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Machine Learning and Optimization
> A data set for analysis
D= {(a,-,y,-),i: 1,...,N}

» a; € R" - vector of features
> y; - labels (observations)
» Prediction function ¢ such that

d)(ai)zy,-,i:1,...,N

> approx in some optimal sense
» Data set is a sample.
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» Supervised learning

» y; € R - regression problem
> y; e {1,..., M} - classification problem
» y; € {—1,1} - binary classification

» Unsupervised learning - the labels are not known; clustering, extracting
interesting information from the data

» Choice of features
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The prediction function ® properties:
>
da)=y,i=1,....N
> reliable prediction for new (unseen) data
> features selection (important ones)
» online learning (streaming data)
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Prediction function ® depends on parameters x € R” that we need to learn.
» Data set = training + testing
>
(D(a,') %y,',l': 1,...,N
» Loss function ¢(a;, y;, x) - measures discrepancy between ®(a;) and y;
>

N
min > " {(aj, yi, X)
i—1
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Robustness

» & should be a good predictor on unseen data
» Overfitting should be avoided

» Adding a regularizer

>

N
min Zf(ah}’iax) + )\HXHE
i=1

N
min Zﬁ(a,-,y,', X) + /\HXH1
i=1
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Regressions

» Linear regression
d(x)=a’'w+b, x=(w,b)

» Loss function N

L(x) =) (alw+b—y)>
i=1

> corresponds to maximum likelihood solution if y = a’w + b+ ¢, € : N(0, 02}
> g;i.id.
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> Ridge regression
N

L(x) = (af w—y)? + A|w]?
i=1
> Lasso regression (enforces sparsity)
N

L(x) = (alw— yi)? + Allwl}s

i=1

» Logistic regression - maximizes likelihood of belonging to one class or another

((ay, w,b) = log(1 + exp(—y(w’a— b))

m|n —ZEL a yi,w,b) + H(W b)|?
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» Neural networks - many, many loss functions ...
» Activation function, number of hidden layers, type of network

» Training - minimization of the loss function
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Stochastic optimization

min E¢[f(x, &)]

» Sample of i.i.d. &1,...,¢&N
» Sample average approximation (SAA) approximation

Ec[f(x,8)] = — Z (x,&)

N
NZ: 51
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Stochastic approximation (SA) methods

min F(x), subject to noise, not available

f(x) = F(x) +£(x)
min f(x)

> f(x),g(x) = VF(x), H(x) ~ V?f(x) - noisy values that are available
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Nonlinear optimization problem

inf 1
min (%), (1)
f:D—-RandD,S CR"
f - objective function
Xx € R" - decision variable
S - feasible set

S = R - unconstrained problem, S - proper subset of R” - constrained
problem

vVvyyVvyyvyy
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Constrained versus unconstrained problems

>
min x°
| 2
min x° s.t. x <2
| 2

minx2 s.t. x > —1
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Theorem
(Bolzano-Weierstrass) Every real, continuous function attains its global minimum

on any compact subset of R".

Definition
A point x* is a global solution of the problem (1) if f(x*) < f(x) for every x € S. If
f(x*) < f(x) forevery x € S, x # x*, then x* is a strict global solution.

Definition

A point x* is a local solution of the problem (1) if there exists € > 0 such that
f(x*) < f(x) for every x € S such that || x — x*|| < e. If f(x*) < f(x) for every

x € S, x # x* such that | x — x*|| < ¢, then we say that x* is strict local solution.
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Optimality conditions

min £(x), (2)

Theorem
Suppose that f € C'(R™). If x* is a local solution of (2), then Vf(x*) = 0.

Theorem

Suppose that f € C?(R"). If x* is a local solution of (2), then
a) VFf(x*)=0;
b) V2f(x*) > 0.
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Theorem
Suppose that f € C3(R"). If

1. Vf(x*) =0 and
2. V2f(x*) = 0,
then x* is a strict local solution of (2).
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Convexity
Definition
A set S C R" is convex if forany x,y € S and any A € [0, 1] there holds
AX+(1—-NyesS.

Convex Non-convex
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Definition
Let S be a convex set. A function f : S — R is convex on S if for any x,y € S and
any A € [0, 1] there holds

fOXx + (1 =N)y) < M)+ (1 = Nf(y).

Moreover, we say that the function is strictly convex if the previous inequality is
strict for all x # y and X\ € (0,1).

Theorem
Suppose that f € C'(S) where S C R" is a convex set. Then, the function f is
convex on S if and only if the following inequality holds for all x,y € S

f(y) > f(x) + VT H(x)(y — x). (3)
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Convex Non-convex

Figure: Convex and non-convex functions.
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Theorem
Suppose that f ¢ C?(S) where S C R" is a convex set. Then, the following
Statements hold.

a) If sz(x) = 0 forevery x € S, then f is convex on S.
b) If V2f(x) = 0 forevery x € S, then f is strictly convex on S.
c) IfSis open and f is convex on S, then V2f(x) = 0 for every x € S.

Theorem

Suppose that f is convex on a convex set S. Then, every local minimizer of the
function f is also the global minimizer.
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Definition
A function f is strongly convex with parameter m > 0 on a convex set S if for any
X,y € Sandany \ € [0, 1] there holds

m

2 =N x -y

fOX+ (1= N)y) < M)+ (1 = Nf(y)

fy) = 100+ VTHN)Y = x) + X = I,
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Line search methods

Definition
Consider a point x such Vf(x) # 0. A direction d is called descent direction for f
at the point x if there exists o > 0 such that

f(x + ad) < f(x).
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1]l > o V()] (4)

VT(x¥)a* < =0 V(x| a¥] (5)
FxXK + axd®) < f(x¥) + nVF(x¥)d* Armijo condition (6)
VH(xK + ad¥) > cVF(x¥), ¢ € (,n) Wolfe condition (7)
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Algorithm LS with backtracking
Step 0 Input parameters: x° € R", 3,1 € (0,1),0 € (0,1],0 >0, k=0
Step 1 Stopping criterion: If Vf(x¥) = 0 STOP.
Step 2 Search direction: Choose d* such that ||d|| > o||V(x¥)| and
VTH(xF)d < 0|V (x|l a“].
Step 3 Given 3 € (0, 1), find the smallest nonnegative integer j such that oy = 5/

satisfies
F(xXK + ad®) < F(XK) + oy VT F(x¥)dk.

Step 4 Update: Set xAt1 = xK + a,d¥, k = k+ 1.
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Theorem

Suppose that f : R" = R, f € C'(R™) and VT f(x¥)d* < 0. Moreover, assume that
the function f is bounded from bellow on the line {x* + ad* | o > 0}. Then, there
exists & > 0 such that the Armijo condition holds for all o € (0, @].
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Theorem

Suppose that f : R" — R, f € C'(R") and f is bounded from bellow. Moreover,
assume that the sequence of search directions {d*} ey is bounded. Then, either
the Algorithm LS with backtracking terminates after a finite number of iterations k
at the stationary point x* or every accumulation point of the sequence {x*}xcy is a
stationary point of the function f.
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Gradient method
df = —V(xk). (8)

ax = arg min f(x¥ + ad¥) - exact line search
a>

Theorem

Suppose that f ¢ C?(R) and that the gradient method with the exact line search
converges to a point x* such that V2f(x*) is positive definite, with m and M being
the smallest and largest eigenvalues. Then Then

. 2
FT) — f(x) < (% Z) (F(XK) — £(x°)).
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Gradient method with fixed step size
XK1 = xk — avf(xk). (9)

IVE(x) = VIl < Lllx = ylI. (10)

Theorem
Suppose that f ¢ C?(R") is convex and that (10) holds. Then, if o« < 1/L, the fixed
step size negative gradient method defined with (9) satisfies
X0 — x*|12
20k

f(xk) — f(x*) <
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Minimizing finite sums

min £(x), (11)
1 N
fx) = In(x) = Z fi(x), (12)

» f:R" — Ris a Lipschitz smooth function
> fi:R" - R.

» fis bounded from below in R".

» Nis very large
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Subsampling

1
fo=~- > fi(%), (13)
Nk iENk
1
9k = N> Z V1i(Xi).- (14)
k iENk

» Smaller Nj - cheaper method
» Eventually Ny = N for k large enough
» Many, many scheduling strategies
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Stochastic gradient method

» Standard gradient is expensive (N is large)
» Training set might be redundant

» Replace the full gradient with an inexpensive stochastic approximation -
minibatch gradient g

Algorithm SGD

Step 0 Choose an initial point xg and a sequence of strictly positive steplengths {ay}.
Set k =0.

Step 1 Choose randomly and uniformly ik € {1,..., N}. Set gk = VT (xk).
Step 2 Set Xk+1 = Xk — ok Gk, k=k+1.
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Variance condition:

Ellgkl?] < My + Mo V(x| (15)

Theorem

Suppose that f has Lipschitz continuous gradient and that it is strongly convex. Let
X, be the min/m/zer of f. Assume that (15) holds at each iteration. Then, if SGD is
run with oy = - +k, B> andv > 0 such that ay < 11 M , there exists a constant

v > 0 such that y

Elf0al = 1) = =

(16)



Gradient methods
000000800000 00000

Stochastic variance reduction gradient (SVRG) method

» SGD converges sublinearly (very slow)
» The variance of random sampling implies (very) small step size
» Nonconvex problems: >, ax =00, Y, a2 =0

» Larger Nk in subsampled gradient might reduce the variance but it is more
expensive
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Algorithm SVRG
Step 0 Choose an initial point xo € R”, an inner loop size m > 0, a steplength « > 0,
the option for the iterate update. Set k = 1.
Step 1 Outer iteration, full gradient evaluation.
Set Xg = xx_1. Compute Viy(Xo).
Step 2 Inner iterations
Fort=0,....m-1
Uniformly and randomly choose i; € {1,..., N}.
Set )?t_H =X} — Oé(Vf,t()?t) - Vf,t()?o) + VfN()N(()))
Step 3 Outer iteration, iterate update.
Set xx = Xm (Option 1), k = k + 1.
Set xx = X; for randomly chosen t € {0,...,m— 1} (Option Il), k = k + 1.
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» Outer iterations (epochs) - full gradient is computed
» Inner iterations (m steps) - an unbiased approximation of the gradient is
updated randomly
Vi (%) = Vi (%) + Vin(X)
» Inner iterations m = 2n (convex), m = 5n (non-convex)
» Full gradient can be replaced by mini-batch gradient
» Two option for the final approximation
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Theorem

Suppose that f has Lipschitz continuous gradient and that it is strongly convex. Let
X, be the minimizer of f. If m and « satisfy

1 2la

b= pa(1 —2La)m+ 1_2La =

1, (17)

then Algorithm SVRG with Option Il generates a sequence which converges
linearly in expectation

ETf(x) — f(x.)] < 65(F(x0) — f(x.)).
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Theorem

Suppose that f has Lipschitz continuous gradient and that it is strongly convex. Let
X, be the minimizer of f. If m and «. satisfy

4al?

0=1—-2ap(1—al)™) + 21— al)

<1,

then Algorithm SVRG with Option | generates a sequence which converges
linearly in expectation
E[Xk - X*] < ek(XO - X*)'
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SAG method
» Stochastic Average Gradient tracking method
» Cost of SGD, convergence of FGD
Algorithm SAG
Step 0 Initialization. Choose an initial point xo € R”, positive steplengths {ax},
yi=0,fori=1,... N. Set k =0.
Step 1 Stochastic gradient update. Uniformly and randomly choose ik € {1,..., N}.
Set y; = V£ (xk).
Step 2 lteration update. Set

N
(674
Xk+1 = Xk — N ZYi-
i=1

Setk=k—+1.
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Theorem

Suppose that f has Lipschitz continuous gradient and that it is strongly convex. Let
X, be the minimizer of f. If ax = o = 1/(16L) then

E[f(xi)] — f(x.) < <1 — min {121 81N})k Co,

where Cq > 0 depends on x.., xg, fy, L, N.
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SARAH method

» accumulation of stochastic gradient information
» variance reduction
> biased gradient approximation
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Algorithm SARAH

Step 0 Initialization. Choose an initial point x, € R”, an inner loop size m > 0, a
steplength o > 0. Set k = 1.

Step 1 Outer iteration, full gradient evaluation. Set Xy = xx_4. Compute
Yo = VfN()?o) Set )~(1 = )?0 — a)p-
Step 2 Inner iterations.
Fort=1,....m-1
Uniformly and randomly choose i; € {1,..., N}.
Compute y; = Vi (Xt) — Vi(X—1) + Yi-1.
Set )?14_1 = )?t — QY.
Step 3 Outer iteration, iterate update.
Take xx = X; for randomly chosen t € {0,...,m} and set k = k + 1.
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Theorem

Suppose that f has Lipschitz continuous gradient and that it is strongly convex and

that each function f;, 1 < i < N is convex. Let x, be the minimizer of f.If « and m
are such that ] !
[0

U:,uoz(m—|—1)+2—ozL<17 (18)
then the sequence {||Vf(xx)||} generated by Algorithm SARAH satisfy

ENVIo)IZ < o V(0|2
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Theorem
Suppose that f has Lipschitz continuous gradient and each function f;,, 1 <i < N is
u-strongly convex with ;v > 0. If « <2/(n+ L) then forany t > 1

2ula
+

Elllyil?] < ( ) ENIV(x0) ).
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The Newton method

min f(x)
Vix*1 =0
VH(xK + dF) = VI(x¥) + V2f(x¥)ad*.
The Newton equation
Vi(x*) + v2f(x¥)dk = 0. (19)
XK1 = xk 4 df or xK1 = xK + ayd” (20)

» Local quadratic convergence

» Expensive (compute V2f(x¥), solve (19))

» Suppose that the function f is quadratic and strongly convex. Then, the
Newton method provides a global minimizer of function f in one iteration with
arbitrary x°.
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Local convergence

Theorem

Suppose that the function f ¢ C?(R") and there exists § > 0 such that Vf(x) = 0
and V2f(x) is Lipschitz continuous with the constant L for all x € B(x*, ). Then
there exists e > 0 such that the Newton method converges quadratically to the

solution x* for all x° € B(x*,¢). Moreover, the sequence of the gradient norms
converges quadratically to zero.
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Line search Newton method

f € C? - strongly convex function

d¥ - descent direction

Line search can be applied

Global convergence

Local (quadratic) rate of convergence oy = 1,k > kg

vVvYyyvyy
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Quasi Newton methods

» The main idea: approximate the Hessian matrix with B, € R"*" using the first
order information

sk = xk+1 — xKand y* = v(x**1) — v(xF)
Mean-value theorem 1
yX :/ V2f(x* + ts¥)skdt
0

]
Byi18K ~ / V2f(x* + tsF)skat
0

Secant equation
Biiq8K = y¥ (21)
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Least change secant update

Biy1 = argmin||B — By| s.t. Bey18* = y*, B = BT, sparsity...

BFGS formula
Yy ()T Biksk(s")T By
A L A EO L= @
DFP formula
y*(s") yesOTN | yvRT
B = (1= i) 8 (1= Ghyrae) + iy &)

The inverse B, is computable by SMW formula
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Brd* = —V(x¥). (24)
> Positive definite property of By - if (y*)7sK > >0
» d* - descent direction
» superlinear convergence

Theorem

Suppose that f € C?(R"). Let {x*} be a sequence generated by a quasi Newton
method (24) and assume that {x*} ey converges to a point x* such that
Vi(x*) = 0 and V2f(x*) = 0. Then {x*}xcn converges superlinearly if

1Bk — VEF(x*)) k||
kl|_>moo Tl =0. (25)
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Spectral gradient method
Approximate Hessian is a scalar matrix, Bx = v, 'I.
The secant equation yields

Yk = arg min [y =t — s
and k—1\T,,k—1
sS° y -
Tk = %
e =1l

Safeguard conditions (curvature condition does not hold)
Tk = min{’Ymam maX{”Yk,’Ymin}}

» Very efficient, nonmonotone bahaviour

(26)
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Spectral gradient method for finite sums

min f(x),

xeR"

F(x) = fn(x) = Zf(x)

» Stochastic variance reduction with variable (spectral) step size
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Algorithm SVRG - BB

Step 0 Initialization. Choose an initial point xo € R”, an inner loop size m > 0, an
initial steplength ag > 0. Set k = 1.

Step 1 Outer iteration, full gradient evaluation.
Set Xo = xx_1. Compute Viy(Xo).
1 1% — X112
If Kk >0, thenset ay = —
T m (e — ) T(Vin (k) — Vin (1))

Step 2 Inner iterations
Fort=0,....m-—1
Uniformly and randomly choose iy € {1,..., N}.
Set Xi11 = Xt — ax(V£i(Xt) — Vii(X0) + Vin(X0))
Step 3 Outer iteration, iterate update. Set xx = X, and k = k + 1.
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Theorem

Suppose that f has Lipschitz continuous gradient and that it is strongly convex. Let
X, be the minimizer of f. Define = (1 — e~21/%) /2. If m is chosen such that

{ 2 4[2 L}
m > max ,

log(1 —20) + 25/ 0,2 " 1

then SVRG-BB converges linearly in expectation

Elllx — x[12] < (1 = 0)"1% — x|
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Inexact Newton method

» The main idea: solve the Newton equation inexactly

V2(xK)dK = —VF(x¥) + rk

1P|l = V2 F(x*)d* + V)| < il [VFxH) (27)

» The rate of convergence depends on 7
> 7« =n € (0,1) - linear convergence
» 1 — 0 - superlinear convergence
> nx = O(||VF(x¥)||) - quadratic convergence
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Subsampled Newton method for finite sum minimization

» Subsampled (Inexact) Newton method
» Subsampled function, gradient, Hessian approximation

V21, (X¥)sK = =V hn; (XK) + r, [[r5] < il Vg (X)), (29)
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» The subsample size N, Dy
» The choice of forcing term 7y - adaptive

[ (XF) — my_1(s*7T)
IV T (X1

e = min(, ) i< (30
Theorem

Assume that f € C? is strongly convex and that V?f(x) is Lipschitz continuous.
Assume that Dy is chosen such that

2 2
m Vaf — V-&f, <C
D:lDaéD Vv () Dl < G
X€N5*(X*)

holds for some C < (1/7 — 1)\y and ny is given by (30). Then {xX} converges to
x* locally superlinearly assuming that N, = N for k large enough.
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Convergence in mean square

» Relaxing the subsampled Hessian error bound
V2fp(x) = Z V21

E(V?fp(x)) = V21 (x). (31)

» The Bernstein inequality
P(IV2fp(x) = VP (X)] < 7) =1 — « (32)

for giveny > 0 and « € (0,1).
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Theorem
Assume that f € C? is strongly convex and that the subsample D is chosen
randomly and uniformly from N'. Let~ > 0 and « € (0, 1) be given. Then

P(IV2fp(x) = VP (X)[ < 7) = 1 — «,
holds at any point x if the subsample size D satisfies

. 2 ~
p &ln2n |na)2(A,, +Am/3) 5 (33)
Y
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Take Dy such that
P(|[V2fp(x) — V2 (X)|| < Cmax{ni, |V, (X} > 1 — ax (34)

with a, € (0, 1).
a) if n, defined by (30) then

E(IX T — x*|2) < (Var® + Vaay ) E(Ix* = x*|2);
b) if nx = 7 is sufficiently small then

E(Ix " = x*|2) < (Ci7®* + Coff? + Voo ) E(IIx* = x*|2).
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Constrained optimization

min f(x), S = {x € R" | h(x) = 0, g(x) < 0} (35)

XeS

= inf £(x). (36)

> Infeasible problems
» Sis empty
» fis unbounded on S

» Explicit constraints h(x) = 0,9(x) <0
» Implicit constraints; domain of f
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Ex. 1 f(x) = x~2. D =R\{0} and f* = 0, but there is no optimal point.

Ex. 2 f(x) = In(x). D=R;\{0} and f* = —o0

Ex. 3 f(x) = xIn(x). D =R, \{0}, f* = —e~" and the optimal point is x* = e~".

Ex. 4 f(x) = x3 — 3x. No implicit constraints, the optimal value is f* = —oo, one
local minimum at X = 1.

xX X
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erellllgn—ZIn —xTa). (37)
» No explicit constraints
» Equivalent form
k
min—> In(b; — x"a;), S={x eR" | xTa; < bj,i=1,..,k.}. (38)

xeS



Constrained Optimization
000@0000000000000000

Convex problems
The problem (35) is convex if the objective function f and the inequality constraints
functions g4, ..., gm are convex, while the equality constraints functions hy, ..., hp
are affine.

level '
curves optimal point

uncoristrained
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Theorem

Every local solution of a convex constrained problem is a global solution of the
same problem.

Theorem

Suppose that f € C'(R™) and that the problem is convex. Then, x* is optimal if and
only if x* € S and for every y € S there holds

VTH(x*)(y — x*) > 0. (39)
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Lagrangian function

min f(x), S = {x € R" | h(x) = 0, g(x) < 0}

XeS

L(x, A 1) == f(x) + ATg(x) + u” h(x) X)+ZA,g, +Zu,-hj(X), (40)

> A= (\,...,\p)" € RP - Lagrange multipliers associated to inequality
constraints

> 1= (p1,...,um)" € R™ - Lagrange multipliers associated to equality
constraints

» ) and yu - dual variables
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Daulity
The Lagrange dual function
I(A, ) == inf L(x, A\, ). (41)
xeD

The Lagrange dual problem

r}r\123(>)< I(A, ). (42)

> LDP is convex
» Unique solution (\*, u*) - dual optimal, optimal Lagrange multipliers
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KKT optimality conditions
Definition
Strong duality holds if the primal and dual optimal values are attained and equal.
Definition
KKT conditions are:
a) g(x*) < 0 (feasibility - inequality constraints).
b) h(x*) = 0 (feasibility - equality constraints).
c) A*>0 (dua/ feasibility).
d) Afgi(x*) =0, i=1,.. p (complementarity).
e) VI(x*)+Yr, /\*Vg,(x )+ 21w Vh(x*) = 0 (optimality).

—_— — ~— —

» Necessary conditions if the strong duality holds
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Theorem
Suppose that x* and (\*, u*) are such that the KKT conditions are satisfied and
the problem (35) is convex. Then x* is a solution of the problem (35).

» Many, many other optimality conditions...
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Linear independence constraint qualification (LICQ)

Definition
LICQ holds at point x* if the gradients of active constraints at the point x* are
linearly independent.

Theorem

Suppose that x* is a local solution of the problem (35) and that LICQ holds at the
point x*. Then there are Lagrange multipliers (\*, u*) such that the KKT conditions
are satisfied.
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Second order optimality conditions
Let x* and (A\*, u*) be primal and dual variables that satisfy KKT conditions. Then
A ={deR"|VTh(x)d=0,i=1,.. m}, (43)
A, = {d e R" | VT g;(x*)d = 0 for all active constraints with \* > 0},
Az = {d e R" | VT g;(x*)d < 0 for all active constraints with \* = 0},
A=A NANAs. (44)
Theorem

Suppose that x* is a local solution of the problem (35) and that LICQ holds at the

point x*. Suppose that the Lagrange multipliers (\*, 1*) are such that the KKT
conditions hold. Then,

dTV2L(x*, \*, u*)d >0 forall d € A.
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Theorem
Suppose that x* and (\*, u*) are such that the KKT conditions are satisfied and

dTV2L(x*,\*, u*)d > 0 for all d € A\{0}.

Then x* is a strict local solution of the problem (35).
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Linear constraints

in f 4
min £(x), (45)
> f:R" = R, fe C3(R")
> f - convex
> AcR™" beR™ rank(A)=m<n
KKT conditions:
Vix*) +ATp* =0 and Ax*=b (46)
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Box constrained optimization

min f(x), (47)

1<x<u

> [LueRl
» f - continuously differentiable on S={x e R": | < x < u}
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Optimality conditions for box constrained problems

Theorem
Let f be continuously differentiable. If x* is a local solution of

minf(x) s.t. I<x<u
then

>0, X\ =]
—=<=0 /,'<X;k<U/
<0 X' =u
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Orthogonal projections

Orthogonal distance
dists(x) = inf ||y — x||. (48)
yeS

Orthogonal projection of point x on a set S

Ps(x) = argmin ||y — x||. (49)
yeSsS
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PS(X-V f(x))
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Projected gradient direction

d =d(x) = Ps(x — Vf(x)) — x. (50)

Theorem
Suppose that f € C'(S) and x € S. Then the projected gradient direction d
defined by (50) satisfies the following:

a) d"Vf(x) < —||d||?.
b) d = 0 if and only if x is a stationary point for the problem (47).
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Algorithm PG-LS
Step 0 Input parameters: x° € S, 8,7 € (0,1),k = 0.
Step 1 Search direction: Compute the projected gradient direction d defined
by (50). If dk = 0 STOP.

Step 2 Step size: Find the smallest nonnegative integer j such that o = 5/
satisfies the Armijo condition

F(xXK + ad®) < F(X¥) + oy VT F(X¥)dk.

Step 3 Update: Set xAt1 = xk + a,dX, k = k + 1.



Constrained Optimization

000000000000 0000000e

Theorem

Suppose that f : R" — R, f is bounded from bellow on the feasible set
S={xcR"|I<x<u}andfe C'(S). Moreover, assume that the sequence of
search directions {d*} cn is bounded. Then, either the Algorithm PG-LS
terminates after a finite number of iterations k at a stationary point x* of the
problem (47) or every accumulation point of the sequence {x*\cy is a stationary
point of the problem (47).
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Penalty function

min f(x), S = {x B h(x) = 0, g(x) < 0}, (51)
)g]izgn d(x), (52)
o(x,7) = f(x) + 7p(x), (53)

> p - measure of constraint violation
> 7 - penalty parameter

p(X)=0 <<= xc8. (54)
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> A sequence of penalty problems of the form

min ®(x, 7g), (55)
xeRn

are solved
» The sequence of penalty parameters tends to infinity, i.e.,

lim 74 = o0. (56)
k—o0
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Definition
The penalty function & is exact if there exists T > 0 such that for all T > T any local
solution of the problem (51) is a local minimizer of the penalty function ®(x, 7).

m

o
Qi (x,7) = f(x) + 7> _ [m(x)| + Y max{0, gi(x)}).

i=1 i=1
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Quaderatic penalty for equality constrained problems

h(r’)r:)igo f(x). (57)
Q(x,7) = 1(x) + 5 (> _(h(x))? (58)

i=1
» Introducing slack variables for inequality constraints

>
minf(x), S={x e R" | h(x) =0, g(x) <0}

XeS

min f(x), §={(x,s) € R™P, h(x) =0, g(x) +s=0, s> 0}
yeS
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Algorithm QP
Step 0 Input parameters: Take x° € R". g9 > 0,79 > 0,k = 0.
Step 1 Initialization: x3,,, = x°.
Step 2 Solve the subproblem min Q(x, 74) approximately: Start with xX_,,
terminate when

IVxQ(X*, )| < e (59)

Step 3 Update the penalty parameter: Choose 71 > 7.
Step 4 Update the tolerance: Choose ¢, 1 € [0, ).
Step 5 Update the starting point: Set x“1 = x¥ and k = k + 1. Go to Step 2.

start —
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Theorem

Suppose that f,h € C'(R") and that each x* is the exact global minimizer of
function Q(x, 7). Suppose that (56) holds. Then every accumulation point of the
sequence {x*}xen generated by Algorithm 12.1 is a solution of the problem (57).
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Inexact solution of subproblems

Theorem

Suppose that f,h € C'(R") and that limx_,, cx = 0. Suppose that (56) holds.
Then every accumulation point x* of the sequence {x*}xcn generated by
Algorithm 12.1 at which LICQ holds is a KKT point of the problem (57). Moreover,
Lagrange multipliers associated with x* = limkck x* are given by

: ky _ %
Illen;'( Tkh(x") = pu*. (60)
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