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Abstract

A stochastic gradient method for finite-sum minimization subject to deterministic
linear constraints is proposed and analyzed. The procedure presented adapts the
projected gradient method on a convex set to the use of both a stochastic gradient
and a possibly inexact projection map. Under standard assumptions in the field
of stochastic gradient methods, we provide theoretical results in agreement with
the theory for unconstrained problems. Numerical results are presented to show
the practical behavior of the procedure.
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1 Introduction

We consider the finite-sum optimization problem with linear equality constraints
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where the functions f; : R* — R, i = 1,..., N, are continuously-differentiable, A €
R™*" m < n, is a full row-rank matrix and b is a vector in R™.

Problems of minimizing finite-sums are often encountered in applications, such
as least-squares approximation and Machine Learning within training phase where
parameters of a model function are optimized. This usually assumes a large number
of data which corresponds to a large N in (1). The so-called Big Data setup motivates
stochastic optimization approach since evaluating the whole function and/or its deriva-
tives is too expensive to be treated by classical, deterministic methods. This raised a
number of first-order stochastic strategies proposing different function and/or gradient
approximations [1]. Moreover, analogously to deterministic optimization, second-order
information can speed up convergence, and this yielded a new direction in stochastic
optimization research based on appropriate Hessian. A special case of this approach
leans on spectral methods and stochastic Barzilai-Borwein step-sizes, see e.g., [2-5].

Subsampling is a main-stream procedure for obtaining approximations to func-
tion and/or gradient evaluations; subsampling strategies range from the mini-batch
approach where the sample size is usually small and fixed (e.g., [6]), to increasing sam-
ple size strategies where the full sample is eventually reached (e.g., [7]), with many
variations in between ([3, 8, 9] to name just a few). Determining a suitable step-size
sequence is also a key component in stochastic optimization field. In addition to pre-
fixed constant step-size sequences and diminishing step-sizes, globalization strategies
such as line search and trust region can be adapted to the stochastic framework (see
e.g. [10-12]) but the majority of such approaches require at least approximate function
evaluations.

Finite-sum problems can also come with constraints incorporating prior to knowl-
edge and physical meaning [13-16]. In this work, we propose a stochastic projected
gradient method for problem (1) based on the projected gradient method. Function
evaluations are not required while a mini-batch approach is employed to compute
stochastic gradients. Regarding the mini-batch strategy, the set of indices in the sum
(1) is divided into r mini-batches which can be redefined possibly at each iteration.
At any iteration k, each mini-batch can be selected with the same probability; a gra-
dient estimate is calculated on the sampled mini-batch and by using an appropriate
scaling that provides an unbiased estimate of the full gradient. In order to handle con-
straints, we allow the use of inexact projections, especially suited in the presence of a
large number of constraints (e.g., [17]); specifically, inexact but controlled projections
provide a nonmonotone decay of the infeasibility measure. The proposed algorithm is
accompanied by a theoretical analysis that establishes convergence results, distinguish-
ing constant and diminishing step-size sequences, in line with the existing literature.
Convexity of the objective function is not required. The numerical behavior of the
method is shown considering some step-size selections in agreement with the theory.

Outline of the paper. §2 provides the new method while §3 is devoted to its
theoretical analysis. §4 provides a comparison with related contributions in the liter-
ature. §5 is dedicated to the experimental configuration while numerical results are
presented in §6. §7 draws the main conclusions.

Notations. The symbol ||-|| indicates the Euclidean norm. Pr(-) and E[-] represent
the probability function and expected value, respectively.



2 Description of the method

In this section, we introduce our Projected Stochastic Gradient method for Linear
Equality COnstrained problems, named the PSG_LECO method, to solve the problem
(1). We start by describing two main tasks in the algorithm: the construction of a
stochastic gradient and the computation of the projection of a point in R™ onto S.
At the k-th iteration, given z € R", a stochastic gradient gy is computed as a
mini-batch gradient using the following strategy. Let us define a partition {N}}7_; of

N ={1,...,n} into r disjoint mini-batches at iteration k, namely
N = U./\/',i, where NViNN] =0, foralli#j. (2)
i=1

This partition can be fixed or varying along the iterations. Then we let g,(j) be the
eligible mini-batch gradients associated with the partition in (2), i.e.,

i r .
g,(c):NZij(xk), i=1,...,7 (3)
JEN

and g be our stochastic gradient that corresponds to a uniformly and randomly
selected mini-batch A} from the partition. By

i r
Pr(gk:g,(c)|]:k)=;, i=1,...,m (4)
where Pr(-) represents the probability of the outcomes, and Fy, is a o-algebra generated
by zg,...,zk, i.e., by go, ..., grx—1, we have
Elgk |Fk] = Vf(zy). (5)

Regarding the projection map onto S, since A € R™*"™ has full rank, the orthogonal
projection 7g(y) of any given point y € R™ onto S takes the form

ms(y) =y — ATA(y),

A(y) = (AAT) " (Ay — b). ©

The computation of mg(y) is viable for moderate values of m as it depends on the
solution of the linear system
AAT N(y) = Ay —b. (7)

More generally, it is advisable to allow for inexact projections of the form

7s(y) =y — ATA(y),
Ay) = (AAT) Y (Ay — b+ r(y)),



and r(y) denotes the residual vector in the solution of (7).

Algorithm 1 sketches the k-th iteration of our procedure. Step 1 indicates the
hyper-parameters required for execution: two nonnegative sequences {n;} and {u}
that control inexactness of the projection onto S, a positive step-size related sequence
{ax}, two positive scalars dy, &, that define the projection 74(-) = max {d¢, min{-, §, } }
employed in the computation of the step-size.

Step 3 refers to the construction of the stochastic gradient g; as described above.
Steps 4 and 5 concern the computation of the iterate xj41. Specifically, first, the
vector gy is formed using the step-length Ay fixed in the previous iteration, then y; is
projected onto S and this gives rise to the new iterate 1. Inequality (9) controls the
accuracy in the calculation of the projection of y; by means of scalars n; and py. We
observe that if np = pr = 0, Vk, then the iterates xy, k > 1, are feasible irrespective
of zg.

Steps 6 and 7 are devoted to the computation of the step-length to be used at the
subsequent iteration. The choice of a (positive) scalar J; offers a variety of options
and we discuss some possible adaptive choices in Section 5.

At the end of iteration k, Agyq is formed by means of ag41 and ms(dx). Con-
sequently, Agy1 is deterministic conditioning on zpy; and this feature is crucial in
the analysis of the procedure. The predetermined sequences {ay} and {u} affect the
convergence properties, as shown in the subsequent theoretical analysis.

We conclude this section by giving more insight into the rule (9) in the PSG_LECO
Algorithm. Inexact projections are convenient in case the dimension m is large as
7s(+) can be computed using linear iterative solvers, such as the Conjugate Gradient
method [18]. Since we accept every iterate without performing an acceptance test, it
holds (see the next Lemma 1)

|Azks1 — 0l = [Ir(yw)ll,

where r(yy,) is given in (8). Thus, the inequality (9) implies an explicit relation between
the infeasibility measure at zj and x11, i.e., ||Az; —b|| and ||Azy1 —b]|, respectively.
In addition to such characteristic, the inequality (9) is inspired by the standard control
lm(ye)ll < xxllAyk — bll, xx € (0,1), for the approximate solution of the linear system
(7). In fact, by the definition of yy, i.e. yp = T — Akgy, it holds

()l < xrllAyr — bl < xkl|Azk — bl + xx Ak Agrl|-

Now, (9) rephrases the above inequality using the prescribed term py instead of the
random quantity xpAg||Agkl-

Finally, we note that inexact projections are allowed in [17] by imposing a control
of the form ||r(yx)| < niFAS, where r(yx) is given in (8), the sequence {nF45} is
prefixed and >, (7749)2 < co. Contrary to IPAS, our upper bound on ||r(yx)|| is
adaptive due to the presence of zj. The assumptions on the sequences {n;} and {ux}
required to ensure convergence to a stationary point of problem (1) are introduced in

the next section.



Algorithm 1 PSG_LECO

1: Choose an initial iterate g € R", a positive sequence {«y }, nonnegative sequences {7}
and {ug} with . € [0,n), n < 1, positive scalars dy < 64 < 00, and an initial step-size
Ag € [01055, ao(su}.

2: for k=0,1,... do

3: Select uniformly at random a mini-batch N} from the partition {N}},..., N7} as in

(2), and set g, = g](:) as in (3).
4: Set Y = T — Akglc~

5: Compute zg11 = Tg(yg) as in (7), where r(yy) satisfies
(i)l < ml| Ay — bl + g (9)
6 Choose a scalar Jy.
7 Compute A1 = agy175(0x) = a1 max {dg, min {d, ou }}.
8 Set k =Fk+ 1.
9: end for

3 Theoretical Analysis

In this section, we analyze the theoretical properties of the PSG_LECO method. We
make the following standard assumptions on the objective function.

Assumption 1. The objective function f :R™ — R is continuously differentiable on
R™. The gradient of f is Lipschitz continuous with constant L > 0.

Assumption 2. The objective function f : R™ — R is bounded from below by f*,

flx) > [~ v x e R™ (10)

The following result introduces an optimality measure d(z) for problem (1) which
will be used in our subsequent analysis.

Theorem 1. Assume that f is continuously differentiable in an open set containing
S and let

d(z) =7mg(x — Vf(x)) —x. (11)
Then, it holds d(z) =0, T € S, if and only if T is a stationary point for (1).

Proof. See [19, Lemma 2.1]. O

Under suitable assumptions, our analysis will provide the following results which
are in accordance with the corresponding algorithms for unconstrained optimization:
each limit point of the sequence {xy} is feasible; if ay, = «, for all k, then the expected
sum of average-squared norms of d(z) is bounded and decreases with «; if {ag} is a
diminishing sequence, then ||d(z)|| cannot stay bounded away from zero almost surely.

The first step in our analysis is to characterize the infeasibility of the iterates
generated by Algorithm 1. To this end, we introduce the measures

ely) =Ay—b,  e(y) = el (12)

and make the following assumption on the sequences {1} and {u}.



Assumption 3. The nonnegative sequence {ny} satisfies n, < n < 1, Vk > 0. The
nonnegative sequence {py} converges to zero R-linearly.

Lemma 1. Suppose that Assumptions 1 and 3 hold. Then,
a) For y € R™, it holds

e(ms(y) = —r(y). (13)
b) The iterate xy4+1 satisfies
e(zpq1) = —r(yg), forall k>0. (14)
¢) It holds
e(zr) < keq®, for all k>0, (15)

for some constant k. > 0 and g € (n,1) and every limit point of {xy} is feasible.
d) It holds
e(zy) < Ke, forall k>0. (16)

Proof. (a) From (8), (7), and (12), we get the expression in (13) as follows:

&(Fs(y)) = AFs(y) b= A (y— ATA@w)) — b= ~(AATA(y) - Ay +b).

b) Equality (14) follows from (13) and Step 4 of Algorithm 1.
c¢) Equations (14), (9), (7) and Assumption 3 give

e(zr+1) < ne(zk) + pk-

Therefore, for all k, there holds

k

e(xr) < ne(xo) + g, Vg = Zni_lukﬂu (17)
i=1

Since {ux} converges to zero R-linearly and n < 1, {vx} converges to zero R-linearly
which implies (15), see e.g., [20, Lemma 4.2]. Thus, limy_, e(x) = 0.
d) The claim trivially follows from (15). O

We note that feasibility is eventually enforced, i.e., limy_, o e(zr) = 0, whenever
{pr} tends to zero. On the other hand, the summability of Y 7-  pui is required to
prove the main Theorem 2; this request motivates our Assumption 3 on {ux}.

Now we proceed with an intermediate result on the step di taken at iteration k

dk = Tk+1 — LTk- (18)
We denote
D =AT(AAT)™',  Pa=I-DA, rp=|D], (19)

and introduce the following assumptions.



Assumption 4. For some positive constant kv, the sequence {xy} is either feasible

or such that
IV F(ze)| < kv, for all k>0.

Note that bounded gradients are assumed only when the iterates are infeasible.
We now consider the following assumption, which states that the conditional variance
of the sampled gradient is uniformly bounded.

Assumption 5. There exists a positive constant v > 0 such that

E[llgr — Vf(@i)l* |F] < v. (20)

Lemma 2. Let {x} be generated by Algorithm PSG_LECO. Suppose that Assumption
1 holds.

a) The step dy; defined in (18) satisfies
E[dy, | 7] = Apd(zk) — (1 — Ay)De(zy,) — DE[r(yx) | Fx], (21)

where D is defined in (19).
b) Suppose further that Assumptions 3 and 4 hold. Then, d(xy) defined in (11)
satisfies
d(zk)TV f (k) < —ld(z)||* + sre(ar), (22)
for some positive constant k1.
c) Suppose further that Assumptions 3, 4 and 5 hold, and that (1 — Ap)? < A*, for
all k and some positive A*. Then,

E[lldill? |F] < w2AF + r3q® + mapn + 283 [d(zn)]1, (23)

for some positive constants ko, K3, Kq4.

Proof. a) First, we note that (18), (19), (8) and (7) give

drp = Ts(xr — Argr) — Tk
xr — Apgr — D(Axy — ApAgr — b+ r(yr)) — T
—AgPagr — De(xr) — Dr(yw), (24)

and that (11), (6) give
d(a:k) = —PAVf(ack) — Dg(.%‘;c) (25)
Hence, using (5) and that Ay is Fj -measurable, we have

E[dk |-7:k] = —AkPAE[gk. |-7:k] - Dg(xk) — DE [r(yk) ‘f"k}
—AkPAVf({Ek) — Dg(xk) — DE [’I"(yk) |~7:k]7

and (25) concludes the proof.



b) Using (25), PaD =0, PY = P4 and P5 = Pa, it follows

d(zi)" d(wr) = Vf(@r)" PAVf(xx) + | D)
= —Vf(xx) d(xr) = Vf(zr)" De(wy) + || De(xy)|.

Hence, using (12), (16) we obtain

Vi@r) d(zk) < —lld@@)|? + IV (@)l spe(ar) + whe(wr)®

<

< fHd(ack)Hz + (nvnp + H%ﬁe)e(xk).
Thus, (22) holds with k1 = kvkp + K% ke.

c) Using (24), (25), ||Pa|| = 1, and (15) we obtain

ldi — Ard(zp)||* = || — AxPalgr — Vf(zx)) — (1= Ap)Deé(xr) — Dr(y)|?
< 247 |lgk — Vf (zi)|* + 411 (1 — Ap)De(y) |1 + 4] Dr(ye) |12
< 247 |lgk — Vf(zi)|* + 4xp A%e(zr)? + 467 (npe(ar) + )
< 247 |lgk — Vf (2n)|1? + 455 (A" +17)k2q%" + 48T (2nkeq” + ) k-

Now, using this last inequality, Assumption 5 and the equation
dicl|* = [ldy — Agd(zx) + Apd(@p)|* < 2l|dy, — Apd(zx)||* + 248 [|d(z) [,
we obtain

E(lldxll® |Fx] < 2E[|ldr — Axd(z)||® [Fi] + 2A7E[||d(zx)]1? | Fi]
<AATE[llge — V(i) 1 Fi] + 865 (A" +n?)r2q**
+ 8K (2nked” + i)k + 208 ||d(zk) || (26)

Thus, the claim holds with ko = 4v, k3 = 8k%(A* + n?)k2, ks = 8k%(2Nke + Limax)
where fimax = maxy, { i }- O

For sake of completeness, the following lemma rephrases the results above when
xq is feasible and the exact projection 7g is used.

Corollary 1. Let {xy} be generated by Algorithm PSG_LECO. Suppose that Assump-
tion 1 holds, xo € S, Ny = ur =0 for all k > 0.
a) The sequence {xy} is feasible.
b) The step dj, defined in (18) satisfies

E[dk ‘]:k] = Akd(l‘k). (27)
¢) The direction d(xy) defined in (11) satisfies

d(xx)"V f2x) < —[ld(zx)]*. (28)



d) Suppose further that Assumption 5 holds and that (1 — A)? < A* for all k and
some positive A*. Then,

E([lldill? |Fi] < ko] + 248 || d(z) ||, for some kg > 0. (29)
Proof. Ttem (a) follows from (17), while items (b)—(d) follow from Lemma 2. O

By the following theorem, we now analyze the behavior of the PSG_LECO method
under the assumption that the sequence {ay} is diminishing.

Theorem 2. Suppose that Assumptions 1-5 hold, and that

iak:oo, ia%<oo. (30)
k=0 k=0

Then, almost surely,

liminf ||d(z)| = 0, (31)
k—o0

and the sequence of function values {f(xy)} converges.

Proof. Assumption 1 implies that
F@) < T + VI @ —y)+ S le -yl VeyeR.  (3)
Hence, by (18) we have
fl@nrr) < flan) + V() de + §||dk||2-
Taking the conditional expectation with respect to the o-algebra Fj, we obtain
E[f(enn) 18] < flon) + V(o) Eldy 15 + 2 E [l 1 7]
Conditions (30) imply (1 — Ag)? < A* for some A* > 0. Now, by (21)—(23), we have

E[f($k+1) |~7:k] S f(l’k) — Ak||d($k)||2 + l‘ElAkG(I’k) — (1 — Ak)Vf(xk)TD'é(:ck)
B[V () Dr(yi) 7] + 5 (5 + rag®™ + maps + 203 () )
< f(zr) — Aglld(zi)||? + s1Are(zr) + VA |V f(21) | kpe(zr)

L
+ IV f(@i) [£pE [l (i)l | F] + §(K2Ai + r3q% + Kapu, + 207 ||d()]1?).

If {x1} is feasible, then r(yx) = 0. Otherwise, the upper bound ne(zy) + ur on
[l7(yx)|l given in (9) is Fi-measurable, and we obtain the following inequality that



includes exact and inexact projections,
E[f(zre1) |F] < flan) = Alldn)l” + (1 + VA )R + korp(VA* +n))e(zy)
L
+ Kv KDk + §(H2Ai + k3% + Kapn, 4+ 202 ||d(z) |1?)

L
< flan) = Akl = LA [[d(p)|* + 5q" + R + S R4, (33)

with k5 = (/@1(1 + VA*) + kvkp(VA* 4+ n))ﬁe + %/@3, Kg = (f{v/fp + %m) and the
last inequality obtained using (15).
By construction Ay satisfies

ale < Ap < by, (34)

hence

L
E[ukﬂ |fk} S U — O (64 — Lakéi )Hd(.’tk)”z + /<;5qk + Re Uk + 5%20[%53, (35)

where uy, = f(zy) — f* from (10). Since {a}} is diminishing, let k be the index such
that ((54 — Lakéi) > ‘52—4 for all k£ > k. Hence, for k > k

é L
E[ugs1 | Fi] < up— ak§£||d(xk)\|2 + k50" + Ko + 5@04%53

Since > po g ad, >opeq” and Y ;o p are summable, the Robbins-Siegmund super-
martingale convergence Theorem [21] gives that

oo

Y arlld@)ll? < e,

k=k+1

almost surely. Now, assume by contradiction that ||d(zy)|| > ¢ > 0 for all k¥ > k. Thus

oo (o]
> onld@)P= e Y an,
k=k+1 k=k+1

which contradicts (30). Therefore, (31) holds almost surely. Finally, from the
Robbins—-Siegmund supermartingale convergence theorem, we also conclude that
limy_, o ug exists and is finite almost surely. O

The theorem above implies that almost surely there exists a subsequence
{lld(zi) ||} kex of {||d(zk)||} convergent to zero; if {x)}rex admits limit points, then
such points are stationary. Now we analyze the convergence of the PSG_LECO using
constant step-lengths and show that the expected sum of average-squared norms of
d(xy) is bounded and decreases with «.

10



Theorem 3. Suppose that Assumptions 1-5 hold, n, <n < 1,Vk. If ap, = o, VkE > 0,
with a such that 5
¢

0<a*2L62’ (36)

then the iterates generated by PSG_LECOmMethod satisfy

K 2
. 9 aLkyd;
IQ%E[ 2l “] o BT

where Ko s a scalar in (23).

Proof. Condition (36) implies (1 — Ax)? < A*, Vk, and some positive A*. Applying
(34) and (36) in (33) and taking total expectation, we obtain the following

1 L
E[f(xk+1)] < E[f(l‘k)] — 5&54E[\\d(xk)||2] + Ii5qk + KRe Uk + 5/&2052512“
and consequently

E[lld(zx)|I?] < % (E[f(z4)] — E[f(zr41)]) + 2% B %Mk . ongezéu

Summing both sides of this inequality for £ =0, ..., K, and dividing by K, we have

E|2 3 d 2| 2 E 255
gZII (i)l < WK (f(zo) —E[f(xx41)]) 64qu

k=0
2Kg aLkyd?
Oé(S@K P 1)
K
< _px
< G I+ 5
K
2kg aLkod?
+ Oé(SgK kzzouk 5@
Since Y 7o, ¢" and >_p- , pu are summable, the claim follows. O

4 Related Work

The extension of methods with random models for the unconstrained setting to the
setting of deterministic equality and inequality constrained problems is a recent area
of research which is drawing much interest, see [13—-17, 22-24]. Focusing on papers
[13, 15-17] for deterministic equality constrained optimization, we sketch their main
features.

11



The work [17] introduces an Inexact Projection with Additional Sampling gradient
method (1PAS) for weighted-sum minimization with linear equality constraints; we refer
to the end of §2 for the description of the control imposed on ||7(y)||.

Despite inexact projections in IPAS and in PSG_LECO being controlled differently,
the sequence {e(z)} of infeasibility measures behaves similarly (cf. our Lemma 1 and
[17, Lemma 4.2]).

IPAS employs stochastic estimates of the objective function. Specifically, functions
and gradients are approximated by sampling and the step-size is determined by a non-
monotone line-search rule over an approximate objective function. Additional sampling
is used to decide whether a trial point should be accepted, as well as to decide if
the sample size needs to be increased. Although this provides an adaptive batch size
strategy, the additional sampling combined with the line search yields additional costs
and a more elaborated algorithm with respect to the scheme proposed in this paper.
In principle, PSG_LECO also allows a variable sample size scheme, but it lacks a precise
rule for its guidance.

Papers [13, 15, 16] present objective function-free procedures in the class of Sequen-
tial Quadratic Programming (SQP) algorithms. The procedures in [15, 16] employ
stochastic gradients of the objective function and prescribed approximations of the
Hessian of the objective function and/or a Lagrangian function; the step-size selec-
tion is adaptive and is based on estimated Lipschitz constants. In particular, in [15]
the search direction results from the use of a merit function with ¢;-norm penalty
function; it is computed solving a quadratic optimization problem based on a local
quadratic minimizer of the objective function and a local affine model of the con-
straint. The choice of the step-size is inspired by a line search strategy and is based
on a rule using Lipschitz constant estimates. The hyper-parameters of the algorithm
are: a sequence of Lipschitz constant estimates of the objective function, a sequence
of Lipschitz constant estimates of the constraint function, and a sequence to control
the step-size. Assuming unbiased stochastic gradients and condition (20), the analysis
shows that the generated sequence achieves stationarity and feasibility in expecta-
tion. For the linearly constrained case considered here, the algorithms in [13, 15, 16]
generate feasible iterates.

In [16] the search direction is decomposed into a normal step and a tangential
step. Exact projections are supposed to be computable and consequently the normal
step has a closed form. On the other hand, the tangential step solves a trust-region
problem which employs a basis for the null space of the Jacobian of the constraints. The
adaptive trust-region radius is computed using estimates of the Lipschitz constants of
both the objective function and the constraint functions. The hyper-parameters of the
algorithm are: a sequence of Lipschitz constant estimates of the objective function, a
sequence of Lipschitz constant estimates of the constraint function, and two sequences
of positive scalars to control the trust-region radius. Assuming that the stochastic
gradient is unbiased and condition (20), the theoretical analysis shows that KKT
residuals converge to zero almost surely.

Finally, the recent work [13] extends stochastic momentum methods for uncon-
strained optimization to the stochastic SQP setting and proposes two algorithms: a
projected stochastic heavy-ball SQP method and a projected stochastic Adam SQP

12



method. These methods require exact projections, use projected stochastic gradi-
ent estimates in the momentum terms, and involve two predefined step-size-related
sequences. Assuming unbiased stochastic projected gradients, condition (20), and
boundedness of {||Vf(zk)||}, their convergence behavior is shown to be analogous
to that of the corresponding unconstrained methods. In contrast, PSG_LECO allows
inexact projections.

5 Experimental Configuration

All runs were performed in MATLAB R2025a on a workstation equipped with an Intel
Ultra 9 processor, 128 GB DDR5 RAM, dual 2 TB SSDs, and an NVIDIA RTX PRO
4000 Blackwell GPU (24 GB), without using GPU acceleration. First, we describe the
test problems and our numerical implementation. Second, we show the performance of
PSG_LECO Algorithm. Finally, we compare our procedure with two algorithms recently
proposed.

5.1 Test problems

We applied PSG_LECO in the solution of six problems from the literature. The complete
description is given below.

Equality-constrained logistic regression problems

We used MUSHROOMS, MNIST, and DIABETES datasets from LIBSVM! [25]. For MUSH-
ROOMS, we mapped labels 1,2 to +1, —1 respectively, and used the feature matrix as
returned. For the multi-class dataset MNIST, we restricted the dataset to a binary one
with digits 0,8 and mapped 0 to +1 and 8 to —1; all features were scaled to [0, 1].
For DIABETES, we remapped labels 0, 1 to —1, +1 respectively, and scaled the features
o [-1,1]. Given {(z;, )}, with z; € R” and y; € {—1,1}, we define the objective
function in (1) 2

N
1 —yiz) 3
flz) = Nzllog(l—&—e Yizi vy, (38)
i=
The constraint matrix A € R™*™ and the vector b € R™ were generated using a fixed
random seed (rng(0)); as for n, m and N, see Table 1. We used the initial iterate
zg = AT(AAT)~1b for the runs with exact projection and z¢ = 0 for runs with inexact
projection.

Equality-constrained Cutest problems

We considered the problems HUEsSTIS, DTocClL, and HS50 subject to linear con-

straints. Following [17], let f(x) : R™ — R denote the objective function in the CUTEst
collection. We define a finite-sum objective function for (1) as

N
f(z) = f() +Z§? |3, (39)

We used the files Mnist.mat and diabetes.txt from the LiBsvM Library.
2In our runs we used the stable formulation of the logistic regression.
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Table 1: Test problems.

MNIST MUSHROOMS DIABETES DroclL HUEsTIS Hs50
N 11774 8124 768 10000 10000 10000
n 780 112 8 58 10 5
m 10.5m ] 10.5m] 10.5n] 36 2 3

where each &; is an independent random sample drawn from a Gaussian distribution,
ie., & ~ N(0,0?), with ¢ = 0.1 and fixed random seed (rng(0)). The constraint
matrix A € R™*" and the initial feasible point zy are given in the collection. The
values of n, m and N are given in Table 1.

5.2 Algorithmic Implementation

For the computation of the stochastic gradients, the partition {N}}7_; in (2) was kept
fixed along the iterations. Unless explicitly stated, the mini-batch size was set to 64
for DIABETES and to 256 for the other datasets. We built ten independent random
partitions, each of which created by using an independent random seed®. For each of
such partitions, the mini-batches were selected randomly and independently along the
iteration.

Regarding the selection of the step-sizes in PSG_LECO, we set §, = 1073, 6, = 102.
We tested three strategies denoted S1, S2 and S3. They differ in the choice of the
scaling parameter ay, and/or of the parameter d;. In S1, we considered a fixed sequence
{ar}, ar = a for all k£ > 0, while the scalar d; was computed with a Barzilai-Borwein
approach due to the potential of such step-sizes in a stochastic environment, see e.g.,
[5, 26]. Our requirement that Ay is fully determined at xj motivated the use of the
retarded Barzilai-Borwein steps [26, 27], defined as

dgfqdk,g

o =
T ~
dk_q~zk,q

)

where ¢ = min{g,k—1} with g > 1, and d;—1 = x4 —x4-1, 2t—1 = g+ — g4—1 with t > 1;
see [26, Eq. (2.3)]. Setting ¢ = 1 yields

d£—1dkfl

8y =
T
dj_12k—1

. (40)

Following guidelines on stochastic Barzilai-Borwein step-lengths, it is advisable to
compute z; using stochastic gradients with the same mini-batch; since this would
require an additional gradient evaluation at each iteration, we updated J; using (40)
every 20 iterations. The strategy S1 is adaptive due to the form of d;, and the sequence
{A} is not supposed to be decreasing.

3If N is not a multiple of the number of partitions in (3), one mini-batch in (2) has smaller cardinality.
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Table 2: Strategies for computing the step-length Ay .

Strategy ap41 Ok

S1 a>0 85 in (40)
S2 apq1 in (41)-(42) 0 in (40)
S3 apy1 in (41)—(42) 0 =1

In S2, we considered dj, as in (40), and the diminishing parameter a4 of the form

a

Qg1 = a+kck(%’%)’ (41)

ck(v0,71) = 71 +0.5(v0 — 1) (1 + cos (kizx)), (42)

with v9,71 > 0 and knax representing the maximum number of iterations allowed,
[28, 29]. The cosine-decay step rule (42) implies co(Y0,71) = Y05 Chpay (Y0, 71) = 71 In
fact, the strategy S2 is still adaptive because of 0, but now Ay is driven in intervals
of diminishing length, i.e., from [yode, Y0dx] to [a_f;;ax ¢, af,::)ax 0] as k reaches kmax.

In the strategy S3 we fixed 6 = 1 for all k& > 0, and set axy1 as in (41)-(42).
Taking into account that mws(1) = 1 for reasonable values of &g, d,, we have Ay = ay
and decreasing step-sizes for increasing values of k.

Table 2 summarizes the three strategies S1-S3. In our experiments we set a = 1000
in (41) and 7; = 1075 in (42). The parameter « in S1 and the parameter o in S2
and S3 were varied; we tuned « and g exploring a set of prefixed values as shown in
§6.1. The initial step-size is set to Ay = ady in S1 and Ay = d, in S2 and S3.

The exact projection 7g in (6) was computed by the Cholesky factorization of AAT".
Exploiting this factorization, we precomputed the matrix D = AT (AAT)~! once prior
to the iterative process. Afterwards, the projection computation required products of
the matrix D times a vector.

The evaluation of the inexact projection 7g in (8) was performed applying the
Conjugate Gradient Method (Matlab built-in function pcg) to (7) with stopping cri-
terion (9). We set nx = n > 0 for all k > 0, and py = pop®, for all k > 0, po > 0 and
p € (0,1); the ablation study on 7, g and p is given in §6.1.2. The stopping criteria
of pcg are the relative residual condition ||r(yx)||/||Ayr — b|| < 7 and the maximum
iteration limit (ITER). We set ITER = m and let

T = max {1010,111111 {"’“”Amk bl 103} }
(| Ayx — ||

The thresholds above avoid too small and too large values of ||7(yx)||. Moreover, to
save computations, we skipped projection when || Ay, — b|| < 10712

If not explicitly stated, each run consists of kmax = 10* iterations. For each con-
figuration of the parameters involved, the evaluation metrics were averaged over ten
independent runs to construct the mean performance values. In the generated plots,
the y-axis displays these metrics on a base-10 logarithmic scale.
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Fig. 1: The average values of ||d(z})|| obtained by PSG_LECO using the exact projection and
step -size strategies S1-S3 with tuned a and ~g.

6 Numerical Results

In §6.1 we analyze the performance of our algorithm implemented with the step-
size strategies S1-S3 and run for varying hyper-parameters, including the batch-size.
In §6.2 we analyze the performance of PSG_LECO when the projection is calculated
inexactly. In § 6.3 and § 6.4, we compare the performance of PSG_LECO with the
Projected Stochastic Adam SQP method (SQP_ADAM) proposed in [13] and with the
1PAS algorithm proposed in [17], respectively.

6.1 Performance of PSG_LECO and Ablation Study
6.1.1 Step-Size Selection

PSG_LECO Algorithm is an adaptation of the Stochastic Gradient method to the lin-
early constrained case and inherits its dependence from the step-size selection from
both a theoretical and numerical point of view. Hence, our numerical analysis of
PSG_LECO method was first conducted using the exact projection 7g in (6) and focusing
on the strategy for choosing the step-size and the parameters therein: the parameter
« in strategy S1, and the parameter 7y in strategies S2 and S3. In principle, in the
strategies S1 and S2 the frequency of the update (40) of §x may play a role, but, as
briefly shown at the end of this section, we experimentally verified that it marginally
affects the performance; for this reason, the discussion below refers to the update (40)
of §x every 20 iterations, with the batch-size as specified in §5.2.
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Table 3: The minimum average value of ||d(x)|| obtained by PSG_LECO over all the datasets,
using the exact projection.

MNIST MUSHROOMS
0 S1 S2 S3 S1 S2 S3

103 7.3264260-03 | 2.0832576-01 | 2.788223¢-01 | 1.0137736-02 | 9.4336636-02 | 2.0643586-01
10~ 2| 1.518623¢-03 | 3.8536556-03 | 4.195787¢-02 | 1.099648¢-03 | 6.204044e-03 | 6.8768006-02
10~ 1| 2.034988¢-03 | 7.589910e-04 | 6.799109¢-03 | 1.036509¢-04 | 6.369520e-04 | 1.472482¢-02
T | 3.859859¢-03 | 5.19202506-04 | 1.444848¢-03 | 7.020857e-06 | 3.794461e-05 | 2.081289¢-03
10 | 4.0922256-03 | 5.5609960-04 | 5.4211196-04 | 1.158238¢-07 | 9.810904e-07 | 4.932504¢-04

DIABETES DTOCIL

@70 S1 S2 S3 S1 S2 S3

10~ 3| 1.2282446-03 | 1.9216776-02 | 7.151869¢-02 | 1.154305e-03 | 2.907515e-01 | 1.458438¢-03
10~ 2| 1.6384806-03 | 5.7999380¢-04 | 3.5188850-02 | 2.698684c-03 | 1.361814e-03 | 1.806219¢-03
10~ 1| 4.407748¢-03 | 8.521068¢-04 | 2.688412¢-03 | 5.849365e-03 | 1.747942¢-03 | 1.608953¢+00
T | 2.4320846-02 | 1.463002¢-03 | 7.456083¢-04 | 3.145822e-02 | 1.817416-03 | 1.315883e+00
10 | 7.098332e-02 | 2.3022006-03 | 9.4552640-04 | 1.273853e+00 | 1.273853e+00 | 1.614671e+00

HUESTIS HS50

@0 S1 S2 S3 S1 S2 S3

10— 3| 1.389308¢-02 | 5.8649456+01 | 6.663500e-00 | 4.170339e-01 | 1.755844e+03 | 2.008578¢-03
10-2] 6.625383¢-09 | 1.0240916-05 | 6.571084e-00 | 4.142960e-03 | 2.547671e-03 | 9.893982¢+03
10~ 1| 6.5724766-09 | 6.383179¢-00 | 3.253096¢+02 | 8.0634426-03 | 2.399365¢-03 | 9.711535¢+03
T | 6.833632¢-00 | 6.500809¢-09 | 2.6865146+02 | 4.337820¢-02 | 2.503668¢-03 | 7.020287¢+03
10 | 2.064706e+02 | 2.064706e+02 | 2.9793056+02 | 9.914297¢+03 | 1.078018e+04 | 1.672371e+05

We conducted our experiments by varying the hyper-parameters a and 7y
within the range 77 = {1073,1072,1071,1,10}. The remaining hyper-parameters in
PSG_LECO were specified in §5.2. In Table 3, we display the smallest average value of
|ld(xr)|| obtained for varying strategies and parameters. The performance of PSG_LECO
depends on the step-size rule and below we discuss the results obtained.

For values of « in the set {1072,1071, 1}, the strategy S1 achieves low values for
optimality measure and the value of « influences the performance only in the solution
of the problem MUSHROOMS. In general, using the smallest value o = 1073 is not
effective. Referring to a failure in the case when the smallest achieved value of ||d(x)]|
is higher than 10~!, we observe failures for the value av = 10 in problems DToC1L,
HugsTis and HS50. The strategy S2 shows failures in the solution of the problems
DroclL, HursTis and HS50 when vy = 1073,10. Excluding failures, out of the
complete runs, the accuracy achieved by PSG_LECO with S2 is higher or comparable
to that of PSG_LECO with S1 except for problem MUSHROOMS. Further, employing S2
outperforms S3 in terms of optimality. The strategy S3 appears to be the less robust
among the three tested. Failures occur for values 7o in the set {1072,1071,1,10} in
the solution of DTOC1L, HUESTIS and HS50.

The results obtained suggest that PSG_LECO Algorithm coupled with the strat-
egy S2 attains the highest accuracy, and that the adaptive choice for & positively
affects the performance of the method. In order to provide more insight into PSG_LECO
Algorithm, in Figure 1 we plot the average values of ||d(z)| versus the iterations
obtained with the strategies S1-S3; the results displayed correspond to the tuned
parameters which gave comparatively better performance in terms of optimality in
the experimental study presented above and are reported in Table 4.
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Fig. 2: Average value of ||d(z})|| vs. iterations obtained by PSG_LECO with S2 and exact
projection for varying C.

Table 4: Selected parameter values for different step-size strategies across datasets.

Strategy (a/vo0) MNIST MUSHROOMS DIABETES DroclL HUESTIS Hs50
S1 () 1072 10 1073 1073 1 1072
S2 (v0) 1 10 1072 1072 1 1072
S3 (v0) 10 10 1 1073 1072 1073

Figure 1 displays the trend of ||d(zx)|| through the iterative procedure for the three
strategies with selected parameter values in Table 4; the attained minimum value of
||d(xr)]|| is reported in parentheses in the legend. We observe that Algorithm PSG_LECO
coupled with the S3 strategy generally exhibits good progress toward optimality dur-
ing the initial phase of the execution and shows a behavior comparable to S2 in the
final stage, except on the MUSHROOMS dataset. On the other hand, the S2 strategy
consistently achieves better or comparable optimality measures against S3 in the mid-
dle stage of the execution, except for HUESTIS where some awkward peaks in ||d(xy)]|
occurred, though recovered at the end of the process. Except for MUSHROOMS, the
performance of S2 is overall superior to the performance of S1 and this fact can
be attributed to the incorporation of the diminishing a1 in S2. Summarizing the
results obtained, a tuned implementation of Algorithm PSG_LECO combined with the
S2 strategy is effective on our test problems.

We conclude this analysis, showing the impact of the BB step-length update period,
denoted by C, of §; in (40). The results presented above correspond to C' = 20. We
tested the values C' € Ty = {1,5,20,100} in the strategy S2 with ~y as in Table 4.
Figure 2 illustrates the behavior of the optimality measure versus the iteration count.
For the sake of readability, we display one point every 20 iterations. The behavior of
the optimality measure is only slightly influenced by the value of C, although C' = 100
appears to be less effective. On the other hand, the cost in terms of stochastic gradient
evaluations depends on C since the smaller C' the higher the cost required to evaluate
zk—1 in (40); thus C' = 20 represents a good tradeoff between efficiency and cost.
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Fig. 3: Average value of ||d(zy)]|| vs. iterations obtained by PSG_LECO with strategy S2 and
exact projection for varying Np.

6.1.2 Mini-Batch Size Selection

The results presented above correspond to batch sizes, denoted as Ny, equal to 64 for
DI1ABETES and to 256 for the remaining datasets, as stated in §5.2. Now, we investigate
the influence of Nj by testing values in the set T3 = {64, 256,0.2N}. Figure 3 shows
the optimality measure versus iterations for PSG_LECO with S2 and 7 from Table 4;
values are plotted every 20 iterations for readability.

The initial behavior of the optimality measure is similar for all choices of N,. The
smallest optimality values obtained with N, = 64 and N, = 256 are comparable,
except for MUSHROOMS, where N, = 64 is particularly effective. Choosing N, = 0.2N
provides some advantages, except on MUSHROOMS. Overall, with a tuned step-size
selection, the choice of NV, is not crucial for the effectiveness and efficiency of PSG_LECO.

6.2 Inexact Projection

We now consider PSG_LECO with the inexact projection 7g in (8). The evaluation of
mg is performed as discussed in §5.2. We tested PSG_LECO Algorithm coupled with the
strategy S2 with g as in Table 4 over MNIST and MUSHROOM due to their relatively
larger values of m. We let n € Ty = {0.2,0.5,0.7,0.9}, p € T5 = {0.90,0.95,0.98,0.99},
1o = 0.1, and studied the potential effect of allowing looser linear solver accuracy in
the initial phase of the iterations.

Figure 4 shows that ||d(xy)| is generally insensitive to n and p. Slightly higher
values of ||d(zy)|| are observed in the first phase of the iterative process for the large
values of p, but puy = pop® is supposed to vanish eventually; thus changes in the values
of p as well as i become negligible due to the specific form of the upper bound in (9).

Figure 5 illustrates the optimality measure versus execution time (in seconds),
given the prefixed number of iterations k., = 10%. It refers to 1, = n = 0.5, for all
k > 0, and concerns the parameter setting p € T5 and po € Tg = {1071, 1,10, 100}.
We note that PSG_LECO is quite insensitive to the choice of g in p, although large
values of iy and p yield some gain in terms of timings.

Finally, in Figure 6, we show both the optimality measure ||d(zy)|| and the infeasi-
bility measure || Az —b|| versus the iterations for PSG_LECO with strategies S1-S3 and
parameters as in Table 3; the lowest achieved values are reported in the correspond-
ing legends. The results refer to n, = n = 0.5, for all k > 0, pp = 10! and p = 0.95.
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Fig. 4: Average values of ||d(xy)|| vs. iterations obtained by PSG_LECO with strategy S2,
inexact projection, pg = 0.1 and varying 7, p.
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Fig. 5: Average value of ||d(xy)|| vs. CPU time obtained by PSG_LECO with strategy S2 and
the inexact projection for n = 0.5 and varying uq, p.

We note that the infeasibility decreases fast and that the decrease of optimality is not
affected by the inexact projection.

6.3 Comparison of PSG_LECO with SQP_ADAM

In this section we present results from the numerical comparison of PSG_LECO with the
procedure SQP_ADAM [13]. Both algorithms PSG_LECO and SQP_ADAM are first-order
objective function-free procedures, and require a stochastic gradient at each iteration.
As for the feasibility, SQP_ADAM was designed with exact projection. It employs a
constant step-size & and tuning is required. In [13], SQP_ADAM was run with tuned
step-sizes of order 10~* to 1072 for a batch size corresponding to 0.2N.
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Fig. 6: Average value of ||d(zy)|| and || Az — b|| vs. iterations obtained by PsG_LECO with
the strategies S1-S3 and inexact projection.

Table 5: Step-size hyperparameters for PSG_LECO and SQP_ADAM for varying Nj.

Dataset Methods N, = 64 N, = 256 N, = 0.2N

Mnist SQP_ADAM (&) 0.001 0.001 0.001
PSG_LECO (S2, v¢) 1 1 1

Mushrooms | SQP_ADAM (&) 1 1 1
PSG_LECO (S2, v¢) 1 10 10

We implemented PSG_LECO with exact projection and the strategy S2 where the
update of 0y in (40) was performed every C' = 20 iterations with an additional gradient
evaluation is required for such an update. Focusing on MNIST and MUSHROOMS prob-
lems, PSG_LECO and SQP_ADAM were tested with 79 and &, respectively, from the set
Tz ={107%,1073,1072,107%, 1,10} and with batch size Ny from T3 = {64, 256,0.2N }.
The best-performing values of & and g are reported in Table 5, and Figure 7 presents a
comparison of the average optimality measure versus the iterations obtained with such
parameters and exact projection; the value of ||d(z)|| is displayed every 20 iterations
for readability.

We note that both PSG_LECO and SQP_ADAM are reliable. In most cases, PSG_LECO
shows a faster decrease of the optimality measure in the initial phase of the process and
is competitive with SQP_ADAM. PSG_LECO achieves lower values of ||d(z)| on MNIST,
a significantly lower optimality measure for N, = 64 on MUSHROOMS, and satisfactory
optimality measures for the remaining mini-batch sizes (N, = 256 and 0.2N) on
MUSHROOMS though SQP_ADAM is more accurate. This suggests the selection S2 of
the step-size compares well with the scaling and momentum formula in SQP_ADAM.

21



MNIST (N, = 64) MNIST (N, = 256) MNIST (N = 0.2N)

1 1 1
° ~—SQP_ADAM (2.15¢-03) 0 —SQP_ADAM (1.55¢-03) 0 —SQP_ADAM (8.75¢-04)
~PSG_LECO (1.60¢-03) ~PSG_LECO (5.19¢-04) ~PSG_LECO (3.59¢-04)
100 10°
= 210"
#107 £
= =102
102
10
3 a
0% 2 4 6 s 10 %o 2 4 6 8 10 0 2 4 6 8 10
k x10° k x10° k x10°
, _ MUSHROOMS (N, = 64) , _ MUSHROOMS (N, = 256) ,__ MUSHROOMIS (N = 0.2N)
10° 10° 10
—SQP_ADAM (1.74¢-07) —SQP_ADAM (9.51¢-08)
—-—PSG_LECO (9.819,—07) ~+PSG_LECO (2.82¢-06)
102
Kl =
£ #10?
= =
SQP_ADAM (1.84¢-07) 10
. PSG LECO (3.08¢-11) 10°
10°
1 -11 1 -7 1 -8
" 5 10 %% 2 4 6 s 1w o 2 4 6 8 10
k x10° k x10° k x10°

Fig. 7: Average values of ||d(zg)| vs. iterations obtained by sQP_ADAM Algorithm and
PSG_LECO Algorithm with strategy S2 and the exact projection.

6.4 Comparison of PSG_LECO with IPAS

We conclude our numerical validation by comparing our method with Algorithm 1PAS
[17]. Both methods use inexact projections; unlike PSG_LECO, IPAS uses a stochastic
line search procedure, and thus function evaluations, that monitors decrease at each
iteration and dynamically adjusts the batch size. To balance computational cost and
optimality progress, the batch size in IPAS is increased only when the line search
test fails. This algorithm was tested using its authors’ code with the hyperparameter
settings from [17]. PSG_LECO was tested using the strategy S2 with vy as in Table 4,
n = 0.5, po = 0.1, p = 0.95 in (9), and choosing N}, from T3 = {64,256,0.2N}. Both
methods used the same initial point xy = 0.

For 1PAS, we report in Figure 8 the evolution of the mini-batch size versus iterations,
and observe that N, remains considerably smaller than N. In Figure 9, we display the
values of ||d(z)|| vs. iterations (top) and CPU time (bottom), plotting one value every
20 iterations for readability. From the first row, obtained with the fixed maximum
number of iterations kyax = 10%, we observe that PSG_LECO achieves a significantly
faster decrease and lower optimality values compared to IPAS. Analogous conclusions
can be drawn from the second row that displays results in term of 165 seconds for
MNiIsT and 30 seconds for MUSHROOMS; the latter results were obtained setting the
maximum number of iterations to kmax = 7 - 10% for MNIST and kmax = 12 - 10* for
MusHROOM and plotting the results for the previously specified amount of cpu time
which the largest time budget common to all the experiments reported.
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Fig. 8: The progress of adaptive mini-batch in 1PAS.

MNIST MUSHROOMS
10" 10’ E
—PSG_LECO (N, = 64) 10° —PSG_LECO (N, = 64)
10° —PSG_LECO (N, = 256) P —PSG_LECO (N, = 256)
PSG_LECO (N, = 0.2N) 10 PSG_LECO (N, = 0.2N)
—IPAS © 102 —IPAS

2 4 6 8 10

k x10° k x10°
MNIST MUSHROOMS

10" 10"

—PSG_LECO (N;, = 64) 1%t —PSG_LECO (N, = 64)
10°} —PSG_LECO (N, = 256) P —PSG_LECO (N, = 256)

PSG_LECO (N, = 0.2N) 10 PSG_LECO (N, = 0.2N)
e
y e
0 10 20 30

Time

Fig. 9: Average values of ||d(zy)]|| versus iterations (top) and CPU time (bottom) obtained

by IPAS and PSG_LECO using strategy S2.

The bottom panels show results obtained within a computational budget of 80 sec-
onds for MNIST and 30 seconds for MUSHROOMS. For each Ny, ten seeds may result
in different numbers of iterations within the same computational time. To enable a
meaningful averaging across seeds, for each run the computational time was recorded
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through the iterations. Then, a uniform time grid consisting of 10* points was con-
sidered and the average value of the optimality at such points was computed using
values obtained by linear interpolation. The plots confirm that PSG_LECO compares
well with 1PAS; namely, the performance of such a method does not suffer from the
absence of a test for the acceptance of the iterates.

7 Conclusions

In this work, we proposed a projected stochastic gradient method for minimizing a
function subject to deterministic linear constraints. Our method involves a projection
map that can be evaluated either exactly or inexactly. Theoretical properties depend
on the choice of a step-size related sequence and are equivalent to those established
in the unconstrained setting. Numerical illustration of our procedure was presented to
show its effectiveness.
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