa. Pokazano je da predlozeni algoritmi obezbeduju izuzetnu
robusnost i superiorne performanse u poredenju sa deterministickim
metodama, bazi¢nim heuristickim stohastickim strategijama, kao i
savremenim, specijalizovanim algoritmima unutrasnjih tacaka i sto-
hastickog sekvencijalnog kvadratnog programiranja.
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Introduction

Optimization problems with large-scale objective functions and ex-
plicit constraints arise naturally in many contemporary applications,
including machine learning, data analysis, inverse problems, engineer-
ing design, and decision-making under uncertainty. In such settings,
the objective function is rarely available as a single inexpensive closed-
form expression. Much more often, it is defined as a finite sum of a
very large number of component functions associated with individual
observations, scenarios, or local models, a structure that naturally en-
compasses models based on mathematical expectations. At the same
time, the decision variables are frequently subject to structural restric-
tions such as equality relations, lower and upper bounds, or nonnega-
tivity requirements. The simultaneous presence of large-scale objective
structure and constraints is therefore one of the central mathematical
features of modern optimization.

This dissertation is devoted primarily to constrained finite sum
optimization problems of this type, alongside their related stochastic
frameworks. The focus is on methods that remain computationally
efficient even when the number of local objective terms is very large,
while still retaining enough accuracy to make reliable decisions about
descent, feasibility, and stationarity. More precisely, the dissertation
studies optimization models in which the objective function is primar-
ily represented as a large finite sum

o) = 5 i)

which often serves as a practical realization of an underlying expected-
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value model
F(z) = E[f(z;£)],

and where the variables are constrained either by nonlinear equali-
ties or by simple convex restrictions such as box and nonnegativity
constraints.

A major difficulty in these problems is that exact objective and
gradient evaluations may be prohibitively expensive if they require
the use of all N local functions at every iteration. In large-scale set-
tings, this makes classical full sample algorithms unnecessarily costly,
especially during the initial phase of the optimization process, when
only coarse information is needed to identify a productive search di-
rection. On the other hand, working with overly small samples may
lead to inaccurate models, unreliable descent tests, and poor control
of feasibility. Hence, the central algorithmic challenge is not only how
to construct a step, but also how to decide how much information is
actually needed at a given stage of the method.

This balance between computational cost and approximation qual-
ity motivates the use of adaptive sample size strategies. In such meth-
ods, the amount of data used at each iteration is allowed to change
during the run, rather than being fixed in advance. Small samples can
significantly reduce the cost of early iterations, while larger samples
become valuable near stationary points, where more accurate informa-
tion is needed to distinguish genuine progress from sampling artefacts.
In the constrained setting, however, this issue becomes even more deli-
cate, because the algorithm must simultaneously account for objective
decrease, feasibility improvement, and the reliability of the sampled
information on which these decisions are based.

The main methodological idea developed in this dissertation is that
adaptive sampling should be supported by an additional independent
verification mechanism. More precisely, a candidate point is generated
by using one sample of the objective function, while an additional
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sample is then employed to assess whether the achieved progress is
sufficiently representative of the full problem. This principle, referred
to as additional sampling, plays a dual role. First, it reduces the risk
of accepting a step merely because it performs well on the sample
that generated it. Second, it provides a natural criterion for deciding
whether the current sample size is adequate or should be enlarged. In
this way, additional sampling becomes not only a safeguard, but also
a structural ingredient in the control of sample size growth.

The dissertation develops this idea in two constrained optimiza-
tion settings. The first concerns finite sum problems with nonlin-
ear equality constraints. For this class, feasibility is handled through
a quadratic penalty framework, and the proposed method combines
penalty techniques, nonmonotone line search, adaptive sample size
control, and an additional-sampling acceptance test. This leads to
the method ASPEN (Additional Sampling Penalty method for Equal-
ity Nonlinear constraints), which is designed for large-scale equality-
constrained problems in which repeated full sample evaluations are
too expensive.

The second setting concerns finite sum problems with constraints,
with particular emphasis on box and nonnegativity constraints. In this
case, feasibility is naturally handled by projection, and the proposed
methods are based on projected sampled directions combined with
nonmonotone acceptance rules and additional sampling. This gives
rise to the methods AS-NC and AS-BOX,, which extend the additional-
sampling philosophy to the projected-gradient framework and allow
one to treat bound-constrained problems efficiently while preserving a
clear stationarity structure.

The dissertation is centered on first-order methods; it is situated
within the broader landscape of constrained optimization. Classical
deterministic frameworks such as penalty methods, projected gradi-
ent methods, interior-point methods, and sequential quadratic pro-
gramming (SQP) provide important conceptual and computational
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benchmarks. In particular, SQP-type methods serve as a natural
point of comparison in the equality-constrained setting, while pro-
jected and interior-point stochastic methods play the same role in the
box-constrained case. However, the primary goal here is not to de-
velop new SQP or interior-point algorithms, but rather to investigate
how adaptive sampling and additional-sampling principles can be in-
tegrated into penalty and projection frameworks in order to obtain
methods that are both theoretically justified and computationally at-
tractive in large-scale problems.

The original contribution of this dissertation lies in the construc-
tion, analysis, and numerical investigation of such methods. In par-
ticular, the dissertation:

1. develops the ASPEN method for nonlinear equality-constrained
finite sum optimization by combining quadratic penalization,
adaptive sample size control, nonmonotone line search, and ad-
ditional sampling;

2. develops additional-sampling projection-based methods for sim-
ple bound-constrained problems, with separate treatment of non-
negativity constraints and general box constraints;

3. establishes almost sure convergence results and corresponding
stationarity properties for the proposed methods under suitable
regularity assumptions;

4. provides numerical evidence on benchmark machine learning
problems showing that the proposed adaptive approaches can
achieve favorable performance relative to deterministic, heuris-
tic, and stochastic benchmark methods.

The main original results presented in the dissertation (Chapters
5-7) are based on the works [41] 42]. These papers provide the foun-
dation for the equality-constrained and box-constrained developments,
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while the dissertation places them within a broader and coherent the-
oretical framework, complements them with background material, and
presents the results in a unified form.

Organization of the dissertation.

The remaining chapters of the dissertation are organized as follows.

The chapter Mathematical Preliminaries introduces the notation
and the basic tools from linear algebra, analysis, convexity, projection
theory, and probability that are used throughout the dissertation. Its
purpose is to provide a self-contained background for the later algo-
rithmic and convergence analysis.

The chapter Nonlinear Optimization reviews the deterministic op-
timization framework relevant for the dissertation. It recalls basic no-
tions of unconstrained and constrained optimization, first- and second-
order optimality conditions, line search globalization techniques, non-
monotone acceptance rules, and projected-gradient ideas for simple
convex sets.

The chapter Stochastic Optimization introduces the stochastic and
finite sum viewpoint that underlies the later developments. It dis-
cusses expected-value models, Sample Average Approximation, mini-
batching, estimator quality, adaptive sample size strategies, and the
role of additional sampling in stochastic step acceptance.

The chapter Problem Formulation and Research Motivation estab-
lishes the common modeling framework of the dissertation and ex-
plains the reasons for focusing on nonlinear equality constraints and
simple bound constraints. It also introduces the notation and standing
assumptions used in the later theoretical and numerical sections.

The chapter Additional Sampling Method for Equality Constraints
develops the ASPEN method for finite sum optimization problems
with nonlinear equality constraints. The penalty formulation is in-
troduced, the algorithm is stated, and its convergence properties are
analyzed. The weighted finite sum extension is also considered.

The chapter Additional Sampling Method for Bound-Constrained
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Problems treats finite sum optimization problems with nonnegativ-
ity and box constraints. It first introduces the additional-sampling
method for nonnegativity constraints and then extends the framework
to the general box-constrained case, together with the corresponding
convergence and complexity results.

Finally, the chapter Numerical Experiments presents the compu-
tational study of the proposed methods. For the equality-constrained
setting, ASPEN is compared with deterministic and stochastic bench-
mark approaches on several machine learning datasets, and its adap-
tive behavior is further examined on a controlled synthetic problem.
For the box-constrained setting, AS-BOX is tested on convex and non-
convex learning models and compared with projected-gradient and
interior-point-type stochastic methods.

In this way, the dissertation moves from general mathematical and
algorithmic background toward two specific classes of constrained fi-
nite sum problems, and culminates in original methods whose design,
analysis, and numerical behavior are all centered around the same
guiding principle: reliable optimization with sampled information re-
quires not only cheaper approximations, but also principled mecha-
nisms for deciding when those approximations are sufficiently infor-
mative.
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Chapter 1

Mathematical Preliminaries

This chapter introduces the notation and the basic results from anal-
ysis, linear algebra, and probability theory that will be used in the
formulation and analysis of algorithms for constrained finite sum and
stochastic optimization problems. The aim is not to present a complete
theoretical treatment, but rather to provide a self-contained founda-
tion: clear definitions, standard inequalities, and a few key lemmas
that will later be invoked implicitly, for example in estimates of merit
function decrease, stability properties of projections, and the control
of sampling-induced noise.

1.1 Elements of Linear Algebra and Func-
tional Analysis

This section fixes the notation and recalls several concepts from linear
algebra, finite-dimensional functional analysis, and smooth optimiza-
tion that will be used throughout the dissertation. The main emphasis
is on vector and matrix norms, operator bounds, spectral properties
of symmetric matrices, convexity, Lipschitz continuity, and projec-
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tion operators onto closed convex sets. These tools are fundamental
in the analysis of gradient-based and projection-based algorithms, in
particular for deriving descent estimates, controlling curvature, and
preserving feasibility under constraints.

Notation. Vectors are denoted by lowercase letters, such as x,y €
R?, while matrices are denoted by uppercase letters, such as A €
R™ " By AT, we use the notation the transpose of the matrix A. The
zero vector or zero matrix is denoted by 0, whenever the dimension
is clear from the context. For a set § C R?, its closure is denoted by

cl(8).
The standard Euclidean inner product is defined by

(2,y) =2y,
and the corresponding Euclidean norm is
|||z :== /(z, x). (1.1)

Definition 1.1.1 For z € R? and p € [1,00), the {,-norm is defined
by

d 1/p
ol = (Z mvy) , 12

while the {o-norm is given by

ol = e (13)
Unless stated otherwise, || - || denotes the Euclidean norm for vectors

and the spectral norm for matrices.

Lemma 1.1.1 For all x,y € R¢, the Cauchy-Schwarz inequality
holds:

{2 9)| < l[zl2llyll2- (1.4)
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All norms are equivalent in finite-dimensional spaces. Moreover, for
every x € R,

lzlloe < llzll < fllh < Vd 2]z < d 2] o-

Matrix norms and spectral properties. The behavior of linear
operators is measured by induced matrix norms, which are particu-
larly important in stability estimates and in the analysis of smooth
functions through Hessian bounds ([67]).

Definition 1.1.2 For a matric A € R™ ™ and a vector norm || - ||,,
the operator norm induced by || - ||, has the form
[Az],

All, =||A = . 1.5

141, = Al = e o) (1.5

Lemma 1.1.2 For all matrices of compatible dimensions and all vec-
tors x,

[Az]la < [|A]l2]|z]]2, (1.6)
and

IAB|l2 < [|All2]| Bl|2- (1.7)
Definition 1.1.3 If A € R™? is square matriz, its trace is

d

tr(A) == A (1.8)

i=1

For a matrix A € R™*", the Frobenius norm is defined by

m n 1/2
|A[lF = (ZZA%) — /tr(ATA). (1.9)

i=1 j=1
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Lemma 1.1.3 For matrices of compatible dimensions,

tr(A"B) = (A, B)p,

where
<A, B>F = Z AijBij)
,J
and
tr(AB) = tr(BA). (1.10)

For symmetric matrices, eigenvalues and quadratic forms provide
a particularly useful description of curvature. Characteristic roots for
symmetric matrices are real (|31]).

Definition 1.1.4 Let A= AT € R™?. [ts eigenvalues are denoted by
A(A) 2 Xa(A) = - = Aa(A),
and we write
Amax(A) = M(A), Amin(A4) := Aa(A).
The matriz A is called positive semidefinite, written A = 0, if
z'Ar >0 for all z € RY. (1.11)

If the inequality is strict for every x # 0, then A is positive definite,
written A > 0.

Lemma 1.1.4 If A= AT, then
Amin(A) = min 2" Az, Amax(A) = max z" Az,

[[=]l2=1 [[z]l2=1

and
||A||2 = max{l)‘mm(AN? ’)‘maX(A)H (112)

Moreover, the following are equivalent:
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1. A= 0, (i.e., A= 0 means that A is positive semidefinite),
2. )\min(A) 2 O;

3. There exists a matriz B such that A = BT B.

Convexity and smoothness. The concepts of convexity and Lip-
schitz continuity of the gradient form the analytical basis for de-
scent estimates in deterministic and stochastic optimization methods.
Throughout the dissertation, V f(z) represents the gradient of f at x,
and V?f(x) represents its Hessian matrix.

Definition 1.1.5 A set S C R? is called convex if
Or+(1—0)yeS  foralx,yesS, 0e€l0,1]. (1.13)
A function f : S — R is said to be convex if
fOx+(1—-0)y) <0f(x)+(1-0)f(y) forallz,y €S, 6 E([O, 1])
1.14

If the inequality is strict whenever x # y and 6 € (0,1), then f is
strictly convex.

Definition 1.1.6 A differentiable function f : S — R, defined on an
open convex set S, is called p-strongly convex, with p > 0, if

F) = f(@) > (Vf(@),y—a)+ Sly—al}  forallz,y e S. (115)

Lemma 1.1.5 Let S be an open convexr set and suppose that f is
differentiable on S. Then f is convex on S if and only if

fly) = flz) > (Vf(z),y — ) forall z,y € S. (1.16)
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If f is twice continuously differentiable, then convexity is equivalent to
Vif(x) =0  forallx €S, (1.17)
and p-strong convexity is equivalent to

V2f(x) = puly  forallw € S. (1.18)

Definition 1.1.7 (Lipschitz continuity and Lipschitz gradient)
A function f S — R is said to be L-Lipschitz continuous if there
exists L > 0 for which

[f(@) = fW)| < Lllx =yl forallz,y €S (1.19)

A differentiable function f : S — R is said to have an L-Lipschitz
continuous gradient, or to be L-smooth, if

IVf(@) =V fWlz < Lllz =yl forallz,y € 5. (1.20)
If f € C?, then (1.20) is equivalent to the uniform bound

IV2f ()]s <L forallz € S. (1.21)

Lemma 1.1.6 (Descent lemma) Let f : S — R be differentiable
on a convex set S and assume that V f is L-Lipschitz continuous on

S. Then, for all x,y € S,

L
Fy) = f@) < (Vf(x)y — o) + S lly — 2l (1.22)
In particular, for an unconstrained gradient step y = x — aV f(x),

L

fo=aVf) < fo)-a (1) IVA@IE 0
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Projection operators. Since constrained optimization methods
rely heavily on projections, we now recall the main properties of pro-
jection operators that will be used in the sequel. In finite-dimensional
Hilbert spaces, projections represent one of the fundamental ap-
proaches to ensuring feasibility while preserving a structure suitable
for descent analysis ([25]).

Definition 1.1.8 A matriz P € R™? is called a projector if
P*=P. (1.24)
It is called an orthogonal projector if, in addition,
PT =P (1.25)

If M C R? is a linear subspace, then the orthogonal projector onto M
18 the unique linear operator Py such that

z=Pyz+ (I —Py)z, PyzeM, (I — Py)z € M*. (1.26)

Definition 1.1.9 Let S C R be nonempty, closed, and convex. The
Buclidean projection of a point = € R% onto S is given by

ms(z) = argmigl |z — z||2. (1.27)
s

In finite dimensions, the minimizer exists and is unique. Thus, g :
R? — S is a well-defined single-valued mapping.

The projection operator g plays an important role in constrained
optimization. It provides the closest feasible point to a given vector,
and therefore serves as the natural mechanism for restoring feasibility
after an unconstrained trial step. In the case of affine subspaces, it
coincides with the usual orthogonal projector ([31]). In the case of
box or nonnegativity constraints, it is explicitly computable compo-
nentwise, which makes projected methods particularly efficient in such
settings.
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Lemma 1.1.7 Let S C R? be nonempty, closed, and convex, and let
p=ms(z). Then

(z—p, x—p) <0 for all x € S.

Equivalently,
z—p € Ns(p), (1.28)

where Ng(p) represents the normal cone of S at p.
Lemma 1.1.8 (Projection onto a box) Let
S:={rxcR: ( <z <u} (1.29)

where the inequalities are understood componentwise. Then the Eu-
clidean projection onto S is given componentwise by

[75(2)], = min{u;, max{;, z}}, i=1,...,d. (1.30)
In particular, if S = ]R‘i, then
[WM (2)], = max{0, z;}. (1.31)

The following proposition summarizes two fundamental nonexpan-
sive properties of the projection operator.

Proposition 1.1.1 Let S C R” be a closed convex set, x,y € R", and
z € 8. Then the following properties hold:

o) |ms(y) = zll2 < lly = 2ll2;
b) llws(x) = ms(y)ll2 < [lo = yll2-

These formulas explain why projection-based algorithms are es-
pecially attractive for box-constrained and nonnegativity-constrained
problems: feasibility can be enforced exactly and at negligible compu-
tational cost.
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Definition 1.1.10 Let S C R? be convez, closed, and nonempty, let
f : R4 — R be differentiable, and let « > 0. The projected gradient
mapping is obtained by

Go(2) ::é(ac—ﬂs(x—onf(I))). (1.32)

Equivalently, the corresponding projected step is
do(z) == 7ms(x —aV f(z)) — 2 = —aG,(x).

A point x € S is stationary for the constrained problem mingegs f(z),if
and only if

Go(z) =0, or, equivalently, © = wg(x — aV f(x)). (1.33)
Lemma 1.1.9 Suppose that S C R? be nonempty, closed, and convex,
and let

do(1) = T5(x — aV f(z)) — z.
Then )
(VI(2), da(2)) < ——|lda(@)][ (1.34)
If, in addition, V f is L-Lipschitz continuous, then
1 L 9
fo+da(2)) < fl2) = | = = 5 ) da(@)]2: (1.35)

Hence, whenever a € (0,2/L), the projected step yields a descent es-
timate unless dq(x) = 0.

The projection framework described above will be used repeatedly
in the constrained algorithms studied later. In particular, the nonex-
pansiveness and variational characterization of the projection operator
allow one to transfer geometric information about the feasible set into
quantitative descent estimates, while the explicit form of the projector
for simple sets such as boxes and orthants leads to computationally
efficient implementations.
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1.2 Probabilistic Foundations for Stochas-
tic Optimization

This section collects the probabilistic concepts that will be used later
in the analysis of stochastic, sample-based, and mini-batch optimiza-
tion methods. The purpose is not to develop probability theory in
full generality, but rather to introduce the language and results that
repeatedly appear when one studies random sampling, stochastic gra-
dients, sample average approximations, and acceptance tests based on
subsampled information. The discussion therefore emphasizes expec-
tation, variance, conditional expectation, modes of stochastic conver-
gence, and concentration inequalities, together with their interpreta-
tion in the context of optimization algorithms.

Before introducing expectation and stochastic estimators, we
briefly recall the basic measurable framework on which probability is
built. In stochastic optimization, this level of formalism is useful be-
cause random samples, random indices, mini-batches, and iterates all
need to be interpreted as measurable objects. Moreover, conditional
expectation and filtrations, which play a significant role in iterative
stochastic algorithms, are conveniently formulated in terms of sub-o-

algebras ([63]).

Definition 1.2.1 Let Q be a nonempty set. A collection F C 29 is
called a o-algebra if it satisfies the following properties:

(S1) Qe F.

(S2) If A € F, then A° € F, where A° represents the complement of
the set A.

(S3) If Ay, Ay, --- € F, then | J A, € F.

n=1
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Thus, a o-algebra is a family of events that is stable under comple-
ments and countable unions, and therefore also under countable inter-
sections.

Borel sigma algebra serves as a foundational concept in measure the-
ory and topology. It is defined as the collection of all sets that can be
formed from open sets in a topological space using countable unions,
countable intersections, and complements. In particular, the Borel
sigma algebra includes all open intervals, closed intervals, and any set
derived from them through the mentioned operations (for real num-

bers).

Definition 1.2.2 A pair (Q,F) consisting of a set Q and a o-algebra
F on Q is said to be a measurable space, if (S,8) is another measurable
space, a mapping X : 2 — S is said to be measurable if

XY B)eTF  forevery B € 8. (1.36)

In particular, a real-valued random variable s a measurable mapping
from (Q,F) into (R, B(R)), where B(R) denotes the Borel o-algebra.

With this notation in place, we introduce the standard probabilis-
tic framework. A probability space is specified as (2, F,P), where ()
denotes the set of elementary outcomes, F is a o-algebra of events,
and P is a probability measure satisfying P(2) = 1 and countable ad-
ditivity. A collection F C 29 is named a o-algebra if it contains €, is
closed under complements, and remains closed with respect to count-
able unions. A random variable is a measurable mapping from (2, F)
into a measurable space, typically (R™, B(R™)). Its distribution is the
probability measure induced on R™ by the rule

L(O)(B):=P(C € B), BeBRM. (1.37)

In stochastic optimization, such random objects may represent data
samples, noise realizations, random indices, or random mini-batches
selected during an iterative scheme.
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Definition 1.2.3 Let X be an integrable random wvariable on
(Q,F,P). Its expectation is given by

E[X] := /QX(w) dP(w), (1.38)

whenever the integral exists. For a random wvector G =
(Gy,...,Gq)" € R? such that E[||G|]2] < oo, the expectation is de-
fined componentwise:

E[G) := (E[G4),... . E[GJ))". (1.39)

Lemma 1.2.1 If X and Y are integrable random variables and a,b €
R, then
ElaX +bY] =aE[X] + bE[Y]. (1.40)

The same property holds componentwise for integrable random vectors.

Expectation describes the mean behavior of a random quantity,
but for algorithmic purposes this is rarely sufficient on its own. In
stochastic optimization one also needs to quantify how strongly a ran-
dom estimator fluctuates around its mean.

Definition 1.2.4 Let X be a real-valued random variable with finite
second moment. Its variance is

Var(X) := E[(X — ]E[X])Q} . (1.41)
If X and'Y are square-integrable, their covariance is
Cov(X,Y) :=E[(X — E[X])(Y —E[Y])]. (1.42)

For a random vector G € R® with finite second moment, the covariance
matrix is

Cov(G) :=E[(G —E[G])(G - E[G])] . (1.43)
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Lemma 1.2.2 If E[X?] < oo, then
Var(X) = E[X?] - (E[X])?, (1.44)
and for all a,b € R,
Var(aX + b) = a® Var(X). (1.45)
For a random vector G € R?,
E[|G - E[G]|j3] = tr(Cov(G)). (1.46)

The last identity is especially useful in optimization, since it trans-
lates the fluctuation of a random vector into a scalar measure that can
be incorporated into descent estimates and complexity bounds.

A central concept in the analysis of iterative stochastic methods is
conditional expectation. At iteration k, the algorithm has access only
to the information generated up to that point; this information is nat-
urally encoded by a sub-g-algebra or, more generally, by a filtration.

In iterative stochastic methods, the information available up to
iteration k is typically represented by a sub-g-algebra ¥, C F. A
sequence {JFy}r>o such that

FoCHCFHC---CF (1.47)

is called a filtration. Intuitively, % contains all information accumu-
lated up to step k, including previously selected samples, previously
computed iterates, and any other random quantities revealed by the
algorithm. This notation is especially useful when expressing con-
ditional unbiasedness and conditional variance bounds for stochastic
estimators (|60}, 63]). In the following definition, we use the indicator
function of the set A, denoted by 14, which is equal to 1 on A and 0
outside A.
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Definition 1.2.5 Let G be a sub-o-algebra of F and let X be an in-
tegrable random wvariable. The conditional expectation of X given G,
denoted by E[X | G, is a G-measurable random variable that satisfies
the following property:

E[X14] = /AIE[X | §]dP  forall A€ G. (1.48)

Such a random variable always exists and is uniquely determined up
to a set of probability zero (i.e., P-almost surely).

When X € L?, conditional expectation may also be viewed as the
orthogonal projection of X onto the closed subspace of G-measurable
square-integrable random variables. This interpretation is conceptu-
ally important: it shows that conditional expectation extracts the best
mean-square approximation of a random quantity using only the in-
formation contained in G.

Lemma 1.2.3 I[f H C G C JF and X is integrable, then

E[E[X | §] | H] = E[X | H], (1.49)
and in particular
E[ELX | 9]] - E[X]. (1.50)
Lemma 1.2.4 IfE[X?] < oo, then
Var(X) = E[Var(X | §)] + Var(E[X | 9]). (1.51)

These identities appear repeatedly in stochastic optimization.
They allow one to separate the effect of the current random sam-
pling from the effect of the randomness already accumulated through
previous iterations. This is particularly useful when proving descent
in expectation, bounding the variance of stochastic gradients, or ana-
lyzing adaptive sampling rules.

The quality of a random estimator is commonly described through
unbiasedness and mean-square error.
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Definition 1.2.6 An estimator 6 of a quantity 0 is called unbiased if
E[f] = 6. (1.52)

Its mean-square error is defined by

-~

MSE(@) := E [(5— 9)2} . (1.53)

For an unbiased estimator, the mean-square error corresponds to
the variance. Thus, variance becomes a direct quantitative measure
of estimator quality. In gradient-based stochastic optimization, this
principle explains why variance reduction is desirable even when un-
biasedness is preserved.

Another group of tools needed later concerns different modes of
stochastic convergence. These notions formalize what it means for
random approximations to approach their targets.

Definition 1.2.7 A sequence {X,} converges almost surely to X,

written
a.s.

X, L5 X, (1.54)
if
P({w €0 lim X,(w) = X@)}) ~ 1 (1.55)

Definition 1.2.8 A sequence {X,} converges in probability to X,
written

X, 5 X, (1.56)

if for every e > 0,

P(|X, — X|>¢)—0 as n — 0. (1.57)
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Definition 1.2.9 For p > 1, one says that X,, converges to X in LP,
written

X, % X, (1.58)
if
E[| X, — X|?] =0 as n — oo. (1.59)

Definition 1.2.10 The sequence (X,,) converges weakly to the ran-
dom variable X, denoted by

X, 5 X,

if and only if the distribution functions Fx, (x) of X, converge to the
distribution function Fx(x) of X at every point x where Fx is contin-
wous. Formally, this can be expressed as:

lim Fx, (xz) = Fx(x) for all x € R such that Fx is continuous.
n—oo
Remark 1.2.1 The implications
X, 5B X = X, B X, X, X —= X,5%X, (160

are standard. Moreover, convergence in probability implies conver-
gence in distribution. These relations will be used implicitly when
passing from moment estimates to probabilistic consistency statements.

For sampling-based methods, the laws of large numbers specify the
basic justification for replacing expectations by empirical averages.

Theorem 1.2.1 Let {;}i>1 be independent and identically distributed
random variables such that E[|&1|] < oo, and let p = E[&1]. Then the
sample average

_ 1 —
£, = EZ@ (1.61)
i=1
converges to p in probability and almost surely:

& orp, & (1.62)
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Theorem 1.2.2 [f{&;}i>1 are independent and identically distributed
with mean p and variance o® < oo, then

Vi (€, — ) — N(0,0%). (1.63)

While laws of large numbers describe asymptotic behavior, concen-
tration inequalities provide finite-sample control. These bounds are
often the key ingredient when quantifying the approximation quality
of sample averages and mini-batch estimators.

Lemma 1.2.5 (Markov inequality) If Y > 0 almost surely and
a > 0, then
E[Y]

P(Y >a) <
¥V za)< =

(1.64)

Lemma 1.2.6 (Chebyshev inequality) If E[X?] < oo and € > 0,
then
Var(X)

e2

P(|X —E[X]| >¢) < (1.65)

The inequalities above serve different purposes. Markov and
Chebyshev inequality provide very general but coarse estimates based
only on moments.

The relevance of these tools to stochastic optimization is immedi-
ate. Suppose that one wants to approximate an expected objective

F(z) = E[f(z;¢)] (1.66)

by a sample average approximation

n

IM@I%ZH@@L (1.67)

=1
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or to approximate the full gradient by a mini-batch estimator

g = mik > Vi) (1.68)

1€N

In such situations, one typically studies whether the estimator is con-
ditionally unbiased,
Elgi | Fu] = VF (), (1.69)

and whether its conditional fluctuation can be controlled, for example
through a bound of the form

Elllgr — VF ()3 | Fx] < op. (1.70)

Once such relations are available, total expectation and total variance
identities make it possible to derive recursive bounds for the expected
progress of the algorithm. At the same time, concentration inequalities
provide finite-sample guarantees of the form

B(|Fu(x) ~ Fa)| > £) <6

or

P(llge = VF(2x)lla > € | Fi) <6, (1.71)

which directly motivate adaptive sample size rules, variance reduc-
tion strategies, and additional sampling procedures in step acceptance
tests.

Throughout the later analysis, we will usually assume that the rel-
evant random quantities admit at least finite second moments, and
in some results stronger tail conditions such as boundedness, sub-
Gaussianity, or sub-exponential behavior will be imposed when con-
centration arguments are needed. The exact assumptions will be
stated locally in the theorems where they are used, but the concepts
introduced in this section form the common probabilistic framework
for all subsequent developments.



Chapter 2

Nonlinear Optimization

This chapter introduces deterministic nonlinear optimization frame-
work that underlies the methods studied later in the dissertation. The
discussion begins with general optimization models and the local no-
tions of optimality that guide the construction of the algorithms. Af-
ter that, attention is restricted to smooth unconstrained problems,
where descent directions, step-size rules, and line search globaliza-
tion provide the basic iterative machinery. The chapter then turns to
constrained nonlinear optimization, including the geometry of the fea-
sible set, the Karush—Kuhn—Tucker system, and the role of constraint
qualifications. Building on that material, we briefly describe sequen-
tial quadratic programming methods, which combine local quadratic
modeling with linearized constraints. Since the algorithms considered
later rely strongly on step acceptance mechanisms, particular empha-
sis is placed on nonmonotone line search techniques, which relax the
classical requirement of monotone decrease and are often more effec-
tive for curved, ill-scaled, or inexact models. The chapter closes with
projected gradient methods for simple convex constraint sets, espe-
cially box-type constraints, which are computationally attractive and
closely connected to the algorithmic developments in the sequel.
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2.1 Optimization Models and Basic Con-

cepts
We consider optimization problems of the form
i 2.1
min f(z), (2.1)

where f : R — R is the objective function and S C R" is the fea-
sible set. In the unconstrained case one has S = R", while in the
constrained setting S is determined by equality, inequality, or geomet-
ric restrictions ([58]). Throughout the chapter, the objective function
is typically assumed to be continuously differentiable, and in some
results twice continuously differentiable.

The distinction between local and global solutions is fundamen-
tal. In nonlinear optimization, global minimizers are often difficult to
characterize or compute, especially when the objective is nonconvex.
For that reason, most deterministic methods are designed to locate
points satisfying local optimality conditions.

Definition 2.1.1 (Global and local minimizers) Any point z* €
S is said to be a global minimizer of (2.1]) if

fz*) < f(x) for all x € S. (2.2)
It is referred to as a local minimizer if there exists 6 > 0 for which
fz*) < f(x) for all x € SN B(z*,0), (2.3)

where B(x*,§) represents the open FEuclidean ball with center at z*
and with a radius 0. If the inequality is strict for all x # x* in the
neighborhood, then x* is a strict local minimizer.

For the convex case, every local minimizer is immediately global. In
the general nonlinear case, however, one typically settles for stationary
points and local minimizers.
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2.2 Unconstrained Optimization and De-
scent Directions

We begin with the unconstrained problem

min f(x), (2.4)

z€R™

where f : R" — R is assumed to be bounded from below and suffi-
ciently smooth. The first step in the analysis of such problems is the
characterization of local minimizers through derivative information.

Definition 2.2.1 (Stationary point) A point © € R" is called a
stationary point of f if

Vf(z) = 0. (2.5)

Theorem 2.2.1 (First-order necessary condition) Let f € C!
on a neighborhood of x*. If x* is a local minimizer of (2.4)), then

Vf(z*)=0. (2.6)
Every local minimizer is a stationary point, although the converse

is not true in general. To distinguish minima from saddle points or
maxima, one uses second-order information.

Theorem 2.2.2 (Second-order necessary condition) Let f €
C? on a neighborhood of x*. If * is a local minimizer of (2.4)), then

Vfix*)=0 (2.7)

and
V2f(z*) = 0. (2.8)
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Theorem 2.2.3 (Second-order sufficient condition) Let f € C?
on a neighborhood of x*. If

Vi) =0 (2.9)

and
V2f(x*) = 0, (2.10)

then x* is a strict local minimizer of (2.4)).

These conditions motivate iterative methods that attempt to re-
duce the objective value by repeatedly moving from the current iterate
x) in a suitable direction p, and with a suitable step length ay:

Thy1 = Tk + Qg Pk- (211)

Definition 2.2.2 (Descent direction) Let xy be a point satisfying
Vf(xk) # 0. A vector pp € R™ is called a descent direction for f at

. if
Vf(zr) 'pe < 0. (2.12)

The negative gradient is the most basic descent direction:

pr = =V [f(zp). (2.13)

This leads to the classical gradient method, which is simple and in-
expensive but may be slow when the level sets of the objective are
elongated or poorly scaled ([11]).

The Newton direction at the iterate z; is the vector p; defined as
the solution of the (linear) Newton system
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A more informative direction is obtained by incorporating second-
order curvature. If the Hessian matrix is nonsingular, the following
relation defines the Newton direction

pe ==V f(zn) 'V f(ap). (2.15)

Near a nondegenerate local minimizer, Newton’s method can achieve
quadratic local convergence. However, it may be unstable or unde-
fined far from a solution, and the exact Hessian may be too costly to
compute or factorize. This motivates quasi-Newton methods, where
the Hessian is replaced by a symmetric approximation By, yielding

Bipr = =V f(x). (2.16)

The matrix By is updated from first-order information, typically using
the secant relation

Bii1sk = Yr, Sk = Tg41 — Tk, Y = Vf<=73k+1) - Vf(l’k)-
(2.17)
Among the best-known updates are the BFGS, DFP, and SR1 for-
mulas. BFGS is especially important in practice because it preserves
positive definiteness under the curvature condition

spyr > 0, (2.18)

provided that the previous approximation is also positive definite.
SR1, on the other hand, can produce indefinite approximations and
hence search directions that are not necessarily descent directions.
This observation is one of the reasons why nonmonotone globaliza-
tion techniques become important in later sections. A related class
is formed by spectral gradient methods, where the inverse Hessian is
approximated by a scalar multiple of the identity, so that the direc-
tion remains the same to the negative gradient but still incorporates
curvature information through a spectral coefficient.
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2.3 Line Search Globalization

Once a search direction has been chosen, one needs a rule for de-
termining the step size. In line search methods, one approach is to
approximately solve the one-dimensional problem

mingp(a),  P(a) = flzx + apy). (2.19)
Exact minimization of ¢y, is rarely necessary and often too expensive.

Instead, practical methods rely on inexact step-size conditions that
guarantee sufficient progress ([11], 58]).

Definition 2.3.1 (Armijo condition) Let p; be a descent direction
and let c; € (0,1). A step length ay, > 0 satisfies the Armijo condition
of

flax + arpr) < fzr) + c1anV f () ' pr (2:20)

Since Vf(zy) 'pr < 0, the right-hand side represents a decrease
relative to the current objective value. The Armijo condition there-
fore requires a step that is not merely improving, but improving by a
quantitatively meaningful amount.

A stronger criterion additionally controls the slope at the new
point.

Definition 2.3.2 (Wolfe and strong Wolfe conditions) Let 0 <
c1 < cg < 1. The step size ay, is said to satisfy the Wolfe conditions if

flay + awpr) < f(xr) + crawV f () i, (2.21)
V [z + ozkpk)Tpk > CQVf(a:k)Tpk. (2.22)

It satisfies the strong Wolfe conditions if (2.21) holds and

|V f(xr + cwpr) " pr| < ca [V f(an) "pil - (2.23)
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The first inequality enforces sufficient decrease, while the second
prevents the step from being excessively short. In particular, the
strong Wolfe condition is well suited to quasi-Newton updates, since
it helps maintain favorable curvature information.

A classical and inexpensive mechanism for producing Armijo steps
is the backtracking line search. Starting from an initial trial value
a,go), one repeatedly reduces the step size by setting oy = 5ja,(€0),
where € (0,1) and j € Ny, until the Armijo condition is satisfied.
This approach is particularly attractive when function evaluations are
considerably cheaper than gradient evaluations.

When the step-size rule is combined with suitable assumptions on
f and the search directions, one obtains global convergence results.
A central statement in this direction is Zoutendijk’s theorem, which
shows that the total amount of decrease measured along the gradient
is summable.

Theorem 2.3.1 (Zoutendijk condition) Assume that f is contin-
wously differentiable and bounded below on the level set

L(xg) :={z e R": f(z) < f(zo)}, (2.24)

and that, on an open neighborhood, V f is Lipschitz continuous of this
set. Suppose that each py is a descent direction and each oy, satisfies
the Wolfe conditions. If 0y denotes the angle between —V f(xy) and
i, defined by

—Vf(xk)Tpk
cos bl = , 2.25
= T )l ol (2.25)
then .
> cos? 03 |V f () |3 < o0 (2.26)
k=0

This result implies that if the search directions remain uniformly
separated from orthogonality with respect to the negative gradient,
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then the gradient norm must tend to zero. In this sense, the geometry
of the search directions is just as important as the step-size rule itself.

Although trust-region methods represent an important alternative
globalization framework, the remainder of this chapter emphasizes line
search methods, since these are more directly connected with the al-
gorithms developed in later chapters.

2.4 Nonmonotone Line Search Techniques

Classical Armijo and Wolfe line searches require a monotone decrease
in the objective or merit function. While this is safe and conceptually
simple, it may be overly conservative in practice. In narrow curved
valleys, in ill-scaled problems, or in methods using approximate curva-
ture information, strict monotonicity often forces very short steps and
may suppress the advantages of Newton, quasi-Newton, or spectral-
gradient directions. This is precisely the setting in which nonmonotone
line searches become useful, a perspective that is also emphasized later
in this chapter.

The central idea of nonmonotone line search is to replace the cur-
rent function value by a more permissive reference level based on recent
history. This allows temporary increases in the objective, provided
that the long-term behavior remains controlled.

A classical max-type nonmonotone criterion accepts a step (|29])

if
f(e + arpr) < Ri + 1oV f (21) T i, (2.27)
where
Ry := max f(zx_), 0<n, <M. (2.28)
0<i<nyg

When M = 0, this reduces to the usual Armijo condition. For M > 0,
the method compares the new point not only with the current value,
but with the worst value among a window of recent iterates. This



2.4 Nonmonotone Line Search Techniques 55

relaxation can be especially helpful when full or nearly full steps are
desirable, as in Newton or quasi-Newton methods.

A second important family uses an average-type reference rather
than a window maximum ([75]). One recursively defines a reference
sequence Oy and requires

fx 4 aupr) < Cp + 1oV f (1) " pi. (2.29)

A common recursive construction is

Qi1 = MeQr + 1, (2.30)
1
Ck+1 = nk—Qk Ck + —— f(xk+1), (231)
Qrt1 Qr+1

with Qo = 1, Cy = f(xp), and parameters 7, € [0,1]. In this con-
struction, the nonmonotone behavior is controlled through a weighted
aggregation of past values rather than a sharp maximum. This often
leads to a smoother and more adaptive reference sequence.

The distinction between these two approaches is conceptually im-
portant. Max-type rules are easier to interpret and often more robust,
whereas average-type rules are usually less sensitive to a single poor
iterate and may better preserve fast local progress.

Another highly useful class of nonmonotone acceptance rules is
designed for situations in which the step acceptance test should not
rely on the assumption that the search direction is a descent direction.
This may happen with indefinite quasi-Newton updates, derivative-
free steps, inexact Newton methods, or line search procedures designed
for residual minimization rather than direct function descent. In such
cases one may introduce a summable relaxation sequence {¢;} and use
an acceptance test of the form

fzp + arpr) < Ry, + ep, — 0 By, (2.32)
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where 0 > 0, Ry is a nonmonotone reference value, and 3, is a positive
control parameter reflecting the quality of the direction ([511 [48]). The
summability condition

Zsk < 00 (2.33)
k=0

ensures that the relaxation does not destroy asymptotic convergence.
This type of rule is useful precisely because it remains meaningful
even when V f(zy)" py is nonnegative or unavailable. That is one of
the main reasons why nonmonotone techniques are naturally paired
with SR1, spectral, inexact, or stochastic directions.

From a practical perspective, nonmonotone line searches should
not be seen merely as a way of allowing objective increases. Their real
value is that they create enough flexibility for the algorithm to exploit
informative directions that may look unfavorable according to a purely
monotone criterion. In many applications, the step that gives the best
long-term behavior is not the one that yields the largest immediate
decrease.

2.5 Constrained Nonlinear Optimization

Many optimization models arising in applications cannot be formu-
lated without restrictions on the decision variables. Such restrictions
may represent physical laws, balance relations, technological limita-
tions, admissible ranges of parameters, or other structural require-
ments. This leads to the general nonlinear constrained optimization
problem

min - f(z)
st gi(z) <0, i=1,...,m, (2.34)
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where f : R® — R is the objective function, while g; : R® — R and
h; : R" — R denote the inequality and equality constraint functions,
respectively. Throughout, it is commonly assumed that these func-
tions are at least continuously differentiable.

The feasible set is the set of all points that satisfy the constraints
and is defined by

S:={zxeR": ¢g(x)<0,i=1,....m, hj(x)=0, j=1,...,p}.

A solution of is sought among feasible points, that is, among
points belonging to S.

Depending on the type of constraints involved, several impor-
tant subclasses can be distinguished. If only equality constraints are
present, one obtains an equality-constrained problem,

mIiRn f(x) s.t. hij(x)=0, j=1...,p. (2.35)
TeR™
These models arise when the variables are linked by exact relations
that must be satisfied at every admissible point.

For a problem that involves only inequality constraints, then one
has

min f(z) st gi(r) <0, d=1..m. (2.36)
TER™

Such formulations are natural when the constraints describe upper or
lower limits, safety margins, or resource capacities.

A particularly important case is the class of bound constrained
(box constrained) problems, in which each variable is restricted inde-
pendently by lower and upper bounds,

(<z<u. (2.37)

Here, the bounds are understood componentwise, and they may be
infinite: each ¢; may take values in R U {—o0} and each u; may take
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values in RU {400}, with ¢; < w; for all i = 1,...,n. The correspond-
ing feasible region is a box in R", and the special case x > 0 leads
to nonnegativity constraints. Bound constraints are among the most
common restrictions in optimization, both because of their modeling
relevance and because of their relatively simple structure.

Another frequently studied subclass consists of linearly constrained
problems, where the constraint functions are affine. In that case, the
feasible set has a simpler geometric description, and one recovers im-
portant models such as linear programming and quadratic program-
ming when the objective has a corresponding special form. By con-
trast, in general nonlinear programming both the objective function
and the constraints can include nonlinear terms, which makes the anal-
ysis and numerical treatment significantly more challenging.

The presence of constraints changes the notion of optimality. In
unconstrained optimization, stationary points are characterized by
the vanishing of the gradient of the objective function. In the con-
strained setting, first-order optimality is typically expressed through
the Karush-Kuhn-Tucker conditions, which combine gradient infor-
mation from the objective and the active constraints through suitable
multipliers. These conditions have a central place in both the theoret-
ical analysis and the formulation of numerical algorithms for nonlinear
constrained problems.

A broad class of numerical methods has been developed for solving
problems of the form . Among the most classical and widely
used approaches are:

e penalty methods, which incorporate the constraint violation into
the objective function through an additional penalization term;

e barrier and interior-point methods, which enforce inequality con-
straints by preventing the iterates from approaching the bound-
ary of the feasible set too aggressively;
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e augmented Lagrangian methods, which combine ideas from
penalty techniques and multiplier methods;

e sequential quadratic programming methods, which generate steps
by solving quadratic programming subproblems that locally ap-
proximate the original nonlinear problem,;

e active-set methods, which attempt to characterize the constraints
that are active at a solution and solve reduced subproblems ac-
cordingly;

e projected-gradient and feasible-direction methods, especially in
the presence of simple constraints such as boxes or balls in R"™.

In addition, globalization mechanisms such as line search strate-
gies, trust-region techniques, filter strategies, and merit functions are
often incorporated in order to improve robustness and promote con-
vergence from remote starting points.

Thus, constrained nonlinear optimization provides a general frame-
work that encompasses a broad spectrum of models, ranging from sim-
ple bound-constrained problems to fully nonlinear systems with mixed
equality and inequality restrictions. The specific structural features of
the feasible set largely determines both the analytical features of the
problem and the choice of an appropriate numerical method.

2.6 Optimality Conditions, Constraint
Qualifications, and the KKT System

For constrained problems, derivative-based optimality conditions are
expressed through the Lagrangian function.
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Definition 2.6.1 (Lagrangian) The Lagrangian associated with

[2:34) is
Ll ) =f@)+ Y Ngi@) + > pihy(),
i=1 Jj=1

where A € R™ 1is assigned to the inequality constraints, while p € RP
corresponds to the equality constraints.

Let
A(z) :={ie{l,...,m}: gi(z) = 0} (2.38)
denote the active set in inequality constraints at a feasible point x.

The gradients of active constraints determine the local geometry of
the feasible set.

Definition 2.6.2 (Karush—Kuhn—Tucker point) A feasible point
x* € S is called a KKT point if there exist multipliers \* € R™ and
w* € RP such that

V. L(x*, N, u*) =0, (2.39)
gi(z") <0, 1=1,...,m, (2.40)

h;(z*) =0, j=1,...,p, (2.41)

A >0, 1,....m, (2.42)

Algi(z™) =0, t=1,...,m. (2.43)

Stationarity equation expresses the balance between the ob-
jective gradient and the gradients of the constraints that are relevant
at z*, namely the active inequality constraints and all equality con-
straints. Complementary slackness indicates that only active
inequalities may carry nonzero multipliers.

The validity of KK'T conditions as necessary optimality conditions
requires regularity assumptions, usually called constraint qualifica-
tions.
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Definition 2.6.3 (LICQ) The Linear Independence Constraint
Qualification (LICQ) holds at a feasible point x* if the family of gra-

dients

{Vygi(z") i€ A(z")} U{Vh;(z"):j=1,...,p} (2.44)
18 linearly independent.

Definition 2.6.4 (MFCQ) The Mangasarian—Fromouvitz Constraint
Qualification (MFCQ) holds at a feasible point x* if the gradients
Vhi(z*),...,Vhy(z*) are linearly independent and there exists a di-
rection d € R" such that

Vhi(z)'d=0, j=1,...,p, Vai(z*)Td <0, i€ A(z).
(2.45)
Definition 2.6.5 For a convex constrained problem, the Slater con-
dition requires the existence of a point T such that
9i(z) <0, i=1,...,m, hij(z)=0, j=1,...,p.

Theorem 2.6.1 (First-order optimality conditions) Let z* be a
local minimizer of (2.34)). If either LICQ or MFCQ is satisfied at x*,
then there exist multipliers \* and p* such that (x*, \*, u*) satisfies

the KKT system ([2.39))—(2.43)).

To formulate second-order conditions, one introduces the critical
cone. For a KKT point (z*, \*, u*), the critical directions are those
that satisfy the linearized feasibility conditions and are orthogonal to
the active linearized stationarity structure.

Definition 2.6.6 (Critical cone) Let (z*, \*,u*) be a KKT point.
A critical cone at x* is

Vhi(z*)'d=0, j=1,...,p,
S(z*, \) =S deR": Vg(z)Td=0, ie A (z*)\), », (2.46)
Vg,(:z:*)Td <0, 7€ A()(Qf*, )\*)
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where

Az, ) i={i € A(z") : Af > 0}, Ao(z", \*) :={i € A(z") : \] =0},

Theorem 2.6.2 (Second-order sufficient condition) Let
(x*, X, 1u*) be a KKT point at which a suitable constraint quali-
fication holds. If

d"V2 L(x* N pu)d >0 foralld € S(z*,\)\ {0},  (2.47)

then x* is a strict local minimizer of (2.34)).

2.7 Sequential Quadratic Programming

Sequential Quadratic Programming (SQP) methods are among the
best known approaches for smooth constrained nonlinear optimiza-
tion. At each iteration, they generate a search direction by solving
a quadratic programming subproblem obtained from a local approx-
imation of the original problem. Owing to their strong theoretical
properties and good practical performance, SQP-type methods are of-
ten used as a standard benchmark in constrained optimization.

In this dissertation, SQP methods are not studied as the primary
algorithmic framework, since the proposed methods are of a different
type. They are included mainly because they provide a natural and
well-established point of comparison in the numerical experiments. At
the same time, classical SQP schemes may become computationally
demanding due to the repeated solution of quadratic subproblems and
their reliance on derivative and Hessian-related information, which can
be less attractive in large-scale or sample-based settings.
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At iteration k, one considers the subproblem

1
- Ty LT
Inin Vf(xy) d+2d Byd

sit. gi(zy) + Vgilzp) Td <0, i=1,...,m,
hj(zk) + Vhy(zg) 'd =0, j=1,...,p,

(2.48)

where By, is typically chosen as the Hessian of the Lagrangian, or as a
quasi-Newton approximation thereof,

By, = V2, Lk, Ay i) (2.49)

The resulting direction d; is then combined with a globalization
strategy, such as a merit function, a filter method, or a line search
rule. A generic SQP iteration therefore has the form

Tht1 = Tp + oudy, (2.50)

where oy, € (0,1] is chosen to balance local model improvement and
global stability.
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Algorithm 1 Generic SQP framework

1. Choose an initial point xg, multiplier estimates (Ao, 1), and a
symmetric matrix By.

2. For k=0,1,2,... do:

(a) Solve the quadratic subproblem (2.48)) and obtain a step dy;
if the corresponding KK'T multipliers of the QP subproblem
are available, use them to update the multiplier estimates

(Ak+1, Het1)-
(b) If dj is sufficiently small and the constraints are nearly sat-
isfied, stop.
(c) Choose a step size ay using a globalization mechanism.
(d) Set w11 = xp + pdy.

(e) Update By if a quasi-Newton Hessian approximation is
used.

SQP methods may be interpreted as Newton-type methods ap-
plied to the KKT system. Their appeal lies in the fact that they
combine fast local convergence with a natural treatment of nonlinear
constraints. At the same time, their efficiency depends strongly on
how the QP subproblems are solved and how the step is globalized.

2.8 Projected Gradient Methods

We finally consider problems where the feasible set is simple enough
for projection to be computed efficiently:

min f(z), (2.51)

zeS
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where S C R"™ represents nonempty, closed, and convex set. In that
setting, natural generalization of gradient descent is the projected gra-
dient method.

Definition 2.8.1 (Projected gradient step) Given a step size
ay > 0, the projected gradient iteration is

Tl = Ws(xk - Oéka(ﬁk)), (252)
where g denotes the Euclidean projection onto S.

This iteration may be interpreted as taking an unconstrained gra-
dient step and then restoring feasibility by projection. The method is
particularly attractive when the projection has a closed form.

For box constraints

S={zxeR": { <z <u}, (2.53)
the projection is componentwise clipping:
[75(2)], = min{u;, max{;, z;}}, i=1,...,n. (2.54)
For the nonnegative orthant this reduces to
[WRi ()], = max{0, z;}. (2.55)

For the simplex, the projection is also efficient, although it is somewhat
more involved and usually requires sorting.

A useful quantity in projected methods is the projected gradient
mapping introduced in Definition In particular, the condition
Go(x) = 0 provides an equivalent characterization of stationarity for
the constrained problem min,cg f(z). This characterization makes
projected methods especially convenient for the analysis.
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When the objective splits as
min f(z) +¢(z),

where f is smooth and 1 is convex but possibly nonsmooth, the pro-
jected gradient framework extends to the proximal-gradient iteration

Thy1 = ProX,, (xk — Oszf(xk)),
where

2a

This includes important instances such as ¢;-regularized problems,
sparse learning models, and constrained formulations that can be ab-
sorbed into v through indicator functions.

The appeal of projected and proximal-gradient methods lies in
their balance between simplicity and structure preservation. Each it-
eration is relatively cheap, feasibility is maintained automatically, and
the resulting schemes are well suited for large-scale problems whenever
projection or proximal evaluation can be carried out efficiently. For
these reasons, they provide a natural deterministic template for the
stochastic and sample-based variants that appear in the later chapters.

1
prox,,(z) := arg m]%n {w(:c) + —|lz — zH%} : (2.56)
zeR™



Chapter 3

Stochastic Optimization

This chapter introduces the stochastic optimization framework that
will be used throughout the remainder of the dissertation. The em-
phasis is placed on objective functions defined as large finite sums,
which represent the core optimization models analyzed later in the
thesis. While such formulations often originate from underlying math-
ematical expectations, working directly with finite sums allows for a
more tractable computational framework. In contrast to determinis-
tic optimization, exact evaluations of the objective function and its
derivatives are often unavailable or computationally too expensive, so
optimization algorithms must rely on sampled or approximate infor-
mation. This naturally leads to questions of sample quality, estimator
accuracy, and the balance between computational effort and reliability
of the obtained search directions and acceptance decisions.

The chapter begins with the basic stochastic models and then ex-
plains the role of Sample Average Approximation as a bridge between
expectation-based formulations and deterministic finite sum problems.
After that, we discuss sampling mechanisms, mini-batch approxima-
tions, and the quality of stochastic estimators. A brief overview of
stochastic first-order schemes is included only to the extent needed for
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later developments, since the dissertation does not aim to survey the
full literature on stochastic algorithms. The central part of the chapter
is devoted to adaptive sample size strategies and additional sampling,
which are particularly relevant for the methods developed later. The
final sections focus on constrained stochastic optimization, with spe-
cial attention to equality-constrained and simple bound-constrained
finite sum models, because these are the settings in which the original
contributions of the dissertation are formulated.

3.1 Stochastic Optimization Models

Many optimization problems are naturally modeled through random-
ness. In some settings, the random element describes uncertainty in
the underlying data-generating mechanism; in others, it arises from
simulation, sequential observations, or Monte Carlo approximation.
A common feature in all these situations is that the true objective
function is not given in a directly computable closed form, and opti-
mization must therefore rely on stochastic surrogates or sample-based
approximations [49] 60, [66), [68].
A stochastic optimization problem can be written in form

min F(x),  F(x)=E[f(x;6)], (31)
where X C R”" denotes the feasible set. Here, £ is a random vector
defined on an underlying probability space, and f(z;&) denotes the
corresponding random loss (or cost) evaluated at z. In statistical
learning, f(x;&) typically represents the loss induced by a single data
point (i.e., one realization of £); in simulation-based optimization it
may correspond to the outcome of one stochastic experiment; in data-
driven applications it often quantifies the error associated with one
observation or scenario [16] 49, 66].
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A second model, especially important in machine learning, empir-
ical risk minimization, and large-scale data analysis, is the finite sum
problem

z€eS

min Fy(z),  Fy(z) = %Z filx), (3.2)

where the component functions f; correspond to individual samples,
observations, or data blocks. This model may be interpreted in two
complementary ways. On the one hand, it is a deterministic opti-
mization problem with a large objective sum. On the other hand, it
may be viewed as a sample-based approximation of an expected-value
problem. Both viewpoints are useful. The expectation formulation
highlights the stochastic structure of the problem, while the finite
sum representation is the natural starting point for mini-batching,
subsampling, and variable sample size strategies [49] 60| 68].

The feasible set S may be unconstrained, but in this dissertation
the constrained case is of primary interest. In particular, the later
chapters focus on problems with nonlinear equality constraints and on
problems with simple convex constraints such as box or nonnegativity
conditions. For that reason, it is convenient to keep the feasible set
explicit from the very beginning.

Definition 3.1.1 (Expectation and finite sum models) A

stochastic optimization problem is called an expected-value problem
if its objective has the form

F(x) = E[f(;€)]. (3-3)

It is called o finite sum problem if its objective is expressed in the form

Fr(z) = %Z fi(z). (3.4)
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The regularity assumptions required in stochastic optimization depend
on the algorithmic setting. One may assume continuity, convexity, dif-
ferentiability, Lipschitz continuity of gradients, bounded second mo-
ments, or stronger smoothness properties. In this chapter, however,
the assumptions are kept intentionally general. The exact hypotheses
will be introduced later when needed. At the conceptual level, the
main difficulty remains the same: exact function and derivative in-
formation is replaced by random or sample-based estimates, and this
creates a trade-off between computational efficiency and statistical ac-
curacy [49, 65, [66].

3.2 Sample Average Approximation and fi-
nite sum Reformulations

The most classical bridge between stochastic and deterministic opti-
mization is provided by the Sample Average Approximation (SAA)
principle. Instead of minimizing the expectation in directly, one
draws a sample &;,...,&y and replaces the population objective by
the empirical average. The resulting optimization problem is deter-
ministic once the sample has been fixed, but its quality depends on
the size and representativeness of the sample [63] [64], 65] [72].

Definition 3.2.1 (Sample Average Approximation) Let
&,...,&n be independent realizations of £&.  The Sample Aver-
age Approximation of the expected-value objective F(x) = E[f(z;§)]
is defined by

N
1
Fy(z) =+ ; flz:&). (3.5)
The associated SAA problem is
min Fy (). (3.6)

zeS
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This construction is simple, but it has a fundamental position in
stochastic programming and stochastic optimization. It turns an in-
tractable expectation-based problem into a computable surrogate and
thereby permits the employment of deterministic optimization tech-
niques on a random approximation of the original model. At the same
time, the approximation is useful only if optimal values and minimizers
of the SAA problem reflect those of the underlying stochastic problem
[63, 64, [72].

Theorem 3.2.1 (Uniform Law of Large Numbers) Let S C R"
be nonempty and compact. Suppose that, for almost every &, the map-
ping x — f(x;€) is continuous on S and that

E[sup (2 6)]] < oo

zes
Then
sup|Fy (z) — F(m)| — 0 almost surely as N — oo,
z€S
where
L X
F@) =E[f(8)],  Fa)= 5> 7).

=1

Theorem 3.2.2 (Central Limit Theorem for SAA) Under the
assumptions of Theorem suppose in addition that, for some
x* e s,

1. the mapping x — V f(x;€) exists and is continuous in a neigh-
borhood of x* for almost every &;

2. E[||Vf(z58)°] < oo

3. the Hessian V*F(x*) exists and is positive definite.
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Then
VN (VEy(z*) = VF(z") % N(0, Var(Vf(2*;€))) as N — oo

Under standard continuity, compactness, and integrability assump-
tions, one expects Fiy(x) to converge to F'(x) as N — oo, and corre-
spondingly the solutions of the SAA problems to approach the solu-
tions for original problem. The following statement summarizes this
principle.

Theorem 3.2.3 (Consistency of SAA) Let S C R™ be compact
and nonempty. Let {&'}i>1 be i.4.d. samples with the same distribution

as &, and define F(x) = E[f(:v,{)}, as in , with optimal values
v* 1= minges F(z) and vy = minges Fy(z). Assume:

1. for almost every &, the mapping x — f(x;&) is continuous on S;

2. E[sup,eq|f(2:€)]] < oo;

3. (uniform law of large numbers)

sup|Fiy(z) — F(z)| = 0 almost surely as N — oo.
zeS

Let X* := argmingeg F(x) and X} := argminges Fy(x), and let %, €
X3 be any selection. Then, almost surely:

1. vy — 0%,
2. every accumulation point of {xN} belongs to X*;

3. equivalently, dist(zy,X*) — 0, where dist(z,X*) :=
infyex- |z —yl.

If, in addition, X* = {x*} is a singleton, then x3 — x* almost surely.
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Results of this type are classical in stochastic programming and
form part of the theoretical justification for using SAA as an optimiza-
tion model [64] [65] [72]. They explain why finite sum approximations
are not merely convenient computational devices, but also meaningful
surrogates of expectation-based problems.

For each fixed x, the central limit theorem further suggests that

VN (Fn(z) — F(z)) — N(0,0%(x)), (3.7)

where
o*(z) = Var(f(z;€)). (3.8)

Thus, the approximation error typically decays at rate N~%/2, which
shows that statistical accuracy improves only gradually as the sam-
ple size grows [63, [64]. In large-scale problems, it is therefore often
inefficient to insist on full sample evaluations at every iteration.

This observation is particularly relevant for the present disserta-
tion. Even when the original model is already written in finite sum
form, repeated evaluation of all N components may be unnecessarily
expensive. This naturally motivates variable sample size strategies, in
which smaller and cheaper approximations are used in early iterations
and larger samples are employed only when the iterates enter regions
where higher accuracy becomes algorithmically useful [32 36, 38| [59].

Thesis-oriented remark. In the context of this dissertation, Sam-
ple Average Approximation should not be viewed only as a statisti-
cal approximation principle. It also provides the structural bridge
between expectation-based stochastic models and the finite sum con-
strained optimization problems studied in the later chapters. In par-
ticular, it justifies why equality-constrained and bound-constrained
finite sum models may be interpreted as computationally meaningful
approximations of more general stochastic programs.
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3.3 Sampling, Mini-Batches, and Estima-
tor Quality

Once the objective is represented as a large finite sum, the next natu-
ral question is how much of that sum should be used at a single iter-
ation. Evaluating all components yields exact objective and gradient
information for the finite sum problem, but this may be prohibitively
expensive when N is large. The standard alternative is to work with
random subsamples or mini-batches [49] [66], 68].

Let

Pylw) =5 @) VR@ = £ VE@.  (9)

and let By C {1,..., N} be a random batch selected at iteration k.
The corresponding mini-batch estimator of the gradient is

1

1€By

possibly with an additional scaling factor depending on the sampling
rule.

Definition 3.3.1 (Unbiased stochastic estimator) For a ran-
dom wvector gy to be called an unbiased estimator of VFy(xy) with
respect to the information available at iteration k, we require that

where Fy denotes the filtration containing all information revealed up
to step k.
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Unbiasedness is important, but it is not sufficient to characterize
the quality of a stochastic estimator. The variance of the estima-
tor is equally important. Smaller batches reduce computational cost,
but they also introduce larger fluctuations. Larger batches improve
reliability, but at a higher cost. This balance between estimator ac-
curacy and computational efficiency is one of the fundamental themes
in stochastic optimization [12 49, [66].

Uniform mini-batching is the most common sampling rule, but
it is not the only one. Typical sampling mechanisms for finite sum
problems include:

e uniform sampling, where each component or subset has the same
probability of being selected;

e sampling without replacement, where repeated selection within
the same batch is excluded;

e stratified sampling, where data are partitioned into groups and
each group is sampled separately;

e importance sampling, where index i is selected with probability
p; > 0 and the estimator is reweighted accordingly.

For example, under importance sampling one may use

1
Np

g = szk(l‘k), (3.12)

(25
where i, is drawn from {1,..., N} according to probabilities p;. With
the correct scaling, the estimator remains unbiased, while a suitable
choice of the sampling probabilities may reduce variance significantly
[12, [49].

The quality of the estimator directly affects algorithmic decisions.
In deterministic optimization, line search and globalization procedures
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rely on exact comparisons of function values and directional informa-
tion. In the stochastic setting, however, function values and deriva-
tives are random or sample-based. Consequently, even the decision
whether a step is good or not may become uncertain. Variance con-
trol is therefore not merely a technical issue: it influences the design
of acceptance tests, descent conditions, and sample size adjustment
mechanisms |23, [71].

Thesis-oriented remark. In the constrained methods studied later
in this dissertation, the sample size is not just a computational param-
eter. It becomes part of the acceptance logic itself. For this reason,
estimator quality and adaptive sample selection are more relevant here
than a broad catalog of general-purpose sampling rules.

3.4 Stochastic First-Order Schemes and
Variance Control

The most basic stochastic optimization method is stochastic gradient
descent. In its simplest form, it updates the iterate by

Tp+1 = Tk — QgGk, (3-13)

where g, is a stochastic estimator of the gradient. In the unconstrained
case, this is the direct stochastic analogue of gradient descent. In con-
strained settings, projection or proximal correction is usually added,
which will be discussed later [49, [60, [66], [70].

The attractiveness of stochastic gradient methods lies in their very
low per-iteration cost. Their main drawback is that estimator variance
typically does not vanish automatically, so the iterates may continue
to oscillate near a solution unless the step sizes are chosen carefully
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or additional variance control is introduced. This observation moti-
vated a wide range of methods based on larger batches, variable metric
updates, variance reduction, or hybrid deterministic-stochastic phases
[12, 13, [49] 68].

For the purposes of this dissertation, however, variance control
is relevant primarily because it affects the reliability of local model-
ing and step acceptance in constrained finite sum optimization. The
main algorithms studied later are not built around classical variance-
reduction schemes as their central mechanism. Instead, the crucial is-
sue is how sampled information enters penalty terms, projected steps,
and acceptance tests. Accordingly, this chapter does not attempt to
provide a broad survey of all first-order stochastic algorithms, but
retains only the conceptual point that estimator variability must be
controlled if one wants stochastic approximations to support reliable
globalization mechanisms [23, [45] [49] 66].

3.5 Adaptive Sample Size, Additional
Sampling, and Stochastic Step Accep-
tance

A central issue in stochastic optimization is that the quality of the
information used at each iteration depends directly on the sample
size. If one insists on using the full sample throughout the entire
optimization process, then the resulting method may be accurate but
unnecessarily expensive, especially in the early stages when the iterates
are still far from stationarity. On the other hand, if one relies only on
very small samples, then the objective and derivative approximations
may be too noisy to support reliable step computation and acceptance
decisions. This trade-off motivates the use of variable and adaptive
sample size strategies [32], 36], B8, 43, 59].
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The underlying principle is that optimization accuracy and sam-
pling accuracy should be balanced rather than treated separately.
When the current point is still far from a solution, a crude approxi-
mation of the objective is often sufficient, since the dominant source
of error is the optimization error itself. As the method approaches a
stationary point, however, the quality of the sample-based model be-
comes increasingly important, and larger samples are needed in order
to prevent the algorithm from making decisions on the basis of un-
reliable information. In this sense, adaptive sampling can be viewed
as a mechanism that coordinates computational effort with the level
of accuracy actually required by the current stage of the optimization
process [32, [36, [38], 47].

It is useful to distinguish between wvariable sample size, adaptive
sample size, and additional sampling. A variable sample size method
allows the number of sampled components to change with the iter-
ation index. An adaptive sample size method goes one step further
and updates the sample size according to quantities computed during
the algorithm, such as progress indicators, stationarity measures, or
estimates of sampling error. Additional sampling, in turn, refers to
the use of a second sample, drawn after a trial point has been gener-
ated, whose role is not to define the step itself but to verify whether
the proposed step behaves satisfactorily on information independent
of the primary sample. This idea is central to the ASPEN and AS-
BOX methods developed in this dissertation [41], [42]; related sampling
strategies can be found in [23] [39, [40} [45], 46].

Early variable sample size line search methods already showed that
it is inefficient to keep approximation accuracy fixed throughout the
entire optimization process [32], 36, B8, 59]. In such frameworks, the
sample size is enlarged when the observed decrease becomes too small
relative to the estimated inaccuracy of the current approximation.
This idea is particularly natural in nonmonotone line search settings,
where one seeks sufficient decrease only with respect to a local refer-
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ence level instead of insisting on monotonic descent at every iteration
[22, 130}, [75]. In stochastic environments, however, such a logic becomes
considerably more delicate, because both the search direction and the
acceptance test are affected by sampling noise [23], [71].

A useful way to describe this balance is through two quantities of
different nature. One is an indicator of optimization progress, which
may take the form of a predicted decrease, a stationarity measure, or
a merit reduction associated with the current sampled model. The
other is an indicator of sampling uncertainty, which may be based on
confidence intervals, variance proxies, or estimates of the error induced
by the current sample size. The guiding principle is simple: if the
observed progress is large compared with the sampling uncertainty,
then the current approximation is considered informative enough and
the sample size may be kept unchanged; if the progress becomes small
relative to sampling error, then the sample should be enlarged, because
the method is approaching the limit of what can be reliably inferred
from the current model [32, 36, 38, 59].

This observation leads naturally to the notion of additional sam-
pling. Suppose that a trial point is computed using a primary sample
that defines the approximate objective, gradient, or local model. A de-
crease test based solely on that same sample may be overly optimistic,
since the trial point was constructed precisely to perform well with re-
spect to that approximate model. To reduce this bias, one may draw
a second independent sample and use it as a control mechanism. The
trial point is then accepted only if it also exhibits satisfactory behavior
on this control sample. In this way, additional sampling strengthens
the reliability of the acceptance criterion without requiring full sample
evaluations at every iteration |23, [39] 40, 411, 42} [45], 46].

Additional sampling principle. Suppose that a trial point zj is
generated using a primary sample. The method is said to employ addi-
tional sampling if, after ; has been computed, an auxiliary sample is
drawn and used to verify whether the trial point satisfies a prescribed
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acceptance condition on information independent of the primary sam-
ple.

From an algorithmic point of view, additional sampling plays two
important roles. First, it improves robustness: a step that appears
favorable only on the sample that generated it may fail on an indepen-
dent control sample and can therefore be rejected. Second, it helps
address a fundamental dependence issue in stochastic globalization
procedures. In line search and trust-region frameworks, the sampled
model, the trial step, and the function values at the trial point are
otherwise strongly coupled. By introducing an auxiliary independent
sample after the trial point has been formed, one can partially decou-
ple these quantities and recover convergence analyses that are closer
in spirit to deterministic arguments [23], 39]. A particularly attractive
feature of this idea is that the control sample can remain very small,
so the additional cost is modest compared with the gain in reliability
|40, 41, [42], [45], 146].

The same philosophy has proved useful in several constrained
settings that are directly relevant to this dissertation. In equality-
constrained stochastic optimization, adaptive sampling has been com-
bined with penalty techniques so that both the approximation quality
and the strength of feasibility enforcement are adjusted as the iter-
ates approach a feasible stationary point [37, 42 47]. In projected
methods for finite sum problems with simple constraints, additional
sampling has been used together with nonmonotone descent tests in
order to determine whether a projected trial step should be accepted
on the basis of independent sampled information [40, 41], 44]. Related
ideas have also been incorporated into second-order, trust-region, and
proximal stochastic frameworks [23, [39] 45|, 46].

A recurring conclusion in these works is that adaptive sampling
should not merely reduce cost locally, but must eventually enforce suf-
ficient accuracy. In bounded finite sum settings, this often means that
the full sample is reached after finitely many iterations, so that the
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method ultimately behaves like a deterministic algorithm applied to
the target finite sum problem [36], 38, 40, [41]. In general expectation-
based or general sample settings, the corresponding statement is that
the effective sample size tends to infinity, which drives the approxi-
mation error to zero and supports convergence toward stationary or
feasible stationary points [32] [47, [44] [65].

For the purposes of this dissertation, adaptive sample size and ad-
ditional sampling are therefore not auxiliary implementation details,
but structural ingredients of the methods studied later. They pro-
vide a principled way to combine cheap approximate models with reli-
able acceptance mechanisms, and they are particularly valuable when
stochastic approximations must be reconciled with penalty terms, pro-
jected steps, or more complex constrained structures.

3.6 Constrained Stochastic Optimization

Since the main contributions of this dissertation concern constrained
finite sum models, the constrained stochastic setting deserves partic-
ular emphasis. A general formulation is

min  F(x)
TER™
s.t. h(z)=0, (3.14)
x €S,

where F' is either an expected-value objective or a large finite sum, h :
R™ — R™ denotes a system of equality constraints, and S is a simple
closed convex set, such as a box or the nonnegative orthant. This
formulation already contains the two main classes studied later in the
dissertation: finite sum problems with nonlinear equality constraints
and finite sum problems with simple bound-type constraints.
Compared with unconstrained stochastic optimization, the con-
strained case is substantially more difficult. First, feasibility must
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be controlled simultaneously with descent. Second, the relevant
stationarity conditions involve both the objective function and the
constraints, so stochastic errors propagate through the coupled sys-
tem rather than through the single gradient expression. Third,
globalization mechanisms such as line search or trust-region accep-
tance must assess not only predicted decrease, but also the effect
of a step on feasibility or on a merit-type quantity. These features
explain why constrained stochastic optimization generally requires
more structure than basic unconstrained stochastic gradient methods
[4, 241, 50, 541 [73].

A first important subclass is formed by equality-constrained
stochastic and finite sum problems. In this setting, one may pursue
feasibility either indirectly through penalty or augmented Lagrangian
terms, or directly through local constrained models of SQP type.
Penalty formulations replace the constrained problem by an uncon-
strained or simply constrained one expressed as

D(ai ) = Fla) + Slh()]3, (3.15)

so that feasibility is enforced progressively through the penalty pa-
rameter p [177, B3], 42], 47, [73]. This viewpoint is particularly attrac-
tive when combined with adaptive sampling, since the algorithm may
simultaneously improve the fidelity of the sampled objective and the
strength of the feasibility enforcement.

A more refined alternative is provided by augmented Lagrangian
ideas, where one considers

L.(2,)) = F(z) + ATh(z) + guh(x)Hg. (3.16)

Stochastic variants of augmented Lagrangian methods update both
primal variables and multipliers using sampled or approximate deriva-
tive information. Although such approaches are theoretically rich and
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important in the broader literature [54) 55, 56, 61, 62], they are not
the main methodological focus of this dissertation and will therefore
serve primarily as related background.

A different but closely connected line of work is based on stochastic
SQP-type methods, which combine sampled gradients and Hessian
approximations with linearized constraints and local quadratic models.
A generic stochastic SQP-type subproblem takes the form

1
mdin ged+ §dTBkd s.t. de 8, (3.17)

where gr and Bj are sampled or approximate first- and second-order
quantities, and 8 is a polyhedral set representing the linearized con-
straints at the current iteration [2, 3, 4, Bl 20, 21, 24, [54]. These
methods are highly relevant as comparative background for the present
dissertation. Even though the algorithms developed later are not clas-
sical stochastic SQP methods in the strict sense, they share the same
broad concern with local modeling, feasibility control, and globaliza-
tion based on approximate information.

A second important subclass is formed by stochastic problems
with simple convexr constraints, especially box and nonnegativity con-
straints. In such settings, projected stochastic gradient methods and
related proximal schemes provide natural baseline approaches, since
projection onto the feasible set is computationally inexpensive. The
basic projected update has the form

Ti1 = s (T — gi), (3.18)

where 7g denotes the Euclidean projection onto S [10], 25 [74]. In the
present dissertation, however, the main interest is not in projection
alone, but in projection combined with adaptive sample size rules,
nonmonotone acceptance criteria, and additional sampling |40}, [41], [44].
These ingredients are particularly useful in finite sum settings, where
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one wishes to preserve the low cost of mini-batches while still making
reliable acceptance decisions.

Other constrained stochastic approaches include interior-point and
conditional-gradient techniques. Interior-point ideas are attractive for
smooth constrained problems because they handle feasibility through
barrier terms and preserve a rich local structure [17, 18]. Conditional-
gradient or Frank—Wolfe-type methods avoid projections and instead
rely on linear minimization over the feasible set, which can be advan-
tageous for certain convex constrained problems [57]. Although these
classes are relevant in the wider literature, they are not central to the
present thesis and will not be developed in detail.

Another useful viewpoint is provided by local model methods.
Even when the final algorithm is not formulated explicitly as an SQP
method, it may still share the same conceptual components: a model
of the objective, an approximate treatment of the constraints, and an
acceptance test based on descent, feasibility, or merit reduction. This
observation is important for understanding the methods developed
later in the dissertation. The proposed algorithms are closer in spirit
to penalty and projection frameworks with adaptive sampling, but
they belong to the broader family of constrained stochastic optimiza-
tion methods that seek to balance local model accuracy, computational
efficiency, and feasibility control.

For this dissertation, two points are especially important. First,
constrained finite sum optimization is the natural setting in which
sample-based globalization mechanisms become most meaningful,
since the algorithm must balance descent, feasibility, and estimator
reliability at the same time. Second, the later chapters do not attempt
to cover the full spectrum of constrained stochastic optimization meth-
ods, but focus on two specific and coherent lines: equality-constrained
finite sum methods treated through penalty-based ideas, and box- or
nonnegativity-constrained finite sum methods treated through pro-
jected steps enhanced by adaptive and additional sampling.
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3.7 Remarks Specific to the Dissertation
Setting

Although stochastic optimization is a broad and rapidly developing
field, the present dissertation does not require an equally broad survey.
The central objects in the later chapters are constrained finite sum
problems, especially:

e cquality-constrained finite sum models treated through penalty-
type formulations, adaptive sample size rules, and additional
sampling;

e simple convex constrained finite sum problems, particularly box
and nonnegativity constraints, treated through projection-based
ideas enhanced by nonmonotone acceptance criteria and addi-
tional sampling.

For this reason, the following aspects of the general literature on
stochastic optimization problems are particularly important and rele-
vant for the present dissertation:

1. the expected-value and finite sum formulations of stochastic ob-
jectives;

2. the Sample Average Approximation principle and the interpre-
tation of large finite sums as empirical surrogates;

3. the use of mini-batches and variable sample sizes as a mechanism
for balancing cost and accuracy;

4. the notion of stochastic estimators and the role of estimator
quality in step computation and acceptance;

5. the difficulty of extending classical deterministic globalization
mechanisms to noisy or sampled settings;
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6. the use of additional sampling when the acceptance of a step
cannot be decided reliably from the primary sample alone;

7. the constrained viewpoints based on projection, penalty terms,
and local model subproblems.

By contrast, topics such as distributed implementations, asyn-
chronous communication, or an extensive catalog of variance-reduced
first-order methods are not essential for the aims of this dissertation
and may therefore remain in the background. This selection reflects
the methodological focus of the dissertation.



Chapter 4

Problem Formulation and
Research Motivation

This chapter establishes the general optimization setting considered
throughout the dissertation and explains the reasons for focusing on
the two constrained problem classes studied later. The models of in-
terest arise in large-scale environments in which the objective function
is formed either as a mathematical expectation or as a finite sum of
many component functions. At the same time, the decision variables
are often subject to explicit restrictions expressing feasibility, physical
admissibility, or structural relations among the unknowns. The com-
bination of large-scale objective structure and constraints is therefore
the central mathematical setting of this thesis.

The presentation in this chapter has three purposes. First, it in-
troduces the constrained finite sum and stochastic models that pro-
vide the common basis for the subsequent developments. Second, it
places these models in the context of representative applications in
which large datasets, uncertainty, or repeated simulations make ex-
act full sample computations impractical. Third, it fixes the notation
and standing assumptions used later in the theoretical and numerical
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analysis. Although the equality-constrained and bound-constrained
settings lead to different algorithmic realizations, they are both rooted
in the same sampled optimization framework, and it is therefore nat-
ural to introduce them within a unified chapter.

4.1 Research Motivation and Problem
Classes

A large number of contemporary optimization problems are driven by
data and characterized by scale. For problems of this type, the ob-
jective function is rarely ordered as a single closed expression of mod-
erate cost. Much more often, it is assembled from many elementary
contributions, each linked to one observation, one scenario, or one sim-
ulation output. This naturally leads to finite sum and expected-value
formulations, which now play a fundamental role in machine learning,
statistical estimation, inverse problems, and decision-making under
uncertainty [16, 49, 66, [68)].
The first class of problems we are interested in consists of equality-
constrained optimization problems of the form
min f(z), where S :={z € R" | h(z) = 0}, (4.1)

zeS

and xr € R" represents the vector of decision variables. Set S C
R™ is a simple feasible set, and A : R™ — R™ represents nonlinear
equality constraints. When randomness enters through data, noise, or
uncertain scenarios, the objective often takes the form

f(x) = E[f(z;€)], (4.2)
with ¢ denoting a random vector and f(x;€) the loss associated with
one realization. This formulation is particularly natural when perfor-
mance is evaluated in expectation over a population or over future
uncertain outcomes [49, (65, [66].
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In many situations, however, one works with a finite dataset or
with a finite family of scenarios. This finite-sum setting is the one
adopted in this dissertation for both types of constrained optimiza-
tion problems considered later: equality-constrained problems and box
constrained problems. The objective function then becomes

f@) =+ file), (4.3)

or, more generally,

flz) = Zwifi(x), w; > 0, Zw =1 (4.4)

The first expression (4.3) corresponds to the unweighted case, while
the second allows unequal influence of the component functions.
Both formulations are useful in practice. The unweighted model is
the standard empirical form in learning and fitting problems, whereas
the weighted variant is appropriate when local contributions must be
rebalanced according to importance, reliability, or frequency [32} [59).

The central mathematical objects of this dissertation belong to two
subclasses of constrained finite sum optimization.

The first subclass is formed by nonlinear equality-constrained prob-
lems, which arise when the variables are linked by exact relations,
balance laws, normalization requirements, or other structural equa-
tions that must be respected by admissible solutions. The presence of
equality constraints fundamentally changes the geometry of the prob-
lem: progress cannot be judged only by reduction of the objective,
but must also account for the extent to which the iterate satisfies the
imposed relations. In the later chapters, this class is treated through
penalty-based mechanisms coupled with sampled approximations and
adaptive control of the sampling process [42, 47, [73].



90 Problem Formulation and Research Motivation

The second subclass is formed by bound-constrained problems,

min f(x), (4.5)
with

Here, the lower and upper bounds are allowed to be infinite, with
l; € RU{—o0} and u; € RU{+o0o} fulfilling [; < wu, foralli=1,...,n.
This formulation flexibly accommodates one-sided constraints or un-
constrained variables within the same framework. A particularly im-
portant special case is obtained when only nonnegativity is imposed:

min f(z). (4.7)
Problems of this kind are especially relevant when the variables rep-
resent physically interpretable quantities, proportions, intensities, or
coefficients whose admissible range is known in advance. In this set-
ting, projection becomes a natural algorithmic tool, since it provides a
direct way to preserve feasibility while still allowing the use of sampled
descent information [10, 25, 4T].

The motivation for studying these two problem classes together is
not only thematic, but also methodological. Although the treatment
of equality constraints and bound constraints relies on different opti-
mization devices, both settings raise the same core challenge: exact
function and derivative information is often prohibitively expensive
when the objective contains a very large number of terms. As a conse-
quence, one is led to work with sampled approximations whose quality
must be balanced against their computational cost [23], 36, [38].

To illustrate this point, consider the full gradient of the finite sum
objective,

Vi) = 5 3 Vh@), (4.8)
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When N is large, the formation of V f(z) at every iteration may dom-
inate the entire computational effort. A standard alternative is to
replace it with a mini-batch approximation

G = % > Vi), (4.9)

where By C {1,..., N} is a sampled subset of indices. Likewise, if
the original objective is expressed in expectation form, then a finite
sample may be used to define a Sample Average Approximation,

F(z) = %Zf(xséj). (4.10)

In both cases, the computational gain obtained by using only part of
the available information is accompanied by a loss in accuracy. The
resulting estimators are cheaper to compute, but they are also noisier,
and this affects not only the search direction but also the reliability of
step acceptance and descent tests [32, [36, [64], [72].

4.2 Application Settings and Modeling
Motivation

The optimization models studied in this dissertation are not intro-
duced for their formal structure alone. They arise naturally in ap-
plications where three features appear simultaneously: the objective
function is built from many local contributions, the dimension of the
problem is sufficiently large that full evaluations are expensive, and
the decision variables are subject to explicit constraints expressing
feasibility, admissibility, or structural relations. In such settings, con-
strained finite sum and stochastic formulations are not exceptional
cases, but rather standard modeling tools.
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A first important source of such problems is supervised learn-
ing and statistical estimation. If &,...,&y denote observations and
xr € R" is vector of model quantities, then the standard empirical
formulation is

N
miy >t &) + ), (4.11)
where £ is the loss associated with one sample and r is a regulariza-
tion term. This is the typical finite sum structure behind empirical risk
minimization. In many models, the set S is not the whole space. Box
restrictions may be introduced to control the magnitude of parameters,
to enforce robustness or interpretability, or to reflect implementation
limits, while nonnegativity appears whenever the parameters repre-
sent rates, weights, intensities, or proportions. In more structured
formulations, one may also impose explicit side constraints,

N
Iglelgl % ZZI Ux; z;) +r(x) subject to  h(z) =0, (4.12)
which leads directly to constrained finite sum optimization. This point
of view is especially relevant in large-scale machine learning, where
optimization is inseparable from the statistical model itself and mini-
batch approximations are essential because full-gradient computations
are often too expensive to repeat throughout the entire run [19, [49] [68)].

A closely related modeling perspective appears when one works not
with a fixed dataset, but with an underlying data-generating mecha-
nism. In that setting, the problem is naturally written as

min E[f(5: )], (113

possibly together with additional constraints. This formulation is ap-
propriate in online learning, stochastic training, and data-driven de-
cision problems in which observations are viewed as realizations of a
random vector & (|65} 66], [72]).
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Another broad class of examples is provided by inverse problems
and reconstruction models. Here the variable = often represents a
physical quantity that must satisfy basic admissibility conditions. A
typical model has the form

1 9
min o || Az — [ + p(z), (4.14)

where A is an observation or degradation operator, y denotes measured
data, and p is a regularization term promoting a desired structure of
the solution. In imaging, spectroscopy, deblurring, and related prob-
lems, nonnegativity is especially common because intensities, densi-
ties, or concentrations cannot take negative values. More generally,
box constraints may encode physically meaningful ranges of admissi-
ble solutions. In that context, projected methods are natural because
feasibility can be maintained explicitly, while sampled approximations
allow the method to scale to large data regimes [10], 25] [41].

Scenario-based decision models form another setting in which the
same mathematical structures appear in a particularly transparent
way. If a decision must perform well across many realizations of an
uncertain environment, then one typically evaluates it through a sce-
nario aggregate,

| X
min - Y o), (4.15)
=1

or, at the population level, through an expected loss. Such models
occur in risk-aware optimization, transport, allocation, and various
forms of decision-making under uncertainty. Constraints are again
indispensable: they encode budgets, capacities, or admissibility of the
decisions.

Constrained optimization under uncertainty is also central in en-
gineering and scientific computing. In these settings, equality con-
straints often represent the most important part of the model, because
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they encode exact system relations rather than optional side condi-
tions. A representative example is model predictive control, where at
each decision epoch one solves a constrained optimization problem of
the form

V-1
min Z€($U7UU> +90('TV>
UQ ey WY — 1
v=0 (4.16)

subject to x4 = F(zy,u,), v=0,...,V =1,
T, €85, u, €U

The dynamic equations act as equality constraints, while the sets S
and U impose operational limits. In large-scale or uncertainty-aware
variants, the associated objective may again involve many scenarios,
samples, or repeated evaluations. This explains why modern con-
strained stochastic optimization methods increasingly combine local
modeling with sampled objective information, both in line search and
in trust-region settings |18, 24] 54].

These application classes clarify the modeling logic behind the dis-
sertation. The first class of methods developed later is tailored to
problems where the decisive structural feature is the presence of non-
linear equality constraints. Such constraints are not merely technical
complications; they encode exact relations that must be respected
while the objective is minimized using sampled information. The sec-
ond class is motivated by situations in which feasibility is naturally
described by simple convex sets, especially boxes and the nonnegative
orthant. In that case, the main challenge is to combine inexpensive
feasibility preservation through projection with stochastic or finite sum
information that is only partially observed at each iteration.

From this perspective, the emphasis on nonlinear equality con-
straints and simple bound constraints is not restrictive, but deliber-
ate. These two classes are broad enough to include representative
models from machine learning, reconstruction, scenario optimization,
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and control, yet sufficiently structured to permit rigorous convergence
analysis and computationally viable algorithms. They also expose a
common methodological question that runs through the dissertation:
once the objective function is large-scale, progress must be assessed
not only in terms of descent, but also in terms of how much infor-
mation is actually needed to make a reliable constrained optimization
decision. That is precisely why sampled models, adaptive sample sizes,
and additional sampling become essential ingredients of the methods
studied in the subsequent chapters.

4.3 Sampled Models, and Standing As-
sumptions

In the sequel, we introduce some additional notation, finite-sum mod-
els defined on subsamples, and several key assumptions used in the
subsequent parts of the dissertation.

The index set of the full finite sum problem is

N:={1,2,....N}. (4.17)

At iteration k, the subset N, C N denotes the primary sample used
to construct approximate objective and gradient information. In ad-
dition, D € N denotes an auxiliary sample used in adaptive or addi-
tional sampling procedures. Their sizes are denoted by

For the unweighted finite sum model, the sampled objective asso-
ciated with Ny is defined by

S () = A > filw), (4.18)
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and the corresponding sampled gradient is

V f (2) = Nik S Vi), (4.19)

1€Ng

Similarly, the auxiliary sample defines

o, () = Dik > filw). (4.20)

i€Dy,

This auxiliary approximation is not intended to produce the search
direction itself. Its purpose is to provide an external check of the
candidate point and thereby support acceptance decisions based on
information that is not fully tied to the sample from which the step
was constructed.

In the equality-constrained context, the later methods rely on the
quadratic penalty function

Flap) = f(x) + Sllh()]* (4:21)

where p > 0 is the penalty parameter. Replacing the exact objective
with its sampled approximation yields the sampled penalty model

P (e, ) = fu (@) + EE 1)) (4:22)

This form will be the starting point for the penalty-based algorithms
developed later for nonlinear equality-constrained finite sum problems.
In the bound-constrained framework, stationarity is characterized
through the Euclidean projection onto the feasible set S. Using the
projection formulas introduced in Section we define the projected
displacement
d(z) :=7mg(x — Vf(z)) — =z,
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which serves as the natural stationarity measure in both the conver-
gence analysis and the numerical experiments.

For equality constrained problems, first-order optimality is ex-
pressed through the Karush—Kuhn—Tucker conditions. A feasible value
x* is called a KKT point of if there exists A* € R™ such that

Vf(z*) + Vh(z*)'A\* =0, h(z*) = 0. (4.23)

The analysis carried out later rests on standard smoothness as-
sumptions. We suppose that every function f;, ¢ = 1,..., N, is con-
tinuously differentiable and bounded from below. Moreover, there is
a constant L > 0 obeying

IVfi(z) =Vl < Llilz —yll, Yo,y eR* Vi=1,...,N.

In the equality-constrained framework, we additionally assume suf-
ficient regularity of the constraint mapping.

The mapping h : R” — R™ is continuously differentiable, and the
function

o) = 5lh@)]” (1.21)

has Lipschitz continuous gradient.
To characterize convergence to first-order constrained stationary
points, we also use the Linear Independence Constraint Qualification.
At a feasible point x*, the rows of Vh(x*) are linearly independent.
The later line search and acceptance conditions will involve a pos-
itive summable sequence {g;} satisfying

Y e << (4.25)
k=0

Moreover, the auxiliary sample used in additional sampling is assumed
to be chosen independently of the primary sample from which the cur-
rent trial point is generated. In the weighted setting, we also assume
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that every local component has selection probability in the auxiliary
sample.

Finally, in the numerical part of the dissertation, the computa-
tional effort of an algorithm is measured through the quantity FEV}
(Function Evaluation Value), which records the cumulative number
of scalar products required to produce the iterate xj starting from
the initial point zy. This metric is particularly suitable in large-scale
finite sum optimization, where inner products and gradient-related
operations dominate the computational cost. It also allows a more
informative comparison of methods with different sample sizes and
therefore substantially different per-iteration workloads.

The framework introduced in this chapter provides the common
mathematical basis for the remainder of the dissertation. It identifies
the optimization models that motivate the later developments, clarifies
their application background, and fixes the notation and assumptions
under which the proposed methods are studied.



Chapter 5

Additional Sampling Method
for Equality Constraints

In this section, we consider a class of optimization problems with non-
linear equality constraints and develop the method called ASPEN (Ad-
ditional Sampling Penalty method for Equality Nonlinear constraints),
which represents one of the central methods of this dissertation. The
results presented in this section represent an original scientific contri-
bution and have been published in the paper:

e N. KrREJIC, N. K. JERINKIC, T. OSTOJIC, AND N. VUCICE-
VIC, ASPEN: An Additional Sampling Penalty Method for Fi-
nite Sum Optimization Problems with Nonlinear Equality Con-
straints, arXiv preprint arXiw:2508.02299, 2025.

Building on the general framework introduced in the previous chap-
ter, the focus here is on problems where the objective function has
a finite sum structure, while the constraints are given in the form of
nonlinear equalities. The main idea of the method is to alleviate the
high computational cost of large-scale problems by means of adaptive
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sampling, while at the same time preserving the relevant theoretical
and practical properties of the algorithm.
5.1 Problem formulation

Using the definition stated earlier, the problem considered here is of
the form

N
1
mxin fx) = N ;fl(m), subject to  h(x) =0, (5.1)
where the local objective functions f; : R" - R, i =1,..., N, as well

as the constraint mapping h : R® — R™, are continuously differen-
tiable. Thus, we consider a problem in which the overall objective
function is obtained by aggregating a large number of local cost func-
tions, while feasibility is determined by nonlinear equality conditions.

Although the general theoretical framework has already been in-
troduced in the previous chapter, in the case of equality constraints
it is natural to rely on a penalty-based approach. Instead of working
directly with the constrained problem, one introduces an appropriate
penalty function in which constraint violation is incorporated into the
objective function by means of a penalty parameter. Such an approach
is particularly suitable in the finite sum setting, since it enables the
construction of an algorithm relying on sample-based approximations
of the objective function and its gradient, while avoiding explicit pro-
jection steps that may be computationally expensive.

In this sense, ASPEN is conceived as a first-order method that
combines adaptive sampling, penalization, and additional sampling,
where the acceptance of a candidate point and the possible increase of
the sample size are determined on the basis of information obtained
from an independent additional sample.
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From the perspective of the dissertation’s contributions, this ap-
proach provides a transition from the general theoretical framework to
a concrete algorithm designed for nonlinear equality-constrained prob-
lems. Accordingly, in the remainder of this section, we first introduce
the penalty formulation of the problem, then construct the ASPEN al-
gorithm, and finally analyze its convergence properties and numerical
behavior on appropriate test problems.

5.2 ASPEN algorithm

The method introduced in this section — ASPEN — belongs to the
class of first-order methods, meaning that only the objective function
and its first-order derivatives are assumed to be available. In what
follows, we present the necessary framework and the description of
the algorithm itself.

As a basis for approximating the objective function, we use the
standard Sample Average Approzimation (SAA) construction. More
precisely, at iteration k we consider a subset of indices N, C N :=
{1,2,..., N}, where Nj := |Ng|, and define the approximation of the
objective function and its gradient by

P () = Ni S hE), Vi) ==Y Vi@, (62)

1€NE 1EN

Thus, the same sample Ny, is used both for approximating the objective
function and for approximating its gradient. This choice simplifies the
construction of the algorithm and ensures that at each iteration one
has a consistent description of the local model of the problem. At the
same time, we emphasize that the choice of the sample N, remains
arbitrary, that is, no special restrictions are imposed on the sampling
strategy within the construction of the method. This leaves room
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for different implementation variants, depending on the nature of the
problem and the available computational resources.

ASPEN is based on a penalty approach. Instead of solving the
constrained problem directly, an unconstrained problem of the form
mingegn F'(x, 1) is considered, where a quadratic penalty function as-
sociated with the original problem is introduced and defined by

Fle,p) = f(2) + SR(@)]? = f(2) + pa(a).

Here, 11 > 0 is the penalty parameter, while ¢ denotes the constraint
violation function , defined by the squared norm of the constraint
mapping. In other words, the term ||2(x)||* measures how far away the
current point is from the feasible set, whereas the penalty parameter
determines how strongly the algorithm enforces the reduction of this
violation.

Since the algorithm uses a subsampled objective approximation,
the corresponding approximate penalty function is introduced as

P (e, ) = (@) + S I0(@)]1,

where py denotes the value of the penalty parameter at iteration k.
The gradient of this function with respect to the variable x is

g = VFNk (Qﬁk, uk) = ij\fk (ZEk) + ,uth(xk)Th(xk) (53)

It is important to emphasize that only the part originating from the
objective function is subsampled, whereas the constraint h(x) and its
derivative are computed exactly. The reason for this is twofold. On
the one hand, the objective function has a finite sum structure, and
this is precisely where the dominant computational cost appears, so
subsampling is both the most natural and the most beneficial in that
part. On the other hand, the constraints typically do not have the
structure of a large sum and are usually of much smaller dimensional
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or structural complexity, so their exact computation does not repre-
sent the main computational bottleneck. In this way, the algorithm
retains reliable information about feasibility, while computational sav-
ings are achieved where they are most needed — in the evaluation of
the objective function and its gradient.

Since we work with approximate functions, a monotone line search
may be too restrictive and, in practice, often inefficient. For this rea-
son, we introduce a nonmonotone Armijo-type line search with respect
to the approximate penalty function. The search direction is taken as
the negative gradient of the penalized approximation,

Pk = — 3Gk,

and then the step size «; is determined by a backtracking procedure
so that

P (wr + copi, p) < g (T, fie) + mQgi pr: + €, (5.4)

where n € (0, 1) is a line search constant, and the sequence {¢j }ren is
a sequence of positive summable numbers, i.e.,

[e.@]
E € < OQ.
k=0

The role of the term ¢ is to allow controlled nonmonotonicity: the
algorithm does not require strict decrease at every iteration, but rather
permits small oscillations, which are natural and often useful in a
stochastic environment. After the line search procedure, the candidate
point is defined by

Tk = T + QpDk,

and is then subjected to an additional test.
Depending on the behavior of the sample size throughout the it-
erations, ASPEN may operate in two regimes. The first regime is
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the mini-batch (MB) regime, in which N, < N throughout the whole
optimization process, meaning that the algorithm always uses only a
subset of the data. The second regime is the full sample (FS) regime,
in which for sufficiently large k£ one has N, = N, so the algorithm
switches to the full sample and then behaves as a deterministic first-
order penalty method. Intuitively, the MB phase is responsible for
computational efficiency and adaptivity, since it enables inexpensive
iterations in the early stages of optimization, while the FS phase, if
reached, provides more accurate behavior near stationary points of the
penalized problem. For this reason, the transition between these two
phases is one of the key structural features of the method.

If at iteration k the method is in the FS regime, that is, if Ny = IV,
then one sets N, = N and the candidate point is accepted without
any additional test, i.e., 541 = Tj. Since the sample size sequence
is nondecreasing, in this phase the algorithm essentially behaves like
a deterministic penalty method: one approximately solves the min-
imization problem for the penalty function with fixed ug, and once
the norm of the gradient becomes sufficiently small, the penalty pa-
rameter is increased and the next penalized subproblem is considered.
Nevertheless, it should be kept in mind that the entire sequence of
iterates remains stochastic, since the moment at which the method
switches to the full sample depends on the previous random course of
the algorithm.

The essential novelty of ASPEN lies in the MB phase. When N, <
N, after the candidate point has been computed, an additional test of
its qualitative acceptability is performed by means of an independent
additional sample D, C N. This additional sample is, in general,
small, selected randomly and without replacement, and serves to verify
whether the candidate point is sufficiently good from the perspective
of new, independent information about the objective function. In this
way, the risk is reduced that a step is accepted merely because it was
favorable for the particular main sample Ny, but not for the problem
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as a whole.
On the additional sample, we define the function

Fo (o) i= - 3 file) + 2 (@)

1€Dy,

where Dy := |Dy| < Ni. One then checks whether the following
condition holds:

FDk (ika ,uk) < FDk (xk’v :uk) - CHVFDk (xka :uk)HQ + C€k> (55)

where ¢ > 0 and C' > 0 are constants, with C' possibly large. If this
condition is satisfied, the candidate point is accepted. Otherwise, the
step is rejected and the method remains at the point x.

This additional test plays a dual role. First, it serves as the ac-
ceptance criterion for the candidate point, since it evaluates whether
sufficient progress has been achieved with respect to an independent
additional sample. Second, it simultaneously governs the update of
the main sample size. If condition is satisfied, the current ap-
proximation level is regarded as sufficiently accurate, and the same
sample size is retained in the next iteration. If the condition is not
satisfied, it is concluded that the current sample is not sufficiently
representative, and the sample size is increased to some value

Niyr € {Np+1,...,N}.

It is important to emphasize that this increase is arbitrary, which gives
the algorithm additional flexibility and allows it to adapt to different
types of problems. Thus, additional sampling in ASPEN simultane-
ously controls both the acceptance of the point and the growth of the
sample size, which is one of the key ideas of the method.

In the MB phase, the penalty parameter is updated according to
the constraint violation measure ||h(zy)||. If the current iterate is
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still relatively far from the feasible set, i.e., if ||h(xy)| > €, then the
penalty parameter is increased so that the algorithm more strongly
enforces progress toward feasibility. Otherwise, the penalty parame-
ter remains unchanged. In this way, a balance is achieved between
decreasing the objective function and improving feasibility.

The complete procedure is formalized in Algorithm

The logic of the algorithm can be explained as follows. First, based
on the main sample, the approximate gradient of the penalized func-
tion is formed and the search direction is determined. Then, a can-
didate point is obtained through a nonmonotone line search. After
that, an independent additional sample checks whether the achieved
progress is sufficiently representative. Depending on the outcome of
this test, the candidate point is either accepted or rejected, and the
sample size is either kept unchanged or increased. Simultaneously, the
penalty parameter is adjusted according to the level of constraint vi-
olation. In this way, ASPEN combines the efficiency of subsampling
with a controlled approach to stationarity and feasibility.

5.3 Convergence analysis

Within this subsection, we establish almost sure convergence results
for ASPEN. The analysis is naturally split according to the two regimes
in which the method may operate: the mini-batch (MB) regime, where
subsampling is used indefinitely, and the full sample (FS) regime,
where the method eventually switches to the full sample. We first
analyze these two scenarios separately and then combine the obtained
conclusions into the final convergence result.

We start by stating the basic regularity assumption under which
the subsequent analysis is carried out.
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Algorithm 2 ASPEN: Additional Sampling Penalty Method for
Equality Nonlinear Constraints

1: Input: 0 € R", Ng e N, ¢, 3 € (0,1), C, v, po > 0, {ex}32,
2: for k=0,1,2,... do

3:

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:
29:
30:

if N, < N then
Choose N, CN
else
Set N, =N
end if
Calculate pp = —gi, via ((5.3)
Find the smallest j € Ny such that oy = 37 satisfies
Set Ty = og + agpr
if N, = N then
Set 11 =Ty
if |[VFx, (zx, )|l < ;- then
Set pig+1 = Yhr

else
Set pur+1 = puk
end if
else
Choose D € N randomly and uniformly, without replacement
if holds then
Set 11 =T and Ngi1 = N
else

Set xx4+1 = x and choose Niiq € {Np+1,...,N}
end if
if ||h(zk)|| > € then
Set pt1 = Yiuk
else
Set pp1 =
end if
end if

31: end for
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Assumption A 1 The functions f;, i = 1,...,N, are bounded from
below and continuously differentiable with L-Lipschitz continuous gra-
dients. Moreover, the constraint violation function q is continuously
differentiable with L-Lipschitz continuous gradient.

Assumption [I] plays a key role in the analysis. First, the lower
boundedness of the local cost functions excludes the possibility of an
unbounded decrease of the objective values and therefore makes a
descent-based argument meaningful. Second, the Lipschitz continuity
of the gradients is the standard required smoothness property that
allows one to control the local behavior of the sampled penalty func-
tions by means of the descent lemma. In particular, it guarantees that
the backtracking line search doesn’t reduce the step size indefinitely,
but instead yields a strictly positive lower bound on the accepted step
length. This property is crucial in proving that every accepted step
produces a quantitatively nontrivial amount of progress.

Notice that Assumption [I] immediately implies that every sam-
pled function fy, is also bounded from below and continuously dif-
ferentiable with L-Lipschitz continuous gradient. Consequently, the
sampled penalty functions Fl, (z, ;) are bounded from below and
continuously differentiable as well. Moreover, their gradients are Lip-
schitz continuous with constant (1 + p)L. Since the search direction
is chosen as the negative gradient of the sampled penalty function, the
standard descent-lemma argument leads to the following result.

Lemma 5.3.1 Suppose that Assumption[d] holds. Then the backtrack-
ing line search defined by (5.4]) is well defined. Moreover, the accepted

step size ay, satisfies

. 26(0=mn)\ _ _
Qy, > min {1, m} =y, (5.6)
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Proof. Fix an iteration k. By Assumption (1} each sampled function
f, is continuously differentiable and has L-Lipschitz continuous gra-
dient. Since the constraint violation function ¢ also has L-Lipschitz
continuous gradient, it follows that the sampled penalty function

FNk<x7 Mk) = ka(x) + :ukq(x)

has (1 + ) L-Lipschitz continuous gradient.
Now let

gr = VEx, (zk, 1), Pk = —Gk-

Applying the descent lemma to Fy, (-, %) at the point zj in the direc-
tion pg, we obtain that for every « € [0, 1],

1+ L
Py, (1, + apr, i) < B, (T, i) + gy pr + %OﬂHPkHQ-
Since pr. = —gi, we have
gk = =gkl = —lpell?,

and therefore

1+ L
Fy, (on + api, p) < P (T, i) + (1 - ﬂa) 9r D

2
Hence, if
2(1 —n)
~ (L4 )L’
then
1_ (1 +2Mk)L >,

which yields

Py, (zr + apr, p) < P, (T, pi) + nangpk-
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Since €5, > 0, this implies the Armijo-type condition . Thus, every
step size satisfying
0 < 20—
- (1 + ,uk)L
is acceptable, which proves that the backtracking procedure is well
defined.
It remains to derive the lower bound on the accepted step. If

2(1 —n)
(I+m)L —
then o = 1 already satisfies (5.4), so ax = 1. Otherwise, the back-
tracking procedure tests the geometric sequence 1, 8, 32, ..., and since
every sufficiently small step is acceptable, the first accepted step sat-
isfies
2(1 —n)
g > f—7.
(L4 pu) L

Combining the two cases gives

Qy, > min {1,

2&1—m}7

(14 ) L

which proves the claim. O
We now turn to the MB phase of ASPEN. As is standard in

additional-sampling-based methods, we introduce the sets of “good”

and “bad” realizations of the additional sample. More precisely, let

D} denote the set of all possible realizations of Dy, at iteration k for
which the acceptance test (5.5)) is satisfied, namely

DZ_ = {Dk CN F’Dk(i‘kzaﬂk) < F@k(xkaﬂk) - CHVFDk(Ikvﬂk)HQ + Cek’}’

and let D, denote its complement, i.e.,

D]; = {Dk g N F’Dk(i‘kaﬂk) > FDk(Ik,[j,k) — CHVFDk(xkyﬂk)H? + Cék}
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The next lemma shows that if the method stays forever in the MB
regime, then after finitely many iterations the additional-sampling test
must accept all admissible additional samples.

Lemma 5.3.2 Suppose that Assumption [1| holds. If N, < N for all
k € N, then a.s. there exists ky € N such that D;, =0 for all k > k.

Proof. Since we are in the MB scenario, the sequence { Ny} is non-
decreasing and bounded above by N — 1. Hence, there exists an index
ko € N and a number N € {1,..., N — 1} such that

N, =N for all k > k.

In other words, if the full sample is never attained, then the mono-
tonicity of the sample size sequence forces it to stabilize after finitely
many iterations. This simple observation is the starting point of the
contradiction argument below.

Assume now, aiming for contradiction, that the statement of the
lemma is false. Then there exists an infinite set of indices KX C N such
that

D, #0 for all k € K.

Without loss of generality, we may also assume that K C {k €
N : k& > ko}, so that N, = N for every K € K. The condition
D, # 0 means that, at each iteration k¥ € K, there exists at least
one admissible realization of the additional sample that violates the
acceptance condition (}5.5)).

Now observe that, for each k € K, the size of the additional sample
satisfies 1 < D, < N, = N. Since the full index set N is finite,
there are only finitely many subsets of N of cardinality at most N.
Therefore, the family of all admissible realizations of Dy that may
occur for indices k € K is itself finite. Since the additional sample
is chosen randomly and uniformly from the admissible family at each
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iteration, every admissible realization has strictly positive probability.
Taking the minimum over a finite collection of positive numbers, we
conclude that there exists a constant ¢ > 0 such that

P(Dr € Dy)>q  forallke K.

By independence of the additional samples across iterations, the
probability that all these infinitely many tests are successful is
bounded by

P(D,eDf, ke K)< [[(1-g) =0.

keK
Hence, a.s. there exists an iteration k& € K such that
ch € 'Dlg

According to ASPEN, this implies that the sample size must be
increased at iteration k, that is,

N];+1>N];=N.

But this contradicts the stabilization property N, = N for all k > k.
Therefore, the assumption was false, and the conclusion follows. [

Lemma has a clear intuitive meaning: if the algorithm re-
mains forever in the MB regime, then the current sample size must
eventually become sufficiently informative so that the additional-
sampling test accepts every admissible auxiliary sample. In other
words, once the sample size stops changing, the quality test can no
longer keep failing.

The next lemma shows that the additional-sampling acceptance
condition eventually implies a descent inequality for the full penalty
function, even though the algorithm keeps operating with subsamples.



5.3 Convergence analysis 113

Lemma 5.3.3 Suppose that the assumptions of Lemma hold.
Then, a.s., the following inequality holds for all k > ky:

F(apin, ) < Fag, ) — c|[VF(zg, ) |I” + Cey.

Proof. By Lemma , a.s. we have D = 0 for all & > k;. Hence,
for all sufficiently large k, the acceptance condition is satisfied for
every admissible realization of the additional sample. In particular,
the candidate point is accepted, so that

Tl = Ty for all k& Z kl.

We now pass from the additional-sampling inequality to inequali-
ties involving the individual local penalty functions. The key obser-
vation is that, once every admissible additional sample is accepted,
no local component can violate the corresponding decrease condi-
tion. Otherwise, one could construct an admissible additional sample
built around such a violating component, contradicting the fact that

D, = 0.
Therefore, for each 7 € N and each k > ki, we obtain

(i1, i) < Fi(wg, i) — || VE(@g, ) ||* + Cex, (5.7)

where "
Fie, i) = i) + 22 )]
Summing (5.7]) over ¢ = 1,..., N and dividing by N, we get

N
1
F(psn o) < Faw ) = e > IV FE @k, m) > + Cer. (5.8)
i=1

Finally, by convexity of the squared norm,
2

N
1
< Nz IV E (g, ) |1

=1

| X
NZVFZ'@’“'“’“)

=1

IV F (2, o) |* =
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Combining this estimate with (5.8)) yields
F(2pg1, k) < F(xp, ) — ¢ VF (2, ) |1? + Ceg,
which proves the claim. 0

Before stating the next theorem, let us denote by E () and
Ers(-) the conditional expectations with respect to all sample paths
of ASPEN that fall into the MB and F'S scenarios, respectively. Sim-
ilarly, we denote by Py/p(+) and Prg(-) the corresponding conditional
probabilities.

We now prove that, in the MB scenario, the norm of the gradient
of the full penalty function converges to zero almost surely.

Theorem 5.3.1 Suppose that Assumption |1 holds and that the se-
quence {xy}ren generated by ASPEN is bounded. Then

Pus (lch_g)lo VF(xk, ) = O> =1.

Proof. Since we restrict attention to sample paths belonging to the
MB scenario, Lemma implies that, a.s., for every [ € N,

-1 -1
F(ky 0, iy 41) < F(@ry i) =€ Y IV @k a0 1) 1P HC D ey
=0 =0

The boundedness of the iterates ensures that the values of the
penalty function along the generated sequence remain controlled from
below, while the summability of {e;} implies that the cumulative er-
ror term is finite. Therefore, after taking the conditional expectation
Eprp(-) and letting | — oo, we obtain

> Ens(IVF (kg iy +5)]7) < 00

=0
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In particular, the sequence of nonnegative random variables

IVF (€45, piy45)]1?

is summable in expectation. By the extended Markov inequality, for
every ¢ > 0,

> Pus(IVF(2ky4j, i)l > 6) < oo,

J=0

An application of the Borel-Cantelli lemma then shows that, for every
fixed § > 0, the event

|V E (2,45, ttr+5) || > 0

can occur only finitely many times almost surely. Since o > 0 is
arbitrary, this yields

klim VFE(z,uk) =0  as. on the MB scenario.
—00

This proves the theorem. 0

We next show that, under LICQ, every accumulation point gen-
erated in the MB scenario is a KKT point of the original equality-
constrained problem. The argument splits naturally according to the
asymptotic behavior of the penalty parameter sequence.

Theorem 5.3.2 Let the assumptions of Theorem hold and as-
sume that Ny, < N for every k € N. Then, a.s., every accumulation
point of the sequence {xytren at which LICQ holds is a KKT point of

problem (5.1)).
Proof. By Theorem we know that

lim VF(xg, u) =0 a.s.
k—ro0
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Let z* be an arbitrary accumulation point of the sequence {x}, that
is,

lim z, = z*

keK
for some infinite index set K C N. We distinguish two possible cases
according to the behavior of the penalty parameter sequence.

Case 1: The sequence {14} is bounded.
Since {p} is nondecreasing, boundedness implies that there exists
it > 0 such that

L = i for all sufficiently large k.

From the update rule in the MB phase, this means that for all suffi-
ciently large k£ we have
17 (zi)]l < ex.

Because the sequence {e;} is summable, it follows in particular that
€x — 0, and hence

lim A(xy) = 0.

k—oo
Therefore, every accumulation point is feasible, so

h(z*) = 0.

Moreover, since ux = fi for large k and VF(zy, ur) — 0, a.s., we
obtain along the subsequence K,

— i _ 1 T _ *
0= Illerln( VE(zg, ug) = igl{(Vf(xk) + e Vh(zy) h(zy)) = Vf(z*),
because h(xy) — 0 and all relevant mappings are continuous. Thus,
Vf(z*) =0, h(z*) =0,

so z* is almost surely a KKT point with multiplier A* = 0.
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Case 2: The sequence {4} is unbounded.
Assume now that

lim pp = oc.
k—o0
From the identity
VE(zx, i) = V f(ax) + m Vh(z)  h(ay),

we obtain
1
1WA Rl < — (I F (@, )l + [V f@0)]]).
M

Passing to the limit along K and using pp — oo together with the
boundedness of the iterates, we conclude that

IVA(2")"h(z")] = 0.

Since LICQ holds at x*, the rows of Vh(z*) are linearly indepen-
dent. Equivalently, the matrix

Vh(z*)Vh(z*)"
is nonsingular. Therefore, the equality
Vh(z*) h(z*) =0

can only hold if
h(z*) = 0.

Hence, z* is feasible.
To identify the Lagrange multiplier, define

Since LICQ holds at z* and VA(-) is continuous, the matrix

Vh(zy)Vh(zy)"
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is nonsingular for all sufficiently large £ € K. Multiplying the identity
VF(ﬁk, [Lk) — Vf(fﬂk) = Vh(ZL‘k)T/\k

from the left by
(Vh(z2)Vh(z)") " Vh(zz),

we obtain
Passing to the limit along K, we find

lim A\, = — (VA(z*)Vh(z*)") ' Vh(@)Vf(@*) = A" (5.10)

keK

Finally, taking limits in
gives

0= Iller[r% VE (g, itg) = Vf(z*) + V()TN as. (5.11)

Together with h(z*) = 0, this is precisely the KKT system for problem
(5.1). Hence, x* is almost surely a KKT point. O

The previous proof clearly separates the two possible asymptotic
mechanisms. If the penalty parameter eventually stabilizes, then fea-
sibility is recovered directly through the update rule, and stationarity
follows from the vanishing gradient of the penalty function. If, on the
other hand, the penalty parameter tends to infinity, then the scaled
constraint residuals A\, = prh(xy) play the role of approximate multi-
pliers, and the KKT system is obtained in the limit.

We now consider the FS scenario.
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Theorem 5.3.3 Suppose that Assumption |1 holds and that the se-
quence {zytren generated by ASPEN is bounded. Moreover, suppose
that there exists k such that N = N for all k > k. Then, a.s., there
exists an accumulation point of the sequence {xy}ren which is a KKT

point of problem (5.1), provided that LICQ holds at that point.

Proof. Let us consider iterations k > k. Then Ny = N, and the line
search condition reduces to

F(py, ) < F(2g, ) — naw| | VE (zg, ) ||” + €k

In the F'S phase, the penalty parameter is increased only if
1
IVF (zk, ) || < —.
M

Assume, for contradiction, that p; remains fixed at some value i for
infinitely many consecutive iterations. Then, using the lower bound
(5.6) on the accepted step sizes, we obtain

Fxp, i) < Fag, i) — 10| VE(vg, )| + €.

Since the sequence of iterates is bounded and {¢} is summable, the
usual descent argument implies that

> IVF (g, p)||* < oo,
k=k

and therefore

IVE (k)] — 0.

But then, after finitely many iterations, we must have

_ 1
HVF(xk7u)H < ﬁa
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which triggers an increase of the penalty parameter. This contra-
dicts the assumption that u; stays equal to i indefinitely. Hence, the
penalty parameter cannot remain fixed forever.
We conclude that i, must be increased infinitely many times, and
therefore
lim py, = oo.

k—o0

Moreover, there exists an infinite subset of indices K C N such that
1 -
IV E(xg, px)|| < — for all k € K.
223

Since py — 00, it follows that

lim VF (z, p) = 0.
keK

Because the sequence {x;} is bounded, there exist an accumulation

point x* and an infinite subset K; C K such that

lim xp = x™.

keK,
At this point the argument is identical to the second part of the proof
of Theorem [5.3.2} the fact that 1, — co and VF (24, ) — 0 along K
yields feasibility of x* and, via the multiplier sequence \y = pih(zy),
the KKT system at the limit point. Therefore, x* is a KKT point of
problem (j5.1)). O

We are now ready to combine the two possible scenarios into the
final convergence statement.

Theorem 5.3.4 Suppose that Assumption |1 holds and that the se-
quence {xy}ren generated by ASPEN is bounded. Then, a.s., there

exists an accumulation point of the sequence {xy}ren which is a KKT
point of problem (5.1)), provided that LICQ holds.
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Proof. The conclusion follows directly by combining Theorems [5.3.2
and [5.3.3] Indeed, every sample path of ASPEN belongs either to the
MB scenario or to the FS scenario. In the first case, every accumu-
lation point satisfying LICQ is a KKT point by Theorem In
the second case, at least one accumulation point satisfying LICQ is
a KKT point by Theorem Therefore, in all admissible sample
paths, ASPEN admits a KKT accumulation point almost surely. [

The convergence analysis above covers both structural regimes of
ASPEN. In the MB regime, additional sampling guarantees that the
method eventually behaves like a descent method for the full penalty
function, which leads to vanishing gradient norms and, under LICQ,
to KKT points of the original problem. In the FS regime, the method
reduces to a deterministic penalty scheme with adaptive updates of
the penalty parameter, and the same KKT conclusion is recovered.
Hence, regardless of whether the method remains in the mini-batch
phase or eventually reaches the full sample, ASPEN converges almost
surely to a KK'T point in the sense stated above.

5.4 Extension to the weighted finite sum
setting

The ASPEN method can also be applied to the case in which the
objective function is given in the weighted finite sum form. In that
setting, instead of the problem as in (5.1]), we consider

mxin f(z) = Zwifi(x), subject to h(xz) =0, (5.12)
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where the weights satisfy

N
w; > 0, Z w; = 1,
i=1
and the functions f; : R" - R, 7 =1,..., N, as well as the constraint

mapping h : R” — R™, are continuously differentiable.

This formulation is relevant in situations where different local ob-
jective functions do not have the same contribution to the overall
model. In such cases, the weights reflect the relative importance of the
local terms and must therefore be incorporated directly into the sam-
pling procedure. In the present extension, this is done in exactly the
same spirit as in the bound-constrained weighted setting: the weights
are used as sampling probabilities.

More precisely, at iteration k, let

Nk:{z"f,...,z";vk}

denote the main sample, where each sampled index zf takes the value
s € N:={1,..., N} with probability
P(if = s) = w, s=1,...,N, j=1,...,N,. (5.13)

The corresponding sample-based approximation of the objective func-
tion is then defined by

fr () - Nka (5.14)

and its gradient approximation is given by

Vi (2) : NkZVf (5.15)
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With this construction, the sampled objective and gradient are unbi-
ased estimators of the weighted objective and its gradient. Indeed,

B (o) | 7) = 3 S B(fs() [ 2) = 5= 3 Y wifule) = fo)

Analogously,
E(V fx (@) | 2) = V().
As in the unweighted case, the equality constraints are handled
through a quadratic penalty reformulation. Thus, we define

Fla, ) = f(2) + S h()],

and, at iteration k, the corresponding sampled penalty function be-
comes

Fyi () = () + S| (a) (5.16)
Its gradient is therefore
VFy, (2, k) = Vfx, (7) + e Vh(z) h(z). (5.17)
Consequently, the search direction in ASPEN is still chosen as
pr = =V Fy, (T, k),

and the nonmonotone line search condition keeps exactly the same
form as in the standard finite sum case.
The additional sample is constructed analogously. Namely, let

Dy ={L,..., 05},
where each Ef takes the value s € N with probability

P(%=s)=w,, s=1,...,N, j=1,...,Dy. (5.18)

J
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Then the auxiliary sampled penalty function used in the acceptance
test is defined by

F (1) Zfzk + S h@)]P. (5.19)

Accordingly, the additional-sampling acceptance test retains the same
structure as before, but with the weighted-sampling-based estimator:

FDk<jk‘7 :U’k) < FDk(xkv :uk) - CHVFDIC(IM :uk)Hz + Cey.

Therefore, the algorithmic form of ASPEN does not change in any
essential way. The only modification lies in the fact that the main
and additional samples are now drawn according to the probability
distribution induced by the weights. Once the sample reaches the
full size, that is, when N, = N, the method again switches to the
deterministic regime by using the full objective function.

From the theoretical point of view, the convergence analysis re-
mains almost identical. The arguments based on smoothness of the
penalty function, lower bounds on the line search step size, and the
distinction between the MB and FS regimes are unaffected by the
presence of weights. The only place where the proof needs a slight
adaptation is in the passage from local inequalities to the full objec-
tive function. In the unweighted case this is done by averaging over
all local terms, whereas in the weighted case one must form the cor-
responding convex combination with coefficients w;.

Indeed, if
i
Fy(z, p) := fi(w) + By 12 ()%,

then the full penalty function can be written as

l’ ,uk Zwl x ,U/k
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and the full gradient satisfies

VF (g, k) = > wiVFy(wy, ).

i=1
Hence, in the weighted analogue of Lemma [5.3.3] instead of dividing

by N, one obtains

N
F(zxsr, ) < Flan, ) — ¢ Y wil VEy(g, ) |* + Cey.

i=1
Using convexity of the squared norm, we then have

2

N

i=1

|V F (g, ) |)* = szVF T, [ok)

i=1

which yields the same type of descent estimate as in the unweighted
case.

Thus, the weighted finite sum setting does not require a new AS-
PEN scheme, but only a weighted interpretation of the sampling pro-
cess. The structure of the method, the penalty mechanism, the line
search, the additional-sampling test, and the distinction between the
MB and F'S regimes all remain the same. The only substantive modifi-
cation is that uniform averaging is replaced by the convex combination
induced by the weights.

This leads to the following conclusion.

Theorem 5.4.1 Suppose that all assumptions required in Theo-
rem are satisfied for problem (5.12)), and assume additionally
that the main and additional samples are generated according to the
weighted distributions (5.13) and .Then the convergence results
established for ASPEN in Theorem remain valid in the weighted
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setting as well. In particular, if the generated sequence {xy} is bounded
and LICQ) holds at the corresponding accumulation point, then the se-
quence generated by ASPEN has, almost surely, an accumulation point
that 1s a KKT point of problem ((5.12)).

Proof. The proof follows the same line as in the standard finite
sum case. The algorithmic structure is unchanged, and all arguments
based on smoothness, line search well-definedness, and the MB/FS
split remain valid without modification. The only adjustment appears
in those steps where one passes from local descent inequalities to the
full penalty function. In the weighted case, the arithmetic mean is
replaced by the weighted sum with coefficients w;, and the necessary
estimate follows from convexity of the squared norm applied to the
convex combination

N
ZinFz'(Ik, L)
i1

Therefore, the convergence analysis carries over directly. 0

In summary, the weighted equality-constrained finite sum prob-
lem is treated within the ASPEN framework in the same way as in
the weighted bound-constrained setting: the weights are incorporated
through the sampling distribution, while the overall structure of the
method and its convergence analysis remain essentially unchanged.



Chapter 6

Additional Sampling Method
for Bound-Constrained
Problems

In the present section, we focus on the bound-constrained case and
develop methods based on additional sampling and projected first-
order directions. The results presented in this section represent an
original scientific contribution and have been published in the paper

e N. KrEJIC, N. KRKLEC JERINKIC, T. OstoJIC, & N.
VUCICEVIC, AS-BOX: Additional sampling method for weighted
sum problems with box constraints, Numerical Algorithms, 1-
26., 2025.

The analysis is carried out progressively. We first examine the simpler
case of nonnegativity constraints, where the projection and active-
set structure are particularly easy to describe. This allows the main
ideas of the method to be introduced in a clearer form. After that,
the same framework is extended to general box constraints. Thus,
this section serves both as a methodological bridge from the general
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problem setting introduced earlier and as the basis for the algorithms
and convergence results developed for bound-constrained finite sum
optimization problems.

6.1 Methods for Nonnegativity-
Constrained Problems

6.1.1 Problem formulation

Within this subsection, we consider an important special case of the
general bound-constrained problem (4.5)), namely

min f(z), (6.1)

where the objective function f is the same as in (4.4), and the in-
equalities x > 0 are understood componentwise. In other words, each
component of the decision vector is required to remain nonnegative.
Although this class of problems is a particular case of the more gen-
eral box-constrained framework, it is sufficiently rich to capture many
relevant applications and, at the same time, simple enough to make
the structure of the proposed method more transparent.

A central feature of the method is that the objective function is
not necessarily processed through full information at every iteration.
Instead, the algorithm works with sampled approximations built from
a main sample and an additional sample. This is particularly impor-
tant in large-scale settings, where evaluating the whole finite sum and
its gradient at each step may be unnecessarily expensive.

At iteration k, the main sample is denoted by

Ne = {if, ... i%, },

where N is the sample size, and the sampled gradient is formed from
the components selected through this sample. In the weighted finite
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sum setting, the random indices are chosen according to the weights
of the objective function. More precisely, for each draw we assume

P(ikf‘zs):ws’ S:]_,...,N, j:l,,..,Nk, (62>

where the weights satisfy ws; > 0 and Zi\le ws = 1. In the special
unweighted case, this reduces to the uniform rule w, = % for all
s=1,...,N. Thus, the sample is generated in a way that is consistent
with the structure of the finite sum objective itself. The corresponding
sampled gradient is written as

Vi (@) = —> Vflx).

Besides the main sample, the method also uses an additional sam-
ple
Dy, = {If,..., 15},

with sample size Dy. This second sample is not introduced to compute
the search direction itself, but rather to provide an external check
of the structural information extracted from the main sample. The
indices in the additional sample are generated according to the same
probability law,

P(Z?ZS)ZWS’ SZl,...,N, jzl,,Dk (63)

The point of using the same distribution in and is that
both samples represent the same underlying finite sum model, while
still remaining distinct realizations. In this way, the additional sample
can be used to verify whether the projection pattern suggested by the
main sample is reliable. In practical implementations, Dy, is typically
chosen much smaller than Ny, since its purpose is validation rather
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than direction construction. The associated sampled gradient is
1 &
V(@) = 5= D Viu(a).
el

Compared to the general box-constrained setting, the feasible set in
the nonnegativity-constrained case has a particularly simple geometry.
As a consequence, the orthogonal projection onto the feasible set takes
the componentwise form

[7s(y)]; = max{y;, 0}, i=1,... n.

This explicit formula makes it possible to analyze the projected search
direction in a very direct way. Since the direction used by the method
is of the form

pr = 7ms(p — Vi, (T1)) — 71, (6.4)

each component of p; can be described according to whether the pro-
jected trial point hits the boundary of the feasible set or remains in
its interior. More precisely, for every component i € {1,...,n}, we
distinguish the following two cases:

okl = —lze)i it [zk)i < [Vin(2r)]s,

and
peli = = [Vin ()i i [2]i > [V (20)]s-

Hence, the projected direction either moves the iterate exactly to the
boundary in a given component, or coincides with the negative gradi-
ent component whenever the projected point remains feasible without
truncation. This simple dichotomy is one of the main reasons why the
nonnegativity-constrained case is particularly suitable as the first step
in the development of the method.
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What matters here is not only the magnitude of the sampled gra-
dient, but also the qualitative information it conveys about the active
structure of the constraint. Indeed, in the present setting, each com-
ponent of the projected point either stays strictly positive or is pushed
to zero by the projection. Since this distinction determines the local
geometry of the step, it is natural to encode it explicitly.

In order to describe this componentwise structure more systemat-
ically, we introduce the indicator vector Iy, associated with the event
x < Vfx,(xr), where the inequality is understood componentwise.

More precisely, for + = 1,...,n, we define
1 , ,
D= [zxli < [V i (2], (6.5)
0, [ze]i = [V (@)]i-

Thus, [Iy,]; = 1 marks those components for which the sampled gra-
dient would drive the projected trial point to the boundary, while
[In,]i = 0 corresponds to components for which the projection does
not activate the nonnegativity constraint.

Analogously, using the additional sample D, we define the in-
dicator vector Ip, by replacing V fy, (xx) with V fp, (z5). We then
introduce the quantity

ro, = [, = Lo, | (6.6)

Since N, Dy, and ), are random, the values rp, are random as
well. Their role is to measure whether the projected directions gener-
ated by the two samples N, and D;, have the same structural pattern,
that is, whether they identify the same components as active at the
boundary. In particular, if rp, = 0, then the pattern of zero en-
tries in mg(xr — V f, (2x)) coincides with the corresponding pattern in
ms(zr — V fp, (x1)). This means that the two samples induce the same
active structure of the projection, even if the actual gradient values
may differ.
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This comparison of indicator vectors is a natural way to test
whether two samples lead to the same projection behavior. In the
nonnegativity-constrained setting, the decisive geometric information
is not only how large the sampled gradient components are, but also
whether they are large enough to force a coordinate to the boundary.
The main sample provides one estimate of that behavior, while the
additional sample offers an independent check drawn from the same
probabilistic model. If the two samples produce the same activation
pattern, then the current structural information can be regarded as
stable. On the other hand, a discrepancy between Iy, and Ip, indi-
cates that the present sample size may still be too small to identify
the active set reliably.

For this reason, the quantities introduced through , , and
(6.6) play a more important role than a simple auxiliary test. They
provide the mechanism through which the method evaluates the con-
sistency of the sampled projection structure. This observation will be
essential later, when additional sampling is used both in the accep-
tance of candidate iterates and in the adaptive decision of whether
the current sample size should be enlarged.

6.1.2 AS-NC algorithm

We now present the method designed for solving problem (6.1). Since
the feasible set is the nonnegative orthant, the projection step admits
a particularly simple componentwise form, which makes it possible to
combine projected gradient directions with adaptive subsampling in
a transparent way. The resulting procedure, denoted by AS-NC, is a
stochastic projected-gradient-type method equipped with a nonmono-
tone line search and an additional sampling test used to decide both
whether a candidate point should be accepted and whether the current
sample size should be increased.

The algorithm starts from a feasible initial point and therefore
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preserves feasibility throughout the whole iterative process. At each
iteration, a main sample is first selected and used to compute the
projected search direction. Then a backtracking nonmonotone line
search is performed with respect to the sampled objective function.
The resulting candidate point is afterwards checked on an independent
additional sample. If this additional test confirms that the candidate
provides sufficient progress and that the induced projection structure
is compatible with the one obtained from the main sample, then the
current sample size is retained. Otherwise, the sample size is enlarged.
In this way, the method adapts its computational effort to the local
difficulty of the problem.

The behavior of AS-NC can be naturally separated into two
regimes. In the mini-batch (MB) regime, the full sample is never
reached and the method continues to operate with subsampled infor-
mation. In the full sample (FS) regime, there exists a finite iteration
from which onward the algorithm always uses the complete objective
function. In that case, the stochastic component of the method dis-
appears from the objective and gradient evaluations, and the method
reduces to a deterministic projected gradient scheme, although the en-
tire trajectory still depends on the random choices made in the earlier
MB stage.

In the MB phase, sampling appears twice: first in the construction
of the main sample N}, and then in the construction of the additional
sample Dj,. Although gives one natural unbiased sampling rule
for Ny, the convergence analysis does not require this particular choice,
and in fact allows arbitrary strategies for the main sample. On the
other hand, the additional sample must satisfy two structural prop-
erties: it has to be chosen independently of the current main sample,
and every local objective function must have a positive probability of
being selected. These conditions ensure that the additional-sampling
test remains informative and can detect lack of representativeness of
the current main sample.
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Algorithm 3 AS-NC: Additional Sampling for Nonnegativity

Constraints

SO Initialization. Input: 29 > 0, Ng € N, 8,¢,¢1 € (0,1), C > 0,

S1

S2

S3

S4

S5

S6

S7

{ex} satisfying ([4.25]). Set &k :=0.

Subsampling. If Ny < N, choose Nj such that (6.2) holds.

Otherwise, set fy, = f.

Search direction. Compute

pr = 7ms(xr — Vin, (¥r)) — 2.

Step size. Find the smallest j € Ng such that ¢, = 37 satisfies

I @k + tiepr) < P () + arte(V x, (2) ok + e

Set T = xp + tppk.

(6.7)

Additional sampling. If N = N, set x4 = T, k := k + 1,

and go to Step S1.
Otherwise, choose Dy, via (6.3) and compute

sk = ms(xr — Vo, (xr)) — xk

and
Dy = ||INk - IDk”

Sample size update. If
ro, =0 and  fp,(Zk) < fo, (k) — cl|skl]® + Cey,

set Ni1 = Ng.
Otherwise, choose N1 € {Nr+1,...,N}.

Iterate update. If
ka(i'k) < f@k(wk) — CHSkH2 + Ce’:‘k,
set xp41 = Zy. Otherwise, set zj41 = zj.

Counter update. Set k := k + 1 and go to Step S1.

(6.8)

(6.9)
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The feasibility of all iterates follows directly from the construction
of the algorithm. Since xy € S and the projected direction pj is
built from the projection operator, the segment joining x; and x + py
remains in the feasible set. Consequently, the line search point z; =
xy + tipg is feasible for every accepted step length ¢, € [0,1]. In the
additional-sampling step, the quantity s, plays the projected-gradient-
type direction associated with the independently sampled function fp,

The criterion should be interpreted as a combined test of
quality and structural consistency. The condition

S (Z1) < fo, (x1) — cllsk]|* + Cex

checks whether the candidate point yields a sufficient amount of
progress on independent data, while the condition rp, = 0 verifies that
the projection structure induced by N, and D, is consistent. If both
requirements are satisfied, then the current sample size is regarded
as adequate. Otherwise, the algorithm increases the size of the main
sample in order to obtain a more reliable approximation of the full
objective. Thus, the additional-sampling mechanism simultaneously
controls point acceptance and sample size growth.

For clarity, the role of the additional-sampling step in AS-NC can
be summarized as follows. After the projected direction p; and the
trial point Z; have been computed using the primary sample Ny, an in-
dependent auxiliary sample Dy, is used to compute the projected direc-
tion s; and the discrepancy measure rp, . The decrease condition eval-
uated on fp, determines whether the trial point is accepted, whereas
the stronger test combining this decrease condition with rp, = 0 de-
termines whether the current sample size is kept or increased. Thus,
the additional sample provides an independent check for the step ac-
ceptance decision and, at the same time, controls the adaptive update
of the sample size.
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6.1.3 Convergence analysis

In this subsection, we establish almost sure convergence properties of
the AS-NC method and derive a corresponding complexity estimate.
The analysis follows the general philosophy of additional-sampling
methods: one first proves a descent inequality for the full objective
function, then derives almost sure convergence of the projected sta-
tionarity measure, and finally deduces complexity bounds by quantify-
ing the expected time needed to reach the full sample and the expected
number of subsequent deterministic iterations.

We begin with the standard smoothness assumption imposed on
the local objective functions.

Assumption A 2 Fach function f;, © = 1,..., N, 1s continuously
differentiable, bounded from below by a constant fi.,, and has L-
Lipschitz continuous gradient.

Under this assumption, every sampled function fy, is also continu-
ously differentiable and bounded from below, with the same Lipschitz
constant for its gradient. This regularity is essential for the line search
analysis, since it ensures that local first-order information can be used
to control the variation of the sampled objective function along pro-
jected directions.

As is customary in the analysis of additional-sampling methods, we
split the set of all admissible realizations of the additional sample into
two complementary classes. The first class contains those realizations
for which the additional-sampling acceptance condition is satisfied,
while the second contains those for which it fails. More precisely, we

define
D ={Dx CN|rp, =0, fo,(zx) < fo,(xx) — cllsel* + Cer}
and

Dy ={Dx CN|rp, >0 or [fp,(Zx) > fo,(xi) — cllsil* + Cer} .
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The next lemma shows that, if the full sample is never reached,
then after finitely many iterations every admissible realization of the
additional sample must satisfy the acceptance criterion.

Lemma 6.1.1 Suppose that Assumption [q holds. If Ny < N for all
k € N, then a.s. there exists ky € N such that D, =0 for all k > k;.

Proof. Given that the sequence { Ny} is nondecreasing and bounded
above by N —1 in the present scenario, there exists an index kg € N
and an integer N € {1,..., N — 1} such that

N, =N for all k > k.

Indeed, a monotone sequence of integers that never reaches N must
eventually become constant.

Assume now, aiming at a contradiction, that the statement of the
lemma does not hold. Then there exists an infinite set K C N such
that

D, #0 for all k € K.

Without loss of generality, we may suppose that K C {k € N: k >
ko}, so that N}, = N for every k € K.

The condition D, # () means that for every k € K there exists
at least one admissible realization of the additional sample for which
the acceptance criterion fails. Since D, < N, = N, only finitely
many values of Dy are possible, and for each such value only finitely
many realizations of Dy can occur. Hence the family of all admissible
realizations that may appear for indices in K is finite.

Because the additional sample is generated in such a way that
each local objective has positive probability of being selected, every
admissible realization of Dy, has strictly positive probability. Taking
the minimum over a finite family of positive numbers, we conclude
that there exists ¢ > 0 such that

P(Dy € Dy)>q  forallke K.
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Therefore,

P(D,eDf, ke K)< [[(1-g) =0.

keK
This implies that, a.s., there exists an iteration & € K for which
ch € @i
According to Step S5 of AS-NC, this necessarily yields
Nip > Ny =N,

which contradicts the fact that the sequence {N,} has already stabi-
lized at the value N. The contradiction proves the result. O

The following lemma gives the standard lower bound for the step
size produced by the backtracking line search.

Lemma 6.1.2 Suppose that Assumption |4 holds. Then the step size
tr obtained in Step S3 satisfies

b >t = min{l,w}.

Proof. Fix an iteration k. Since V fy, is L-Lipschitz continuous, the
descent lemma implies that for every ¢ € [0, 1],

L
Proo (@ + tpr) < fov () + 0 g () ok + EtQHPkHZ-

From the properties of the projected gradient, we have that the pro-
jected direction satisfies

V fn (2) "ok < — ||kl
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Hence,

Fr (n + tpr) < fov () + ¢V g (o) T i — thVka, (zx) " p.

Therefore, if
L < 2(1 — 01)7

- L
then

P+ 1) < P (o) + eatV fag, (22) i
Since €, > 0, this certainly implies the line search condition (6.7)).
Thus every step size not exceeding 2(1 — ¢;)/L is acceptable. Be-
cause the backtracking procedure tests the sequence 1,3, 3?,..., the
accepted step is bounded below by

2(1 — 26(1 —
tr > min {1,5%} = min {1, M} .
This proves the claim. ([

We now prove the central descent property of AS-NC. The state-
ment is expressed in terms of the full objective function and the exact
projected gradient mapping

d(z) :==mg(x — Vf(x)) —x,
regardless of whether the method is in the F'S or MB regime.

Theorem 6.1.1 Suppose that zilssumption@ holds. Then a.s. there
exists a finite random iteration k such that for all k > k,

fxran) < flx) = elld(ay)|]? + Cey, (6.10)
where

201(1 — Cl)ﬁ

7 }, C = max{1,C}.

€ = min {c, cq,
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Proof. We begin with the FS scenario. In this case there exists a
finite random index k; such that for all £ > k; the full sample is used,
hence fy, = f. The line search condition (6.7) then gives

flem) < f(ap) + ateV f () d(2r) + e
Using Lemma , we obtain
flang) < flar) — extil|d(@n) I* + e

By Lemma |6.1.2] tx > t,.in, and therefore

F@ri) < faw) = citminlld(ze) ||* + ek (6.11)

We now turn to the MB scenario. By Lemmal[6.1.1], a.s. there exists
a finite random index k; such that D, = @ for all £k > ky. This means
that for all sufficiently large iterations the acceptance condition
is satisfied for every admissible realization of the additional sample.

In particular, the second part of must hold for all singleton
realizations corresponding to individual local functions. Therefore, for
each j € N and every k > ky,

£i(@) < filaw) — cllsil|® + Cex,

where

sy = mg(xy — Vj(zg)) — xp.
Since in this regime the candidate point is accepted, i.e., 1 =
Zp, multiplying the above inequality by w; and summing over j =
1,..., N, we obtain

N

flaner) < flae) — > wjllsil® + Cep. (6.12)

j=1
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It remains to relate the full projected gradient mapping d(zx) to
the family of local projected directions {s{e}évzl For this purpose,
consider the first condition in (6.9). Define the index set

An, =i e {1,...,n} | [z]i < [V in, (zr)]i}- (6.13)

Thus, Ay, contains exactly those components for which the projected
step with respect to the main sample hits the boundary.

Now, because D, = () for all large k, the condition rp, = 0 must
also hold for singleton additional samples. Consequently, for all k& > k;
one has

Ay, = Ay == Ay, (6.14)

where
Al ={ie{l,...,n} | [z)i < [Vfi(ze)i}, j=1,...,N.

In other words, for large iterations all local projected directions have
the same active set as the one generated by the main sample.
Therefore, for every ¢ € Ay, and every j € N,

[erli < [V ()]s
Multiplying this inequality by w; and summing over j, we obtain
[zk]; < [Vf(zx)];  forallie Ay,.

Similarly,
[zx]i > [V f(xk)]s for all i ¢ Ay, .

Hence, by the definition of the full projected gradient mapping,
_[wk]u 1€ ‘ANka

[d(zr)]i = . (6.15)
—[Vf(l’k)]l, 7 Q_f ‘ANk-
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We may now estimate the norm of d(xy):

n

ldz)l® = > (dlz)])?

=1

= > (@d)*+ > (VS (6.16)

iEﬂ.Nk i¢ANk

By (6.14)), for every k > ky, every j € N, and every i € Ay, one
has .
[si)i = —[=l,

so that
Zw] ([s2]0)% = ([z))?, i € A, (6.17)

Summing over all such indices yields
N .
o> wilsil?= Y (o) (6.18)
iE.ANk Jj=1 iE.ANk
On the other hand, for every i ¢ Ay, and every j € N, one has
[Si]z = —[Vfj(zx)i.

Therefore, by convexity of the square function,

2 N
([V £ ()i (Z w; [V £ (k) ) <Z w;([V £ ()] Z
j=1 j=1 j=1
Summing this estimate over all i ¢ Ay, gives

D (V@) < Y Zw] : (6.20)

i%ﬂ.j\[k Z%Aw\[k ] 1
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Combining (6.16)), (6.18]), and (6.20)), we obtain

ldl® < >0 > wilsl)’+ D > willsil)?

ieAx, j=1 igAx, 7=1
N .

= > wlsil® (6.21)
=1

Substituting this estimate into (6.12)), we conclude that for all £ > ky,

flaes) < f(x) = elld(zy)||* + Cep. (6.22)

Finally, both scenarios lead to the same form of sufficient decrease
for the full objective function. In the FS case this is given by (6.11)),
whereas in the MB case it is given by (6.22)). Hence, choosing

l; = max{/%l, kl},
we obtain (6.10) for all k > k, which completes the proof. O

The significance of Theorem [6.1.1]is that, independently of whether
the method remains in the mini-batch regime or eventually reaches the
full sample, one ultimately obtains the same type of descent inequality
for the full objective function. This estimate is the key tool from which
both almost sure convergence and complexity bounds follow.

To derive almost sure convergence, we impose the following inte-
grability condition, standard in the additional-sampling literature.

Assumption A 3 There exists a constant Cy, such that

E(lf(zp)]) < Gy,

where k denotes the random iteration index used in Theorem m
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This assumption is automatically satisfied whenever the sequence
{f(zx)} is bounded. In particular, this happens in many practically
relevant settings, for example when the feasible set is compact. How-
ever, Assumption [3| is more general: it does not require pathwise
boundedness of the sampled objective values, but only boundedness
of their expectation at the random time k.

The notation Epg(:) := E(- | F'S) is used for the conditional ex-
pectation with respect to sample paths belonging to the F'S scenario,
and analogously by Eys(-) := E(- | M B) the conditional expectation
with respect to MB sample paths. Then, as shown in the additional-
sampling literature [45] [46], Assumption 3| implies the existence of
constants C{* and C¥® such that

Ers(|f(xp)) <Gy, Eus(|f(zy)]) <GP, (6.23)

where l%l and k; are the random indices introduced in the proof of
Theorem [6.1. 1]

We can now state the main almost sure convergence result for AS-
NC.

Theorem 6.1.2 Suppose that Assumptions |9 and [3 hold. Then a.s.
every accumulation point of the sequence {xy }ren generated by AS-NC

is a stationary point of problem (|6.1)).

Proof. By Theorem [6.1.1} a.s. for every [ € N,
-1 -1
Far) < flag) =) ldap )P+ CD e
5=0 §=0

Taking expectations, using Assumption [3| and letting I — oo, we
obtain

> E(lld(z.,)|?) < ox.
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Hence,
ZIP(Hd(a:,;ﬂ)H > ) < 00 for every § > 0,
=0

by the extended Markov inequality. The Borel-Cantelli lemma ([63])
then yields

P(]}LIEO d(zy) = o) ~1. (6.24)

Suppose that z* is an arbitrary accumulation point of {z;}, and
let Ky C N be an infinite subsequence such that

lim x, = .
ke Ky

Passing to the limit along Ky in (6.24]), and using continuity of both
the gradient and the projection operator, we obtain a.s.
0= klérlr{lo d(l‘k) = klérlr(lo (Ws(l’k — Vf(l’k)) — iUk)

=mg(x* = Vf(z")) — 2" =d(z").

Since every iterate is feasible and feasibility is preserved by the algo-
rithm, we have 2* € S. Therefore, Definition [1.1.10] implies that x* is
a stationary point of problem (6.1]). This proves the claim. O

We next address complexity. The aim is to estimate the expected
number of iterations required to reach an iterate whose projected sta-
tionarity measure is below a prescribed tolerance.

Assumption A 4 For each k there exists at least one function f;
such that the condition ,

rp, =0 and  fp,(Z) < fo,(xx) = cllspll® + Ce,

15 violated.
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This assumption reflects the idea that the local objective functions
are not completely homogeneous. In heterogeneous data-fitting prob-
lems such behavior is natural: the direction that decreases one local
function may be much less favorable, or even unfavorable, for another.
Such variability is precisely what makes adaptive sample size control
meaningful. In the following theorem, we use the constant & arising
from the summability of the sequence {e}, (4.29)).

Theorem 6.1.3 Suppose that Assumptions(3,[3, and[f| hold. Then the
expected number of iterations needed to reach ||d(zg)|| < v is bounded

above by
- N-1 Cy® = fiow+&
re= [T+ [P
q cv
where ¢ is as in Theorem CFS is as in (6.23)), and

q = min{wy, ..., wy ¥

Proof. By Assumption [4] at every iteration there exists at least one
local function whose singleton additional sample would violate the
acceptance condition. Therefore, by the sampling rule (6.3)),

P(D), € D) > min{wy, ..., wy}?* > minfw, ..., wy}V = q.

Let Sy denote the number of sample size increases that occur up
to iteration k. Then
Se=L+--+1

where I} is the indicator of the event { Ny > Nj;_1}. By Step S5 of the
algorithm, this event occurs exactly when D;, € D, . Hence,

and therefore
E(Sk) > kq. (6.25)
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Let N denote the total number of sample size increases needed to
reach the full sample. Then, the expected iteration count required to
enter the FS regime is bounded above by [ N/q|, and consequently by

{N — ﬂ . (6.26)

q

Now let &; be the first iteration of the FS phase. On FS sample
paths, the descent estimate (6.11)) holds. Combining it with Assump-
tions [2] 3] and the summability of {e;} gives, for every j € N,

> Ers(lld(z)]?) <

k=k1

C’If‘s_flovuu—i_éT

(6.27)

Let T be the number of FS iterations needed to reach ||d(zy)|| < v.
Then, before this event occurs, one has ||d(z)|| > v, so

ki+T-1

> Eps(llda)]?) = Tv.

k=Fk1
Together with (6.27]), this yields

FS =
Cb B flow + €
cv? '

T<
Finally, combining this estimate with ([6.26)) proves the stated bound.
O

Remark 6.1.1 The upper bound kg is generally conservative. First,
in the F'S phase one may replace ¢ by the more precise constant cit iy -
Second, instead of the crude bound N — 1, one may use the exact
number N of increases required to reach the full sample, which reflects
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the actual growth rule used in Step S5. Finally, the parameter q also
depends on the size of the additional sample. In particular, if Dy =1
for all k, then
g = min{wy, ..., wy},

which may be much larger than min{w,, ..., wy}N"t. In terms of
order, the obtained complexity estimate is O(v=2), which matches the
determanistic projected gradient rate. If one sets N, = N for all k, the
method becomes deterministic from the start, and the bound reduces to

i [f(wo) — Jiow +§-‘ .

c2?

We conclude this part of the analysis with the strongly convex case.
Under Assumption , strong convexity guarantees that problem (|6.1))
admits a unique solution, denoted by x*.

Theorem 6.1.4 Suppose that Assumption [ holds and that the se-
quence {xgtren generated by AS-NC' is bounded. If the function f is
strongly convex, then

lim x, = x* a.s.,
k—o00

where x* is the unique solution of problem ([6.1)).

Proof. Boundedness of the iterates implies Assumption [3 so Theo-
rem applies and shows that every accumulation point of {z;} is
almost surely a stationary point of . On the other hand, strong
convexity implies that problem has a unique stationary point,
namely the unique minimizer z*. Therefore every accumulation point
of the sequence must coincide with z* almost surely. Since a bounded
sequence all of whose accumulation points are equal must converge
to that point, we conclude that z, — x* a.s. This completes the
proof. O
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6.2 Box Constraints

We now extend the additional-sampling framework developed for non-
negativity constraints to the general box-constrained case. The transi-
tion from AS-NC to AS-BOX is conceptually natural: the same over-
all architecture of the method is retained, namely projected sampled
directions, nonmonotone line search, and an additional-sampling ac-
ceptance test, while only those components that depend explicitly on
the geometry of the feasible set need to be modified. In particular, the
projection operator is no longer binary in nature, as in the nonneg-
ativity case, but instead distinguishes between lower-bound activity,
interior components, and upper-bound activity. As a consequence, the
indicator used to compare the projection structures of the main and
additional samples must also be adapted. Apart from these changes,
both the algorithmic design and the convergence arguments remain
strongly aligned with those of AS-NC.

6.2.1 Problem formulation

In this subsection, we consider the general box-constrained optimiza-
tion problem ({.4). Compared with the nonnegativity-constrained
case, the passage to box constraints requires only the corresponding
modification of the projection operator and of the comparison between
the sampled projected-gradient directions. After these changes are in-
troduced, the convergence analysis follows the same general arguments
as in the previous case.

Counsider the feasible set

In this setting, the projected direction defined in (6.4)) takes the com-



Additional Sampling Method for Bound-Constrained
150 Problems

ponentwise form

li = [z, [Trli = [V, ()]s < 1,
peli = § =V (@)l b < [we]i = Vv ()i Swiy, i=1,...n.
u; — [, [wr)i = [V, ()]s > s,

(6.28)
Thus, depending on the relative position of the trial point x —
V fx, () with respect to the interval [l;,w;], the projected step ei-
ther moves the i-th component to the lower bound, remains in the
interior, or moves it to the upper bound.

Compared to the nonnegativity-constrained case, where each com-
ponent had only two possible structural states, the box-constrained
setting leads to a three-way classification. This distinction is reflected
in the indicator vector associated with the main sample. Namely,
analogously to (6.5, we define

1, if [xk]z — [Vka (ZL‘k)]Z < li,
[ij]l = 2, if lz S [$k]z — [ij\fk (l‘k)]z S Uj, 1= 1, oo, n.

The indicator vector Ip, associated with the additional sample is intro-
duced in the same way. The discrepancy between the two projection
structures is then measured by

Tp, = HiNk - kaH (6'29>

The role of 7p, is entirely analogous to that of rp, in the
nonnegativity-constrained case, but now the comparison is finer. The
value 7p, = 0 means that the main and additional samples induce
exactly the same partition of the coordinates into three groups: those
that hit the lower bound, those that remain in the interior of the box,



6.2 Box Constraints 151

and those that hit the upper bound. Hence, in the box-constrained
setting, the structural compatibility test must track not only whether
a component becomes active, but also which bound becomes active.
This is precisely why the binary indicator from AS-NC is replaced here
by a ternary one.

6.2.2 AS-BOX algorithm

The algorithm proposed for the general box-constrained case differs
from AS-NC only in those parts that explicitly involve the projection
structure. More precisely, the only modifications concern Step S2,
where the projected search direction is computed, and Step S4, where
the structural discrepancy between the main and additional samples
is evaluated. The remaining components of the method — the initial-
ization, the nonmonotone line search, the additional-sampling accep-
tance test, the sample size update, and the iterate update — remain
unchanged. For completeness, the full algorithm is stated below.

The interpretation of the algorithm is essentially the same as in
the nonnegativity-constrained case. The main sample N is used to
construct a projected descent direction and to generate a candidate
point through a nonmonotone line search. The additional sample D,
is then used to assess whether this candidate is satisfactory from the
viewpoint of fresh independent information and whether it induces
the same boundary /interior structure as the main sample. If the ad-
ditional test succeeds, the method keeps the current sample size. If
not, the candidate point may be rejected and the sample size is in-
creased.

The passage from AS-NC to AS-BOX therefore affects only the
form of the projected direction and the corresponding discrepancy
measure 7p,. The remaining algorithmic structure and the conver-
gence argument remain the same as in the nonnegativity-constrained
case.
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Algorithm 4 AS-BOX: Additional Sampling for BOX Constraints

S0

S1

S2
S3

S4

S5

S6

ST

Initialization. Input: 9 € S, Ng € N, B,¢,c1 € (0,1), C > 0, {ex}
satisfying (4.25). Set k := 0.

Subsampling. If N < N, choose Ny via (6.2). Otherwise, set
I =1

Search direction. Compute py via (6.28)).

Step size. Find the smallest j € Ny such that ¢, = 37 satisfies

I (@i + i) < P () + cite(V g (26)) T i + 6. (6.30)

Set Ty, = xg + tipk.-

Additional sampling. If N, = N, set xp11 = Tk, k: =k + 1, and go
to Step S1.
Otherwise, choose Dy, via (6.3) and compute

Sk :Ws(xk —Vf@k(xk))—xk (631)

and 7p, defined by (6.29).
Sample size update. If
7p, =0 and fka(.fk) < fer(a:k) — C||SkH2 + Cey, (6.32)

set Nk+1 = Nk.
Otherwise, choose N1 € {Np +1,...,N}.

Iterate update. If

fo. (@) < fo,(x) — cllsk]|* + Cex,

set Tpy1 = Tk.
Otherwise, set zp11 = xk.

Counter update. Set k := k + 1 and go to Step S1.
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6.2.3 Convergence analysis

The convergence analysis is performed under the same assumptions
as in the nonnegativity-constrained case. Moreover, the analogues of
Lemmas|6.1.1{and [6.1.2{ remain valid in the present setting. More pre-
cisely, if one defines the sets D} and D, by replacing the condition
with , and rp, with 7p,, then the proof of eventual empti-
ness of D, in the MB regime is unchanged. Likewise, the lower bound
on the accepted step size follows from the same backtracking argu-
ment, since the projected direction still satisfies the descent property
from Theorem [6.1.1]

The only result whose proof needs to be genuinely adapted is the
analogue of Theorem [6.1.1] because in the box-constrained setting the
projected direction has three different coordinate types instead of two.
The next theorem provides the corresponding full-objective descent
estimate.

Theorem 6.2.1 Suppose that Assumption [ holds. Then a.s. there
exists a finite random iteration k such that for all k > k,

fxran) < flx) —elld(ay)|]? + Cey,
where

261<1 — Cl)ﬂ

7 }, C = max{1,C}.

¢ = min {c, c1,

Proof. The argument begins exactly as in the proof of Theorem[6.1.1]

In the FS regime, there exists a finite random index k; such that for all

k > k; the full sample is used, and therefore the line search inequality
yields

F@em) < f(xr) = crtmnlld(ze) |* + ek (6.33)

We now consider the MB regime. Since the analogue of Lemma
[6.1.7] also holds for AS-BOX, there exists a finite random index k;
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such that D, = 0 for all k& > k. Consequently, for all sufficiently
large k the acceptance test is satisfied for all admissible realizations of
the additional sample. As in the nonnegativity-constrained case, this
implies that the candidate point is accepted and that one has, for all

kzkla
N

faren) < flax) —e Y wyllsil® + Cep, (6.34)
j=1
where
sl = mg(xy — Vf;(2x)) — k.
The remaining task is to relate the exact projected gradient map-
pmng
d(xg) = ms(xry — Vf(zr)) — o
to the family of local projected directions {si}le To this end, we

partition the coordinate set according to the position of the projected
trial point relative to the interval bounds. Define

Ly, ={ie{l,....,n}|[x
Ing i ={i€{1,...,n} |
Uy, :={ie{1,....,n} | [x

ki — [V (@r)li < L}
< [onli = [V (@p))i Swi},  (6.35)
wli = [V (@) > i}
Thus, the set Ly, contains the indices whose projected trial point hits
the lower bound, Jy, contains those that remain in the interior, and
Uy, contains those that hit the upper bound.

Exactly as in the nonnegativity-constrained case, the fact that
D, = 0 implies that the structural discrepancy indicator vanishes
for all singleton additional samples. Hence, for all k& > kq,

Lo :Lllﬂ:...:LJkV’ij:ji:...:giV7uNk:ul{;:...?ug’)
6.36
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where, for each j =1,..., N,
L ={ie{l,... ,n} | [ali = [V fi(a)]i < L},

This equality of sets means that, once the additional-sampling test
stops failing, all local projected directions exhibit the same lower-
bound /interior /upper-bound structure. We can therefore infer the
position of the full projected direction coordinatewise. Indeed, for
any ¢ € Ly, and every j € N, one has

(k)i — [ij(ﬂﬁk)]i <,

which implies

[zli < [V f(xn)]i + L
Multiplying by w; and summing over j yields

(1] < [Vf(z)]i + 1, i € L,
Similarly, for ¢ € Uy, we obtain
[zxli = [V (@r)]i > i,
while for ¢ € Jy, we have
i < [zg)i = [V ()] < .
Consequently, for all k& > kq,

li — [Ik]z, 1 E LNk,
[d(xk)]l = _[vf(xk)]ﬂ (NS ijv (637>

U; — [Sl}k]z, 1 € uNk.
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We now estimate the squared norm of d(zy):

n

ldol® = Y ([dz)])?

=1

= Y (L= [ml)?+ D) (Vf(@R)])? (6.38)
iELNk 'LEJNk

+ Y (= [za]) (6.39)
iGuNk

On the other hand, by the definition of the local projected direc-
tions and (6.36)), one has for all £ > k; and all j € N,

L — [x)i 1 € Ly,
[st)i = $ = [V fi(zn)]i, i € T,
U; — [l’k]“ 7 € UNk.

Hence, for every ¢ € Ly,

ij([si]i)Q = (l; — [xk]i)z,
and therefore
S S wsr = Y - ) (6.40)

iELNk 7j=1 iELNk

Likewise, for every i € Uy,
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and hence

S (it = 3 G ) (6.41)

’iEuNk j=1 ’iEuNk

For indices in the interior set, convexity of the square function gives
2

([V f(zy)] (Zw] Vfi(xy) ><Zw] [V fi(xy)] ij ,

and summing over ¢ € Jy, yields

STV <Y Z w;([s1]:)2. (6.42)

iEJNk lGij j=1

Combining (|6.38|) (6.40), (6.41), and (6.42)), we obtain

ld(z)]> < ij Y ij DY ij 1)

’LELNk J=1 Zijk j=1 1EuNk 7=1

N .
= > _wlsill® (6.43)
j=1

Substituting this bound into (6.34]), we conclude that for all & > kq,

F(@rer) < flaw) — clld(@)|* + Cer. (6.44)

Thus, in the 'S regime we have (6.33)), and in the MB regime we
have ([6.44)). Choosing k sufficiently large so that the corresponding es-
timate holds in the realized scenario, we obtain the desired conclusion.

O

We next record the almost sure convergence, complexity, and
strong-convexity results for AS-BOX. Although these statements are
fully analogous to those obtained for AS-NC, we provide explicit proofs
here for completeness.
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Theorem 6.2.2 Suppose that Assumptions |9 and [3 hold. Then a.s.
every accumulation point of the sequence {xy}ren generated by AS-
BOX is a stationary point of problem ({4.5)).

Proof. The argument is identical in structure to the proof of Theorem
[6.1.2] with the only difference being that the feasible set is now the
general box S. By Theorem [6.2.1] there exists a finite random index
k such that for all [ € N,

-1 -1
Flar) < flag) —e ) ldap )P +CD ey
=0 =0

Taking expectations, using Assumption [3| and letting I — oo, we
conclude that

> E(lld(z.,)|?) < ox.

Hence, by the extended Markov inequality and the Borel-Cantelli
lemma,
]P(lim d(zy) = o) ~1
k—o00

Let z* be an arbitrary accumulation point of the sequence {x;},
and let Ky C N be an infinite subsequence such that x; — x* as
k € Ky. Since all iterates are feasible, one has z* € S. Passing to the
limit in the identity

d(zy) = ms(zp — V f(x1)) — 28,4

and using continuity of both V f and the projection operator, we ob-
tain

0= lim d(zy) = mg(z" — Vf(z")) — 2" = d(z").

keKy
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By Proposition b), the equality d(z*) = 0 is equivalent to sta-
tionarity of x* for problem (4.5). Therefore every accumulation point
is almost surely stationary. 0

To derive the complexity estimate, we use the same heterogeneity
assumption as in the nonnegativity-constrained case, now interpreted
through the box-constrained acceptance condition . More pre-
cisely, Assumption [4]is understood as requiring that at every iteration
there exists at least one local function for which the box-constrained
additional-sampling test fails.

Theorem 6.2.3 Suppose that Assumptions [3, [3, and [§ hold. Then
the expected number of iterations required to reach ||d(zy)|| < v is
upper bounded by

; [N—lw N [C‘fs—ﬁowﬂ

E = —
q cv?

where ¢ is the constant from Theorem CES is defined through
(6-23), and

q = min{wy, ..., wy}¥ L

Proof. The reasoning is the same as in the proof of Theorem [6.1.3]
Assumption {4 guarantees that for every iteration k there exists at
least one local function for which the acceptance condition fails.
Therefore, by the sampling rule for the additional sample,

P(Dy, € D) > min{wy, ..., wy}?* > minfw, ..., wy}V = q.

Let Sy denote the number of sample size increases up to iteration
k, and let I be the indicator of the event { N, > Nj_;}. Then

Sk=T+-+1L,  E(l)=PDyeD)>q
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Consequently,
E(Sk) > kq.

If N denotes the number of increases needed to reach the full sam-
ple, then the expected number of iterations necessary to enter the FS
regime is bounded above by [N /q|, and hence by

=
p .

Once the algorithm enters the FS regime, Theorem yields
the deterministic-type descent estimate for the full objective. Arguing
exactly as in the proof of Theorem [6.1.3] one obtains

E1+j
> Ers(lld(@)]?) <

k=ky

Cvlf:‘s_flow_‘_é
c

for all 7 € N.

If T denotes the number of FS iterations needed to reach ||d(z)|| < v,
then prior to this event we must have ||d(zy)|| > v, so

l;l-O—T—l FS _

C;” — fiow+E

Tv? < Eps(|ld < b = .

Vo< Z rs([ld(zy)?) < E
k=Fk1
Thus,
T < Cfsiflow+5_‘
- cv?

Adding the expected time needed to enter the FS phase proves the
stated bound. O

Theorem 6.2.4 Suppose that Assumption [ holds and that the se-
quence {xy }ren generated by AS-BOX is bounded. If the function f is
strongly convex, then

lim x, = 2" a.s.,
k—o0
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where x* is the unique solution of problem (4.5)).

Proof. Boundedness of the iterates implies Assumption [3| so Theo-
rem [6.2.2 shows that every accumulation point of {z} is almost surely
a stationary point of the box-constrained problem. On the other hand,
strong convexity of f implies that problem admits a unique sta-
tionary point, which necessarily coincides with the unique minimizer
x*. Therefore all accumulation points of the generated sequence must
be equal to z* almost surely. Since a bounded sequence whose accu-
mulation points all coincide with the same vector must converge to
that vector, we conclude that

T — T a.s.

This proves the theorem. O

The AS-BOX framework may therefore be regarded as a genuine
extension of AS-NC rather than as a fundamentally different method.
The algorithmic deviations are minimal and stem exclusively from the
more general form of the projection operator and the corresponding
three-way active-set structure. The same is true at the theoretical
level: once the projection geometry is carefully incorporated into the
estimates, the almost sure convergence result, the expected complexity
bound, and the strong-convexity convergence statement all follow in
the same spirit as in the nonnegativity-constrained case.



Chapter 7

Numerical Experiments

This chapter is devoted to the numerical assessment of the methods
developed in the previous chapters [f| and [6] The exposition is or-
ganized according to the two principal classes of constrained finite
sum problems considered in the dissertation. We begin with equality-
constrained problems and the ASPEN framework, where the experi-
ments focus on computational efficiency, comparison with benchmark
methods, and the influence of data heterogeneity on sample size adap-
tation. After that, we turn to box-constrained problems and the AS-
BOX methodology, where the same general philosophy is tested in
the projection-based setting. In this way, the chapter provides both
a problem-dependent and a method-dependent view of the practical
behavior of the proposed algorithms.

7.1 Equality-Constrained Problems: AS-
PEN

In this section, we present the numerical results for the equality-
constrained framework. The experiments are organized progressively:
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we first describe the computational environment and benchmark prob-
lems, then compare ASPEN with natural baseline strategies, after that
with stochastic SQP-type competitors, and finally examine how the
adaptive sample size mechanism reacts to controlled changes in the
level of heterogeneity among local objective functions.

7.1.1 Computational setting and benchmark suite

In this subsection, we examine the practical performance of ASPEN on
a collection of equality-constrained machine learning problems. Our
goal is twofold. First, we investigate whether the proposed adaptive
sampling strategy can provide a computational advantage over natural
deterministic and heuristic alternatives. Second, we study how the
algorithm behaves across datasets of different sizes and structures, as
well as how its sample size mechanism reacts to different levels of
heterogeneity in the local objective functions.

The experimental study is conducted on several binary classifica-
tion datasets from the LIBSVM collection [14], listed in Table In
order to complement these real-data experiments with a more con-
trolled synthetic setting, we also consider the academic problem HS24
from the CUTESst collection [27], enriched by artificial noise. This ad-
ditional experiment is used to illustrate the sensitivity of ASPEN to
different levels of dissimilarity among local cost functions. Some of
these datasets originate from standard machine-learning repositories,
such as the UCI Machine Learning Repository ([52] 53]).

We begin by comparing ASPEN with two natural reference strate-
gies. The first one is a deterministic penalty method, denoted by
Full, in which the complete sample is used at every iteration, that is,
N, = N for all £ € N. In this case, each penalized subproblem is
solved approximately until the condition

1
IV g (ki) || < —
2
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is met, after which the penalty parameter is updated according to

HE+1 = Y k-

The second baseline is a heuristic adaptive strategy, denoted by Heur.
This method starts from the same initial sample size as ASPEN and
increases it according to the rule

Nk+1 = mm{[llNﬂ, N}

whenever

1
IV B (o, ) || < —-
2%

The penalty parameter is updated in the same way as in the Full
method, and the same nonmonotone line search is used for all three
methods.

The parameter values employed in ASPEN are chosen in accor-
dance with the algorithmic framework introduced earlier. The initial
penalty parameter is set to py = 1, while the initial sample size is
chosen as Ny = [0.01N]. The additional sampling step is performed
with D, = 1, ¢ = 1074, and C = 1. In the line search procedure we use
B = 0.1, 7 = 107%, and the error sequence ¢, = k1!, Whenever the
algorithm decides to enlarge the main sample, the increase is taken to
be minimal, that is,

Npy1 = N + 1,

as prescribed in Line 23] of ASPEN. The same starting values of py and
Ny are used for the heuristic method, and throughout all experiments
we fix v = 1.1.

Initial points are identical for all compared methods and are ob-
tained by normalizing Gaussian random vectors.
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Table 7.1: Binary classification data set details [14].

Dataset Dimension (n) | Datapoints (V)
a9a 123 32,561
Australian 14 690

Heart 13 270
Mushrooms 112 8,124
Splice 60 1,000
MNIST 784 60000

As the underlying test model, we consider the equality-constrained
logistic regression problem

|
916161]%11 flz) = N ;10g (1 + e’bia?x> st |zll3 =1, (7.1)
where a; € R™ denotes the feature vector associated with the i-th
data point, and b; € {—1,1} is the corresponding binary label. This
formulation is a standard benchmark in constrained machine learning
and is particularly suitable for the present context, since it combines
a finite sum structure with a nonlinear equality constraint.

The computational effort is measured by the Function Fvaluation
Value (FEVy), which counts the total number of scalar products re-
quired by a given method in order to compute the iterate x;, starting
from the initial point xg.

This performance metric is more informative than a pure itera-
tion count, because the compared methods operate with different sam-
ple sizes and therefore incur different per-iteration costs. Measuring
progress against F'E'V) makes it possible to compare the methods on
a common computational scale.

In the first group of experiments, for each dataset from Table [7.1]
we report the following quantities:



166 Numerical Experiments

1. the distance to the reference solution, ||z, —x*||, plotted against
the computational budget F'EV}, (part a);

2. the evolution of the sample size across iterations (part b);
3. the evolution of the penalty parameter across iterations (part c).

The corresponding results are displayed in Figures [7.IH7.6]

This first group of experiments establishes the common computa-
tional framework used in the remainder of the ASPEN study. Having
fixed the model problem, the datasets, and all algorithmic parame-
ters, we can now examine in a direct way how ASPEN compares with
simpler penalty-based reference strategies before moving on to more
specialized stochastic constrained optimization methods.

7.1.2 Comparative Performance of ASPEN

The first set of experiments highlights the advantage of ASPEN over
the deterministic Full strategy and over the heuristic adaptive rule
Heur. Across most datasets, ASPEN reaches a smaller distance to the
reference solution while requiring substantially fewer scalar products.
This behavior indicates that the additional-sampling mechanism is
able to balance progress and cost more effectively than either always
using the full sample or enlarging the sample according to a fixed
heuristic rule.

A particularly important aspect of these experiments is the evo-
lution of the sample size. The plots in part b) show that ASPEN
does not increase the sample in a uniform or preassigned way. In-
stead, the growth of N, depends strongly on the dataset under con-
sideration, which confirms the adaptive character of the method. For
example, the MNIST experiment in Figure exhibits a noticeably
faster increase of the sample size, which is consistent with the greater
diversity and complexity of that dataset. In contrast, the Mushrooms
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dataset in Figure allows the method to remain effective with much
smaller sample sizes, suggesting that the local objective functions are
significantly more aligned and that a modest mini-batch is already
sufficiently informative.

Another striking feature of these experiments is that none of the
considered runs reaches the full sample. This indicates that, on the
tested problems, ASPEN is able to produce competitive and often su-
perior solutions while remaining entirely in the subsampled regime.
The plots in part ¢) further show that the penalty parameter in AS-
PEN tends to increase more aggressively than in Full and Heur. Rather
than being detrimental, this appears to be beneficial: the method
enforces feasibility more actively while still maintaining a favorable
balance between progress and cost.

Distance to x* vs FEV Sample Size per Iteration Penalty Parameter per Iteration
12 16000 1400
. —— ASPEN —— ASPEN —— ASPEN

Full 140004 | —-- Heur ! Full
—-= Heur

1 —-- Heur
12000

H
)

10000 4
0.6 = 8000
6000

] 4000 4

t,_ .
ST

0 100000 200000 300000 400000 0 50 100 150 200 250 o 50 100 150 200 250
FEV Iteration k Iteration k

a) b) c)

Figure 7.1: MNIST dataset. ASPEN vs. Full and Heur: optimality gap vs.
FEV (a); sample size vs. iteration (b); penalty parameter vs. iteration (c).

Figure reports the relative sample size Ni/N rather than the
absolute sample size Nj. This normalization is particularly useful
in the present setting because the data sets listed in Table [7.1] differ
substantially in the number of data points, ranging from 270 to 60 000.

The plots show that the adaptive methods exhibit noticeably dif-
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Figure 7.2: Mushrooms dataset. ASPEN vs. Full and Heur:

b)
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optimality gap vs.

FEV (a); sample size vs. iteration (b); penalty parameter vs. iteration (c).
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Figure 7.3: Splice dataset. ASPEN vs. Full and Heur: optimality gap vs. FEV
(a); sample size vs. iteration (b); penalty parameter vs. iteration (c).
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Figure 7.4: a9a dataset. ASPEN vs. Full and Heur: optimality gap vs. FEV
(a); sample size vs. iteration (b); penalty parameter vs. iteration (c).
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Figure 7.5: Heart dataset. ASPEN vs. Full and Heur: optimality gap vs. FEV
(a); sample size vs. iteration (b); penalty parameter vs. iteration (c).
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Figure 7.6: Australian dataset. ASPEN vs. Full and Heur: optimality gap vs.
FEV (a); sample size vs. iteration (b); penalty parameter vs. iteration (c).

ferent sample-growth behaviors across the considered problems. In
particular, on the Australian and Splice data sets, the Heur strategy
increases the sample size more aggressively and reaches a consider-
ably larger fraction of the data than ASPEN. On MNIST, both adap-
tive approaches remain well below the full sample regime throughout
the considered iteration budget, which indicates substantial compu-
tational savings on the largest data set. On Heart and a9a, ASPEN
displays a pronounced late increase and eventually reaches the full
sample, suggesting that more accurate gradient information becomes
desirable in the final stage of the optimization process, whereas Heur
remains below 1. On Mushrooms, Heur uses a larger fraction of the
data during the middle phase, while ASPEN catches up later and
eventually overtakes it near the end. Overall, these results indicate
that ASPEN is generally more conservative in the early and middle
iterations and tends to enlarge the sample only when the progress of
the method requires more accurate information, whereas Heur often
follows a smoother and earlier growth pattern.

From a broader perspective, these experiments support the cen-
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tral idea behind ASPEN: additional sampling is not used merely as a
safeguard, but as a mechanism that shapes the whole optimization pro-
cess. It determines when the current sample is sufficiently informative
and when more precision is required, thereby producing a genuinely
data-dependent sample size schedule.

E]
rrrrrrrrrrrrrrrrrrrrrrrrrrrrr

(d) Mushrooms (e) Splice (f) MNIST

Figure 7.7: Relative sample size Ny /N per iteration for ASPEN, Heur,
and Full on the considered binary classification data sets.

The comparison with Full and Heur shows how ASPEN behaves
relative to two conceptually simple reference rules that share the same
penalty framework. This provides a useful baseline, but it does not
yet position ASPEN with respect to stochastic methods specifically
designed for constrained optimization. For that reason, the next sub-
section broadens the comparison and considers SQP-type competitors
that represent a more demanding benchmark.
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7.1.3 Comparison with Stochastic SQP-Type
Methods

We next compare ASPEN with two established stochastic optimization
methods from the equality-constrained literature, namely Sto-SQP [4]
and SVR-STO [5]. In these experiments, ASPEN is used with exactly
the same parameter values as above, while the competing methods
are run with parameter choices obtained through empirical tuning and
consistent with the recommendations given in the corresponding refer-
ences. After preliminary validation, the selected values were fixed and
used uniformly across all datasets, following the experimental protocol
adopted in [5]. More specifically, Sto-SQP is run with

=104 7,=01,6=10"° €, =01, ¢ = 1072 0g1o_s50p = 0.5,
while SVR-STO uses

osvr_sro = 0.5, 0 =10* 7,9 =0.1, ¢, = 107°, a, = 10°,

Bsvr-sTto = 1.

The comparison presented in Figure indicates that ASPEN is
competitive with these state-of-the-art schemes and, on most datasets,
provides the most favorable trade-off between solution quality and
computational effort. Since the behavior is not identical across all
problems, we comment on each dataset separately.

Figure a) corresponds to the Mushrooms dataset. In this exper-
iment, ASPEN exhibits a very rapid initial decrease of the optimality
gap and continues to improve throughout the available computational
window. Sto-SQP also decreases in a stable and monotone manner,
but its rate is visibly slower, meaning that it requires more scalar prod-
ucts to achieve a comparable level of accuracy. The SVR-SQP variant
with batch size b = 16 improves more slowly than Sto-SQP, while the
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Figure 7.8: ASPEN vs. STO-SQP and two variants of SVR-SQP. Distance to
the optimal solution versus the number of scalar products (FEV): a) Mushrooms
dataset; b) a9a dataset; ¢) Australian dataset; d) Heart dataset; ) Splice dataset;
f) MNIST dataset.
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variant with b = 128 shows only a marginal reduction of the distance
within the considered budget.

Figure [7.8b) shows the results on the a9a dataset. Here ASPEN
is again the only method that achieves a distinctly pronounced reduc-
tion in the error. After a short plateau, its progress resumes, which
suggests that the adaptive sample size strategy is able to react to the
local difficulty of the problem. Sto-SQP yields a steady but only mod-
erate decrease, while both SVR-SQP variants remain relatively flat,
indicating that on this dataset they would likely require either a larger
computational budget or a different internal batch-size regime.

Figure ) refers to the Australian dataset. On this problem,
ASPEN again attains the largest reduction of the optimality gap and
keeps the best performance level over the full FEV range. Sto-SQP
decreases more slowly but remains consistent. The SVR-SQP method
with b = 16 becomes more competitive in the later stage of the run
and approaches the accuracy of Sto-SQP, which suggests a certain
sensitivity of variance-reduced methods to the statistical profile of the
dataset. The variant with b = 128 remains the least effective in this
comparison.

Figure ) corresponds to the Heart dataset. In this case, AS-
PEN delivers the fastest initial decrease, reaching a distance below
10~! after only a few hundred scalar products. However, once this
rapid initial progress is achieved, the method enters a prolonged
plateau. By contrast, SVR-SQP with b = 16 improves more grad-
ually, but continues its descent and eventually surpasses ASPEN in
terms of final solution accuracy. Sto-SQP and SVR-SQP with b = 128
remain less competitive during the whole run.

Figure [7.8¢) presents the results for the Splice dataset. The same
general phenomenon appears here as in the previous case, but in a
more pronounced way. ASPEN shows a clear advantage in the early
phase of the run, but then exhibits a long interval of stagnation before
progress resumes. Meanwhile, SVR-SQP with b = 16 decreases more
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steadily and ultimately attains the best final accuracy among all tested
methods. Sto-SQP stays moderately effective, and the larger-batch
SVR-SQP variant remains the slowest. These two datasets therefore
illustrate that ASPEN is particularly strong in fast initial reduction
of the error, while on some problems a variance-reduced SQP scheme
may eventually become preferable in the long run.

Figure ) corresponds to the MNIST dataset. In this experi-
ment, ASPEN ultimately achieves the best final accuracy, although it
requires a somewhat larger number of scalar products before clearly
outperforming the competing methods. Sto-SQP performs best at the
beginning of the run, while both SVR-SQP variants become more fa-
vorable than Sto-SQP for larger values of FEV. Overall, the MNIST
experiment confirms that ASPEN remains highly competitive even on
the largest and most demanding dataset in the test collection.

Taken together, these comparisons indicate that ASPEN is espe-
cially effective in the regime where fast progress under limited com-
putational budgets is essential. Even in cases where another method
eventually reaches a slightly better final point, ASPEN frequently at-
tains a good solution much earlier, which is often the practically rele-
vant criterion in large-scale applications.

The comparison with stochastic SQP-type methods places ASPEN
in a broader methodological context and shows that its favorable per-
formance is not limited to simple baselines. Still, real-data experi-
ments combine many effects at once, including geometry, scaling, and
dataset-specific structure.

7.1.4 Noise sensitivity and adaptive sample size
growth

We conclude the ASPEN experiments with a controlled study aimed
at illustrating the relation between data heterogeneity and sample size
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adaptation. For this purpose, we consider the academic HS24 problem
from the CUTEst collection [27] and introduce Gaussian perturbations
into the local objective functions. In this way, we obtain a synthetic
stochastic model in which the level of similarity among the local com-
ponents can be tuned explicitly.

More precisely, we consider the perturbed problem

N
min f(r) =+ S (F@) +<el?) st Jeli=1 (72)

=1

where
f(@) = (z1 — 2)* + (21 — 22,)?

is the original objective function of HS24, and the random variables ¢;
are drawn from the Gaussian distribution N(0, 0?). The parameter o
controls the level of perturbation: small values of ¢ correspond to local
functions that are more similar to one another, while larger values of
o produce a more heterogeneous collection of local objectives.

The results reported in Figure confirm two important proper-
ties of ASPEN. On the one hand, the method remains robust with
respect to the optimality gap even as the level of noise increases. On
the other hand, the evolution of the sample size clearly reflects the
level of heterogeneity in the data. Larger values of ¢ require more
rapid or more substantial sample size growth, which is consistent with
the intuitive expectation that more dissimilar local functions demand
larger mini-batches in order to provide a reliable approximation of the
global objective.

This experiment is particularly valuable because it isolates the ef-
fect of heterogeneity from the many confounding factors present in real
datasets. It shows directly that the adaptive mechanism in ASPEN is
not arbitrary: the algorithm enlarges the sample precisely when the
local models become less representative of one another, thereby con-
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Figure 7.9: Influence of dissimilarity of local cost functions (modeled by o €
{0.1,0.5,1,2}) on the behavior of ASPEN algorithm applied on problem (7.2)): a)
optimality gap; b) sample size increase.

firming the intended role of additional sampling as a data-sensitive
control mechanism.

With this final experiment, the numerical study of ASPEN is
rounded off from three complementary angles: comparison with basic
references, comparison with established stochastic constrained meth-
ods, and sensitivity to controlled variation in local-model similarity.

7.2 Box-Constrained Problems: AS-BOX

This part of the numerical study is devoted to the box-constrained
framework introduced in the previous section. The goal is to assess
the practical behavior of the AS-BOX method on representative con-
vex and nonconvex learning problems, and to compare it with algo-
rithms that are specifically designed for stochastic optimization un-
der bound constraints. In contrast to the equality-constrained ex-
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periments, where the emphasis was on penalty-based behavior and
adaptive sampling under nonlinear constraints, the present subsection
focuses on the interaction between projected steps, box feasibility, and
additional sampling.

In particular, the numerical study below is organized so as to
highlight three aspects of AS-BOX: its efficiency on standard box-
constrained classification models, the way its adaptive sample size
mechanism evolves in practice, and its robustness when the objective
function is nonconvex. This provides a complementary experimen-
tal perspective to the theoretical results established in the previous
chapter.

7.2.1 Experimental setting and benchmark meth-
ods

We now describe the computational setting used for the AS-BOX ex-
periments. The proposed algorithm is tested against representative
methods from the literature for smooth stochastic optimization with
box constraints. Our main comparison is carried out with the stochas-
tic gradient-based interior-point method (SIPM) introduced in [20],
which is specifically designed for smooth box-constrained problems.
As a second benchmark, we consider PSGM, the projected stochastic
gradient method used in [20]. In PSGM, each iteration is based on a
stochastic gradient step followed by an explicit projection onto the fea-
sible box. In order to ensure a fair comparison, all parameters related
to SIPM and PSGM are taken exactly as reported in the numerical
section of [20)].

The choice of these two benchmark methods is natural. SIPM
represents an interior-point philosophy, where feasibility is handled
implicitly through barrier-type mechanisms, while PSGM is a direct
projection-based approach. Since AS-BOX also relies on projected



7.2 Box-Constrained Problems: AS-BOX 179

directions but augments them with additional sampling and adaptive
sample size control, comparing these three methods makes it possible
to isolate the practical effect of the proposed adaptive strategy.

The experiments include two binary classification models:

1. logistic regression, which gives rise to a convex optimization
problem;

2. a single-hidden-layer neural network trained with cross-entropy
loss, which yields a nonconvex optimization problem.

All experiments are performed on datasets from the LIBSVM repos-
itory, namely Mushrooms (8124 samples, 112 features) and IJCNN1
(49990 samples, 22 features). These two datasets are sufficiently dif-
ferent in size and structure to provide a meaningful test bed for the
considered methods. In all cases, labels are encoded in the binary
format {—1,1}.

The initial point xg is generated independently for each problem
by sampling its components uniformly from the interval [—0.01,0.01].
For AS-BOX we use the parameter values

D,=1, C=1, =01 n=10"" ¢=10"" ¢, = %
These values are consistent with the standard settings used in earlier
work on additional-sampling methods |40} 42, [46].

As in the ASPEN experiments, the use of a common computational
metric is important here because the compared methods do not spend
the same amount of work per iteration. For that reason, all numerical
comparisons below are reported against the number of scalar products
rather than against the raw number of iterations.
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7.2.2 Logistic regression under box constraints

We first consider a convex benchmark model in the form of box-
constrained logistic regression. This problem is a natural starting
point because it is standard in large-scale classification and, at the
same time, sufficiently structured to allow a clear interpretation of the
observed algorithmic behavior.

The optimization problem is given by

| N
$€?—1511]n N ; log(l + exp(_bia;rx))’
where (a;, b;) are the training samples and b; € {—1, 1} are the binary
labels. This model is convex and widely used as a baseline in large-
scale classification. The box constraints [—1, 1]" are imposed in order
to match the setup used in [20] and to enable a direct comparison
with existing stochastic box-constrained methods. As before, compu-
tational effort is measured by F'EV), the number of scalar products
needed by a given method to compute the iterate zj, starting from
the initial point z.

To assess performance, we plot the distance to the reference solu-
tion,

||Ik - x*Ha

against the computational budget F'EV}. In all reported comparisons,
the stopping rule is not based on a stationarity tolerance, but on a
prescribed budget of scalar products. Hence, all methods are evaluated
under the same computational limitation.

Figure displays the results on the Mushrooms dataset for four
algorithms: AS-BOX, SIPM, PSGM, and the full sample variant of
AS-BOX, that is, the version in which N, = N for all iterations.
The plot shows the Euclidean distance ||z, — 2*|| as a function of
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Figure 7.10: Distance to the solution ||z — z*|| versus FEV}, for logistic regres-
sion on the Mushrooms dataset.

the number of scalar products. Among the compared methods, AS-
BOX reaches the reference solution neighborhood the fastest. SIPM
decreases more slowly, but in a stable and consistent manner, whereas
PSGM exhibits clear signs of stagnation. On this dataset, the full
sample variant performs the worst, which suggests that always using
the complete dataset leads to an unnecessarily high per-iteration cost
without compensating gains in progress.

The same general picture appears on the IJCNNI1 dataset; see Fig-
ure [7.11] AS-BOX again provides the best performance and achieves
the smallest distance to the reference solution. In particular, it reaches
an accuracy level of approximately 10~ between 150,000 and 200,000
scalar products. SIPM follows with a visibly slower reduction of the
distance, while PSGM remains the least competitive among the sam-
pled methods. The full sample strategy performs slightly better than
PSGM on this dataset, but it still remains clearly inferior to AS-BOX
and SIPM.
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These two experiments indicate that the advantage of AS-BOX is
not tied to a single problem size or data regime. On both a medium-
scale dataset and a significantly larger one, the method benefits from
using only a relatively small portion of the data at each iteration while
still producing more rapid reduction of the solution error.

Convergence comparison
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Figure 7.11: Distance to the solution ||z — x*|| versus FEV}, for logistic regres-
sion on the IJCNNI dataset.

7.2.3 Adaptive subsample growth

We now turn to the adaptive behavior of the sample size sequence
generated by AS-BOX. Since one of the central ingredients of the pro-
posed method is the possibility of increasing the sample size only when
necessary, it is natural to inspect how this mechanism behaves in prac-
tice.

The following plots are particularly informative because they reveal
whether the sample size adaptation is merely a formal ingredient of
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the algorithm or whether it actually governs the optimization process
in a meaningful way. In particular, they show whether AS-BOX tends
to drift toward the full sample regime or whether it is able to remain
efficient while using only small subsamples.

Figure [7.12] reports the evolution of the subsample size N}, as a
function of the computational budget F'E'V}, for the two datasets. The
observed growth is monotone and staircase-like: the sample size is
increased only when the additional-sampling acceptance test fails, and
it remains unchanged otherwise. On the Mushrooms dataset (m =
8,124), the largest observed sample size is 168, which is about 2.1% of
the full dataset. On the IJCNNI dataset (m = 49,990), the maximum
sample size is 504, which corresponds to approximately 1.0% of the
available data. In neither case does the method reach the full sample.

This is an important observation. It shows that AS-BOX is ca-
pable of making stable progress without ever resorting to a complete
evaluation of the objective function. Consequently, its practical effi-
ciency comes not only from the use of stochastic directions, but also
from the fact that the adaptive strategy prevents the sample size from
growing unnecessarily.

N (samle size)

oooooooooooooooooooooooooooooooooooooooooooooooooooooooooooo

Figure 7.12: AS-BOX: evolution of the subsample size N}, as a function of FEV.
Part a): Ny versus FEV), for the Mushrooms dataset. Part b): Ny versus FEVj,
for the IJCNN1 dataset.

From a practical standpoint, these sample size trajectories sup-
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port the intended interpretation of additional sampling: the method
requests a larger batch only when the current one ceases to be suf-
ficiently representative. It is also worth noting that the full sample
was not reached on either dataset during the reported runs. Although
reaching the full sample is not a required objective of the method,
this behavior illustrates that the adaptive sampling rule may keep the
iteration in a subsampled regime while still allowing visible progress.

7.2.4 Neural network training under box con-
straints

We finally consider a nonconvex benchmark in order to evaluate the
robustness of AS-BOX beyond convex logistic regression. The model
is a single-hidden-layer neural network trained for binary classifica-
tion. This experiment is significantly more challenging because the
optimization landscape is nonconvex and the solution is not unique in
general.

Including this experiment is important for two reasons. First, it
tests whether the favorable behavior of AS-BOX persists outside the
convex setting. Second, it provides a setting in which the projected
stationarity measure is more informative than the distance to a fixed
reference solution, because the training problem is nonconvex and dif-
ferent runs may converge to different stationary points with compara-
ble objective values.

Let tanh(-) be the activation function in the hidden layer, while
the output layer uses a sigmoid activation. The network output is
given by

O'(WQ tanh(Wia + by) + bz),

where W, and W5 are weight matrices, and b; and b, are bias vectors.
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The associated training objective is the average cross-entropy loss

N
min %Z [ — y;log(9;) — (1 — y;) log(1 — ?32)]7
i=1

z€[—1,1]¢

where the vector z collects all parameters (W, Wa, by, by), and d de-
notes the total number of parameters in the network. As in the logistic
regression setting, all parameters are restricted to lie in the interval
[—1,1].

Solutions of this nonconvex problem are not unique in general,
and therefore the most informative quantity is not the distance to a
single reference point, but the projected stationarity measure ||d(zg)]|.
For this reason, we report both the evolution of the cross-entropy
loss and the evolution of the stationarity measure as functions of the
computational cost F'EV.

Figure ) shows the loss trajectory on the Mushrooms dataset.
AS-BOX again provides the best overall behavior, reducing the loss
from approximately 2 x 107! to below 10~2 within about 10° function-
evaluation units. SIPM decreases more gradually and stabilizes around
5 x 1072, PSGM starts with a competitive initial decrease and even
appears slightly better than AS-BOX at the very beginning, but it soon
stagnates around 3 x 1072. This suggests that while plain projected
stochastic gradient steps may be effective at the start, they are less
reliable in sustaining long-term progress.

Figure ) presents the corresponding stationarity measure on
the same dataset. The behavior is consistent with the loss curves. AS-
BOX reduces ||d(xy)|| from roughly 107! to about 1072 and does so in
a relatively stable way, despite the stochastic fluctuations inherent in
the method. SIPM continues to improve but remains above 3 x 1072,
whereas PSGM levels off near 4 x 1072 much earlier.

The same type of comparison is given for the IJCNNI1 dataset
in Figure . In part a), all methods begin from an initial loss
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Figure 7.13: Part a): Cross-entropy loss versus FEV; for the Mushrooms
dataset. Part b): Stationarity measure ||d(xy)|| versus FEV} for the Mushrooms
dataset.

of approximately 4.2 x 107!, AS-BOX then exhibits the fastest and
most persistent decrease, reaching a loss below 3.2 x 10~! after roughly
4 x 10° function-evaluation units. SIPM improves more slowly, while
PSGM decreases at the beginning but does not maintain that rate of
progress.

Part b) of Figure shows the stationarity measure ||d(xy)|.
Once again, AS-BOX displays the most pronounced reduction, even-
tually going below 2 x 1072. SIPM stabilizes around 4 x 1072, and
PSGM also levels off near that value after an initially faster decrease.
Hence, in terms of both objective reduction and projected stationar-
ity, AS-BOX provides the most favorable long-run performance on this
more difficult dataset.

Comparing the two datasets leads to a consistent overall conclu-
sion. On both Mushrooms and IJCNN1, AS-BOX achieves the largest
decrease in cross-entropy loss and in the projected stationarity mea-
sure within the prescribed computational budget. At the same time,
the speed of convergence is not identical across datasets, which is
natural given their structural differences. The Mushrooms dataset is
smaller and more easily separable, so all methods improve more quickly
there, and AS-BOX reaches near-optimal behavior already within 10°
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Figure 7.14: Part a): Cross-entropy loss versus FEV}, for the IJCNN1 dataset.
Part b): Stationarity measure ||d(zy)| versus FEVj, for the IJCNN1 dataset.

scalar products. By contrast, IJCNNI is larger and less separable,
which slows down all methods; nevertheless, AS-BOX preserves a clear
advantage over SIPM and PSGM and attains roughly twice the reduc-
tion in stationarity by the end of the run.

Taken together, the box-constrained experiments provide empirical
evidence that AS-BOX performs well on the considered test problems.
In the convex logistic regression experiments, it achieves the best error
reduction under a fixed computational budget, while in the neural net-
work experiment it produces the strongest decrease of the projected
stationarity measure. Since the numerical study is limited to a finite
set of benchmark problems and one neural-network training example,
these results should be interpreted as experimental evidence rather
than as a universal performance claim. Nevertheless, they suggest
that the proposed combination of projected sampled directions, non-
monotone line search, and additional-sampling-based sample control
can be beneficial beyond the convex setting.
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Conclusion

In this dissertation, first-order stochastic optimization methods based
on the additional sampling framework have been presented and ana-
lyzed to address computational aspects of large-scale constrained op-
timization. Driven by applications in machine learning, data analy-
sis, and statistical estimation, contemporary optimization models fre-
quently feature objective functions defined as finite sums or mathe-
matical expectations over large datasets. This thesis addresses this
limitation by developing adaptive sampling methodologies that bal-
ance approximation accuracy against computational cost. By employ-
ing smaller subsamples during the initial iterations and controlling
sample expansion through independent validation, the algorithms re-
duce the computational workload while maintaining asymptotic con-
vergence guarantees. Throughout this work, computational effort
has been evaluated using the cumulative number of scalar products
(FEVy), providing a metric to compare the efficiency of the developed
methods against deterministic baselines and fixed heuristic stochastic
strategies.

The first part of this research addresses optimization problems
with nonlinear equality constraints through the formulation of the
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ASPEN (Additional Sampling Penalty method for Equality Nonlin-
ear constraints) framework. This methodology combines a quadratic
penalty function approach and a nonmonotone Armijo-type line search
with an acceptance test performed on an independent auxiliary sam-
ple. This auxiliary step evaluates the progress of the candidate itera-
tions, regulating the growth of the main sample size. At the theoret-
ical level, this dissertation establishes the almost sure convergence of
the generated iterate sequence to Karush—-Kuhn—Tucker points under
standard smoothness assumptions and the Linear Independence Con-
straint Qualification. Furthermore, this framework has been extended
to a weighted stochastic finite sum environment, where individual com-
ponent functions are drawn according to non-uniform probability dis-
tributions reflecting their weights.

Parallel to the equality-constrained setting, the dissertation ana-
lyzes nonnegativity and general box constraints via the AS-NC and
AS-BOX algorithms. These projection-based methods utilize binary
and ternary indicator mappings to monitor the structural consistency
of the bounding constraints between the main and auxiliary samples.
This additional sampling test evaluates whether the current sample
size is sufficient to identify the active constraints and the coordinates
that remain in the interior of the feasible domain. The theoretical
analysis demonstrates that every accumulation point of the gener-
ated sequence is almost surely a first-order stationary point of the
bound-constrained problem. Additionally, a worst-case expected com-
putational complexity bound of order O(r~2) is derived (where, v > 0
denotes the prescribed stationarity tolerance, for instance for the norm
of the projected gradient mapping.), which corresponds to the theoret-
ical rate of classical deterministic projected gradient schemes. Under
the assumption of strong convexity, almost sure convergence of the
entire sequence of iterates to the unique global solution is established.

The theoretical considerations are evaluated through numerical ex-
periments on real and synthetic datasets from the LIBSVM, MNIST,
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and CUTESst repositories. The computational framework encompasses
convex models, such as bounded logistic regression, and nonconvex
architectures, including single-hidden-layer artificial neural networks,
alongside noise-sensitivity analyses. Evaluated against criteria such
as objective loss reduction, distance to the reference solution, and the
norm of the projected gradient mapping, the empirical results show
reduced resource consumption for the adaptive mechanisms. The pro-
posed schemes are compared with standard heuristic stochastic gradi-
ent methods, full sample deterministic baselines, as well as stochastic
sequential quadratic programming and interior-point algorithms.

The results achieved in this dissertation suggest several possible
research directions, particularly the potential generalization of the ad-
ditional sampling paradigm to optimization problems involving gen-
eral nonlinear inequality constraints. This extension could be analyzed
by combining the penalty architecture of ASPEN with the projected
active-set tracking of AS-BOX. By introducing slack variables, gen-
eral inequality constraints g(x) < 0 could be transformed into a sys-
tem of nonlinear equalities with a nonnegativity requirement. In such
a framework, the penalty mechanisms might be used to manage the
nonlinear equations, while the ternary indicator mappings could be
extended to track whether a constraint is active, inactive, or violated
on independent auxiliary samples. Investigating the almost sure con-
vergence properties, establishing mixed-constraint complexity bounds,
and applying these schemes to large-scale risk-averse decision models
may represent possible future objectives of this research.
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Osaj Obpasay uuHu cacmagHu O0eo OOKMoOpcKe oucepmayuje, O0OHOCHO
O00KMOPCKO2 YMEMHU4K02 npojekma Koju ce opanu Ha Yuusepzumemy y Hosom
Caoy. Illonywen Obpazay ykopuuumu usza mexcma OOKMOpPCKe oucepmayuje,
O0OHOCHO OOKMOPCKO2 YMEMHUYKO2 NPOjeKmad.

IInan TpeTmMaHa nojaTaka

Ha3uB npojexra/ucrpaxuBama

Merone nogaTHor Y30pKOBamba 3a HpOGJ’ICMC KOHAa4YHHUX CyMa Ca OrpaHnvuCHuMa

Additional Sampling Methods for Finite Sum Constrained Problems

Ha3uB HHCTUTYLMje/MHCTUTYIMja y OKBHPY KOjHX Ce CIIPOBOAU HCTPAKHBAHE

Yuusepsuretr y HoBom Cany, [IpuponHo-mMareMaTHuky GaxyaTer

Ha3uB nporpama y oKBHpPY KOT ce peajn3yje HCTPAKNBae

JIOKTOpCKE aKaJeMCKe CTyJH1je MaTeMaTHKe

1. Onuc noxaraka

VY 0BOj CTYAUjH HUCY IPUKYIUbAHU MOJALH.

2. [Ipukyn/bame nogaTaka

3. Tperman noaaraka u npareha JoKymMeHTanuja

4. be30eqHOCT MOJATAKA U 3ALUTUTA MOBEP/LUBUX HHPOPMALIHja

5. locTynHoOCT moaTaKa

6. Y1ore 1 0IrOBOPHOCT

HauuoHanHu nopran OTBOPEHE HayKe — Open.ac.rs
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