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Preface

A preface is frequently a superior composition to the work itself

— lIsaac Disraeli,
Curiosities of Literature, vol. 1, § ‘Prefaces; p. 71.

& This course is a tour through selected areas of semi-
group theory. There are essentially three parts:

+ Chapters 1-3 study general semigroups, including presentations for
semigroups and basic structure theory.

+ Chapters 4-6 examine special classes: namely regular, inverse, and
commutative semigroups.

+ Chapters 7-9 study finite semigroups, their classification using pseu-
dovarieties, and connections with the theory of automata and regular
languages.

The course is broad rather than deep. It is not intended to be comprehens-
ive: it does not try to study (for instance) structure theory as deeply as
Howie, Fundamentals of Semigroup Theory, pseudovarieties as deeply as
Almeida, Finite Semigroups and Universal Algebra, or languages as deeply
as Pin, Varieties of Formal Languages; rather, it samples highlights from
each area. It should be emphasized that there is very little that is original
in this course. It is heavily based on the treatments in these and other
standard textbooks, as the bibliographic notes in each chapter make clear.
The main novelty is in the selection and arrangement of material, the
slightly slower pace, and the general policy of avoiding leaving proofs to
the reader when the corresponding results are required for later proofs.

Figure P.1 shows the dependencies between the chapters. At the end
of each chapter, there are a number of exercises, intended to reinforce
concepts introduced in the chapter, and also to explore some related
topics that are not covered in the main text. The most important exercises
are marked with an asterisk * . Solutions are supplied for all exercises. At
the end of each chapter are bibliographic notes, which give sources and
suggestions for further reading.

Warnings against potential misunderstandings are marked (like this)

with a ‘dangerous bend’ symbol, as per Bourbaki or Knuth.

?2 Important observations that are not potential misunderstandings per se
are marked with an ‘exclamation’ symbol (like this).
This course was originally delivered to master’s students at the Uni-

versities of Porto and Santiago de Compostella. The course was covered
during 56 hours of classes, which included lectures and discussions of



FIGURE P.1
Chart of the dependencies
between the chapters. Dashed
arrows indicate that the
dependency is only in the
exercises, not in the main text.

Chapter 1
Elementary semigroup theory

l (
Chapter 2
Free semigroups & presentations

Chapter 3
Structure of semigroups

&
Chapter 4
Regular semigroups

(
il
Chapter 5
Inverse semigroups

Chapter 6
Commutative semigroups

Chapter 7
Finite semigroups

il
Chapter 8
Varieties ¢ pseudovarieties

Chapter 9
Automata & finite semigroups

the exercises. Revisions have increased the length of the notes, and about
70 hours of class time would now be required to cover them fully.

These notes were heavily revised in 2013-15. Most of the main text is
? now stable, but Chapter 8 will be further revised, and further exercises
will be added. At present, the index is limited to names and ‘named
results’ only. There may be minor typesetting problems that arise from
the ‘in-development’ status of the LuaIATEX software and many of the
required packages.
The author welcomes any corrections, observations, or constructive
criticisms; please send them to the email address on the copyright page.

PREREQUISITES

There are few formal prerequisites: general mathematical
maturity is the main one. An understanding of the most basic concepts
from elementary group theory is assumed, such as the definition of groups,

vi @ Preface



cosets, and factor groups. Some knowledge of linear algebra will help with
understanding certain examples, but is not vital. For Chapters 1 and 5,
knowledge of the basic definitions of graph theory is assumed. Some basic
topology is necessary to appreciate part of Chapter 8 fully (although most
of the chapter can be understood without it, and the relevant sections can
simply be skipped), and some background in universal algebra is useful,
but not essential. For Chapter 9, some experience with formal language
theory and automata is useful, but again not essential.

ACKNOWLEDGEMENTS

Attila Egri-Nagy, Darij Grinberg, Akihiko Koga, and Guil-
herme Rito made valuable suggestions and indicated various errors. Some
exercises were suggested by Victor Maltcev. Typos were pointed out by
Nick Ham, Samuel Herman, José Manuel dos Santos dos Santos, and
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Elementary
semigroup theory

“elementary” does not mean easy to understand.
“Elementary” means that very little is required to
know ahead of time in order to understand it

— Richard Feynman, ‘The Motion of Planets Around the Sun’, p. 148.

3% A binary operationoonaset Sisamapo : Sx§ — S.
This operation is associative if x o (y o z) = (x o y) o z for all elements
x, ¥,z € S. A semigroup is a non-empty set equipped with an associative
binary operation.

Semigroups are therefore one of the most basic types of algebraic
structure. We could weaken the definition further by removing the as-
sociativity condition and requiring only a binary operation on a set. A
structure that satisfies this weaker condition is called a magma or group-
oid. (These ‘groupoids’ are different from the category-theoretic notion
of groupoid.)

On the other hand, we can strengthen the definition by requiring an
identity and inverses. Structures satisfying this stronger condition are of
course groups. However, there are many more semigroups than groups.
For instance, there are 5 essentially different groups with 8 elements (the
cyclic group Cg, the direct products C, xC, and C, xC, xC,, the dihedral
group D,, and the quaternion group Qg), but there are 3684 030 417
different (non-isomorphic) semigroups with 8 elements.

Some authors define a semigroup as a (possibly empty) set equipped
with an associative binary operation. That is, the empty set forms the
‘empty semigroup’. This has advantages from a category-theoretic view-
point. Note, however, that other definitions must be adjusted if a sem-
igroup can be empty. In these notes, semigroups are required to be
non-empty.

BASIC CONCEPTS AND EXAMPLES

Throughout this chapter, S will denote a semigroup with
operation o. Formally, we write (S, o) to indicate that we are considering
the set S with the operation o, but we will only do this when we need to
distinguish a particular operation. Unless we need to distinguish between

Binary operation

Semigroup

‘Empty semigroup’



Multiplication, product

Associativity

different operations, we will often write x y instead of xo y (where x, y € S)
and we will call the operation multiplication and the element xy (that
is, the result of applying the operation to x and y) the product of the
elements x and y.

In order to compute a product like x yzt (or, equivalently, x o y oz o t),
where x, y, z,t € S, we have to insert balanced pairs of brackets into the
product to show in what order we perform the multiplications. We might
insert brackets in any of the following five ways:

(xy)2)t,  (x(y2)t, (xy)(zt), x((y2)t), x(y(zt)).

The following result shows that the choice of how to insert balanced pairs
of brackets is unimportant:

PROPOSITION 1.1. Lets,,...,s, € S. Every way of inserting balanced
pairs of brackets into the product s, s, - s, gives the same result.

Proof of 1.1. We will prove that any insertion of brackets into the product
gives the same result as s, (s,(s3 -+ s,,) :-). We proceed by induction on n.
For n = 1, the result is trivially true, for there is only one way to insert
balanced pairs of brackets into the product s,. This is the base case of the
induction.

So assume that the result holds for all n < k; we aim to show it is
true for n = k. Take some bracketing of the product s;s, --- 5, and let t be
the result. This bracketing is a product of some bracketing of s; -+ s, and
some bracketing of sy, -+ 51, for some € with 1 < € < k. Now consider
two cases:

¢ Suppose € = 1. By the assumption, the result of inserting brack-
ets into Sp,q =+* S = s, -+ 5 is equal to s,(s3(-+-s;) -++). Thus t =
s1(s,(s3(-++ s¢) -++)), which is the result with n = k.

¢ Suppose £ > 1. By the assumption, the result of the bracketing of
Sy -+ Sp 18 8;(s5(+++ sp) --+) and the result of the bracketing of s, ; -+ s
is sp,q (Spn(+++ s¢) -++). Thus

(51052~ 5) =) (Seq1 (S (- 55) +++))
= $1<((52(--- $0) =) (Spr1 (Span (- sp) ))) [by associativity]

= 51(55(83 - 8) ), [by assumption with n = k — 1]

t

which is the result with n = k.

Hence, by induction, the result holds for all n.

Thus, by Proposition 1.1, there is no ambiguity in writing a product
518, -+ S, (where each s; € S): the product is the same regardless of how
we insert the brackets.

Any group is also a semigroup. The most familiar example of a semi-
group that is not a group is the set of natural numbers N = {1,2,3, ...}

2 @ Elementary semigroup theory



under the operation of addition. This is not a group since it does not
contain inverses.

Note that, for our purposes, the set of natural numbers N = {1, 2,3, ...}
does not include 0.

Let e be an element of S. If ex = x for all x € S, the element e is a
left identity. If xe = x for all x € S, the element e is a right identity. If
ex = xe = x for all x € §, then e is a two-sided identity or simply an
identity. A semigroup that contains an identity is called a monoid.

Let z be an element of S. If zx = z for all x € S, the element z is a left
zero. If xz = z for all x € S, the element z is a right zero. If zx = xz = 2z
for all x € S, then z is a two-sided zero or simply a zero.

EXAMPLE 1.2. Let us give some examples of semigroups:

a) The integers Z form a semigroup under two different operations:
addition + and multiplication - . The semigroup (Z, +) is a monoid
with identity 0; but in (Z, - ), the element 0 is a zero.

b) The trivial semigroup contains only one element e, with multiplication
obviously defined by ee = e. Since e is (trivially) an identity, this
semigroup is also called the trivial monoid.

c) A null semigroup is a semigroup with a zero z in which the product
of any two elements is z. It is easy to see that this multiplication is
associative. Notice that we can define a null semigroup on any non-
empty set by choosing some element z and defining all products to
be z.

d) If every element of S is a left zero (that is, xy = x forall x, y € §),
then S is a left zero semigroup. If every element of S is a right zero
(thatis, xy = y forall x, y € S), then S is a right zero semigroup. We
can define a left zero semigroup on any non-empty set X by defining
the multiplication xy = x for all x, y € X; it is easy to see that this
multiplication is associative. Similarly, we can define a right zero
semigroup on any non-empty set X by defining the multiplication
xy=yforall x,y € X.

e) Any ring is a semigroup under multiplication.

PROPOSITION 1.3. Ifeis aleft identity of S and e’ is a right identity of S
then e = e'. Consequently, a semigroup contains at most one identity.

Proof of 1.3. Since e is a left identity, ee’ = e’. Since €’ is a right identity,
e=ce'.Hencee =ee' =¢'.

PROPOSITION 1.4. If z is a left zero of S and z' is a right zero of S then
z = z'. Consequently, a semigroup contains at most one zero.

Proof of 1.4. Since z is a left zero, zz" = z. Since 2’ is a right zero, zz' = 2.
Hencez = zz' = z'.

Basic concepts and examples o 3
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Null semigroup

Right/left zero semigroup
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Uniqueness of a zero



Adjoining an identity or zero

Notation for maps

Cartesian product

Finitary cartesian product

Direct product

It therefore makes sense to use the special notations 0 and 1 for the
unique zero and identity of a semigroup. If we need to specify the zero or
identity of a particular semigroup S, we will use Oy and 1.

Let 1 be a new element not in the semigroup S. Extend the multiplic-
ationon Sto SU {1} by 1x = x1 = x forall x € Sand 11 = 1. It is easy
to prove that this extended multiplication is associative. Then S U {1} is
a monoid with identity 1. Similarly, let 0 be a new element not in S and
extend the multiplication on S to S U {0} by 0x = x0 = 00 = 0 for all
x € S. Again, this extended multiplication is associative. Then S U {0} is a
semigroup with zero 0. For any semigroup S, define

1S if S has an identity,
Su{l} otherwise;

o |S if S has a zero,
Su {0} otherwise.

The semigroups S' and S° are called, respectively, the monoid obtained
by adjoining an identity to S if necessary and the semigroup obtained by
adjoining a zero to S if necessary.

Throughout these notes, maps are written on the right and composed
left to right. To clarify: let@ : X — Yandy : Y — Z be maps. The result
of applying ¢ to an element x of X is denoted x¢. The composition of
¢ and y is denoted ¢ o y or simply @y, and is a map from X to Z with
x(py) = (x@)y for all x € X. For X' C X, the restriction of the map ¢ to
X' is denoted ¢| .

Let X = {X; : i € I} (where I is an index set) be a collection of
sets. Informally, the cartesian product [],_; X; of the sets in X is the set
of tuples with |I| components, where, for each i € I, the i-th component
is an element of X;. More formally, the cartesian product [],_; X; is the
set of maps o from I to  J,_; X; such that io € X for each i € I. We think
of the map o as a tuple with i-th component io. We will use both map
notation and (especially when the index set I is finite) tuple notation for
elements of cartesian products. When I = {1, ...,n} is finite, we write
X; x ... x X,, for []..; X;, and we say the cartesian product is finitary.
When the sets X; are all equal to a set X (that is, when we consider the
cartesian product of |I| copies of the set X), we write X' for [._; X;.

Let S = {S; : i € I} (where I is an index set) be a collection of
semigroups. The direct product of the semigroups in § is their cartesian
product []..; S; with componentwise multiplication: (i)(st) = (i)s(i)t, or,
using tuple notation,

(evrSiree) oty ) = (o sity o).

It is easy to prove that this componentwise multiplication is associative,
and so the direct product is itself a semigroup.

4 @ Elementary semigroup theory



For x € Sand n € N, define

n times

x"=xx-x. (1.1)

Notice that, in general, x” is only defined for positive n. If S is a monoid,
define x° = 15. Any element x", where n € IN U {0}, is a power of x; if
n > 0, it is a positive power of x. Notice that if S is not a monoid, then
every power is a positive power.

As an immediate consequence of Proposition 1.1, x”x" = x"™*" for
all x € Sand m,n € N.If S is a monoid, then x”x" = x™™ forall x € S
and m,n € N U {0}.

Let x € S and consider the positive powers x, x2, x°, .... There are
two possibilities: either all these positive powers of x are distinct or there
is some k, £ € N with k < € such that x* = x. In the latter case, x is said
to be periodic; notice that in a finite semigroup, this latter case must hold.
Choose € as small as possible; then x* is the first positive power of x that
is equal to some earlier positive power. Let m = £ — k; then x* = x*,
Repeatedly multiplying this equality by x™, one sees that x* = x**™ for
allr € NU{0}. Let n € NU{0}. Then n = mr +i for somer € NU{0} and
i€{0,...,m— 1}, and so x**" = xkrmr+i = xk+i Therefore every power

of x after x* is equal to one of

xk’ xk+1’ . xk+m—1'
Thus, by the minimality of the choice of ¢, there are k + m — 1 distinct
positive powers of x, namely

2, X2, L xRk ke kemel
We call k the index of x and m the period of x. A periodic semigroup is
one in which every element is periodic. Note that all finite semigroups
are periodic.

An element x of S is an idempotent if x* = x. The set of idempotents
of S is denoted E(S). If every element of S is an idempotent, then S is
a semigroup of idempotents. For example, a right zero semigroup is a
semigroup of idempotents.

For any subsets X and Y of S, define XY = {xy : x € X,y e Y }.
Write xY for {x}Y and X y for X{y}. Since multiplication in S is associative,
so is this product of subsets: for subsets X, Y, and Z of S, we have X(YZ) =
(XY)Z. By analogy with (1.1), for X € Sand n € N, define

n times

X"=XX--X.

The semigroup S is nilpotent if it contains a zero and there exists some
n € N such that §” = {0}. The semigroup S is a nilsemigroup if it contains
a zero and for every x € S, there exists some n € IN such that x" = 0.

Basic concepts and examples o 5
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Cancellativity

Commutativity

Left and right inverse

Right and left
inverses coincide

Group

Regular element

Regular semigroup

Inverse

Note that this is incompatible with the definition of a ‘nilpotent group:.
A non-trivial group is never nilpotent in this semigroup sense.

The semigroup S is left-cancellative if
(Vx, y,z€S)(zx =zy = x = y);

right-cancellative it
(Vx, y,z € S)(xz = yz = x = y);

and cancellative if it is both left- and right-cancellative. Note that a non-
trivial semigroup with zero cannot be cancellative.

The semigroup S is commutative if xy = yx for all x,y € S. For
instance, (Z, +) and (Z, - ) are both commutative. A non-trivial left zero
semigroup is not commutative.

Let M be a monoid. Let x € M. Suppose that there exists an element
x'"such that xx' = 1. Then x' is a right inverse for x, and x is right invertible.
Similarly, suppose there exists an element x” such that x”x = 1. Then
x" is a left inverse for x, and x is left invertible. If x is both left and right
invertible, then x is invertible.

PROPOSITION 1.5. Let M be a monoid, and let x € M. Suppose x is

invertible and let x' be a right inverse of x and x" a left inverse. Then
! "

x"=x".

g% Proposition 1.5 says that right and left inverses coincide when they both
exist. The existence of one does not imply the existence of the other.

Proof of 1.5. Since x' and x" are, respectively, right and left inverses of x,
wehave xx’ = land x"x = 1.Hence x’ = 1x’ = x""xx' = x"1 = x".

Thus if x is an invertible element of a monoid M, denote the unique
right and left inverse of x by x™'. A monoid in which every element is
invertible is of course a group.

Let x € S. If there is an element y € S such that xyx = x, then the
element x is regular. Notice that in this case, xy and yx are idempotent,
since (xy)2 =xyxy = (xyx)y = xy and (yx)2 = yxyx = y(xyx) = yx.
If every element of S is regular, then S is a regular semigroup.

An element x" € S such that x = xx’x and x'xx’ = x' is an inverse of
X.

Notice that this is entirely different from the notion of left/right inverses
@ above. We will never use ‘inverse’ (on its own) to refer to a left or right

inverse.

PROPOSITION 1.6. Let x € S. Then x has an inverse if and only if x is
regular.

6 @ Elementary semigroup theory



Proof of 1.6. Obviously if x has an inverse, then it is regular. So suppose x
is regular. Then there exists y € S such that xyx = x. Let x’ = yxy. Then
xx'x = x(yxy)x = (xyx)yx = xyx = x and x'xx" = (yxy)x(yxy) =
y(xyx)yxy = yxyxy = y(xyx)y = yxy = x, so x’ is an inverse of
X.

In the proof of Proposition 1.6, the element y might not be an inverse
?2 of x: for example, let S be a semigroup with a zero and let x = 0 and

y # 0. Then xyx = x but yxy # y.

An element x can have more than one inverse; see Example 1.7(e). The
set of inverses of x is denoted V (x). Notice also that a zero 0 of a semigroup
has an inverse, namely 0 itself. In general, if e € S is idempotent, then
e’ = e? = eand so e is an inverse of itself. In particular, every idempotent

is regular.

EXAMPLE 1.7. a) LetU = {0, ..., k} for some k > 0. Define an opera-
tion A onU bymAn = min{m, n}. Itis easy to see that A is associative,
and so (U, A) is a semigroup. Notice that 0 Am = m A 0 = 0 and
kAm=mAk=mforallm € U. Hence U has zero 0 and identity
k. Furthermore, m A m = m for all m € U, so every element of U is
an idempotent. Finally,m An =n A mforallm,n € U and so U is
commutative.

b) Similarly, define an associative operation A on N U {0} = {0, 1,2, ...}
by m A n = min{m, n}. Then (N U {0}, A) has a zero 0 but has no
identity. It is commutative and all its elements are idempotents.

c) Consider the set of all 2 x 2 integer matrices:

M,(Z) = { [6: Z] ta,b,c,d € Z}.

With the usual matrix multiplication, M, (Z) is a monoid with identity
1 0 00

[ 0 1] and zero [ 0 O]' It is easy to see that M,(Z) is not commut-

ative, and that not all of its elements are idempotent. Since M,(Z)

contains a zero, it is not cancellative.

d) Now let V be the set of all 2 x 2 integer matrices with non-zero
determinant:

a b a b
V:{[c d].a,b,c,del/\det[c d]iO}.

Again, V is a monoid. Let P,Q,R € V. Suppose RP = RQ. Since
det R # 0, the matrix R has a (left and right) inverse R™' € M,(Q).
[Note that R ¢ V whenever detR # 1, so V is not a group.] So
R'RP = R"'RQand so P = Q. Hence V is left-cancellative. Similarly,
it is right-cancellative and therefore cancellative.

Basic concepts and examples o 7
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Rectangular band

ie N

¢ Y
(ep 7’1) (Ep 7'2)
FIGURE 1.1

Diagrammatic interpretation of
multiplication in a rectangular

band.

Opposite semigroup

Subsemigroup

e) Let L be a left zero semigroup and R a right zero semigroup. Let
B = L xR. The semigroup Bis an |L| X |R| rectangular band, or simply
a rectangular band. For (£,,1,), (£,,1,) € B, we have

(21, 7'1)(32, 7'2) = (2122, 7’17’2) = (ep 7'2),

since (in particular) €, is a left zero and r, is a right zero. Thus every
element of B is idempotent, since (£, 7)(¢,7) = (£,r) forall (¢,7) € B.
Furthermore, for any (¢,,1,), (£,,1,) € B, we have

(81, 1) (€, 1) (81, 17) = (8,881, 1y 1y1y) = (84, 77)
(22, 7'2)(81, TI)(EZ, 1’2) = (8281‘62, 7’21’11’2) = (82, 1’2).

Hence (¢,,r,) is an inverse of (£, 7;). Thus every element is an inverse
of every element.

The name ‘rectangular band’ comes from the following diagram-
matic interpretation of the multiplication. The elements of the sem-
igroup correspond to the cells of a grid whose rows are indexed by
L and whose columns are indexed by R. So (¢,,r;) corresponds to
the cell in row €, and column ;. In terms of cells, the product of two
elements is the cell in the row of the first multiplicand and the column
of the second multiplicand; see Figure 1.1. [The reason for indexing
rows by the first coordinate and columns by the second coordinate
will become clear in Chapter 4.]

The opposite semigroup S°PP of S is the semigroup with the same set as
S but ‘reversed multiplication: That is, for x, y € S, the product xy in S°°P
is equal to the product yx in S. It is easy to check that S°°" is indeed a
semigroup. Notice that if § is commutative, then S°*® and § are the same
semigroup.

GENERATORS AND SUBSEMIGROUPS

A non-empty subset T' of S is a subsemigroup if it is closed
under multiplication; that is, if T € T. A proper subsemigroup is any
subsemigroup except S itself. A submonoid is a subsemigroup that hap-
pens to be a monoid. A subgroup is a subsemigroup that happens to be a

group.

PROPOSITION 1.8. The set of invertible elements of a monoid forms a
subgroup.

Proof of 1.8. Let T be the set of invertible elements of a monoid M. Note
that T is non-empty since 1 € T. Let x, y € T. Then since x and y are
invertible we have y 'x7'xy = y'y = land xyy'x! = xx7! = 1.
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Hence xy is invertible and so lies in T'. Hence T is a subsemigroup of M.
Furthermore, 1 € T is also an identity for T and so T is a submonoid of
M. Finally, let x € T; then xx™' = x"'x = 1 and so x™! is invertible and
thus x™! € T. Hence T is closed under taking inverses. Therefore T is a
subgroup of M.

The set of invertible elements of a monoid is called its group of units;
Proposition 1.8 justifies this name.

The following result is a useful characterization of subgroups of a
semigroup:

LEMMA 1.9. Let G be a non-empty subset of S. Then gG = Gg = G for all
g € Gifand only if G is a subgroup of S.

Proof of 1.9. Notice first that if G is a subgroup and g € G, then G =
99 'G € gG € G, s0 G = ¢G. Similarly, G = Gg.

For the converse, suppose that gG = Gg = G for all g € G. For any
g>h € G, the product gh lies in gG = G. Hence G is a subsemigroup.

Let g € G. Since G = Gy, it follows that g € Gg, and so there exists
e € Gsuch that g = eg. Let h € G. Since G = ¢gG, there exists x € G such
that h = gx. Hence eh = egx = gx = h. Since h € G was arbitrary, eis a
left identity for G. Similarly G contains a right identity f,andsoe = f is
an identity for G by Proposition 1.3. So G is a submonoid with identity
1g.

Finally, since 15 € gG = Gg, the element g is right and left invertible
and its right and left inverses coincide by Proposition 1.5. Since g € G
was arbitrary, G is a subgroup.

Let T be a non-empty subset of S. The subset T is a left ideal of S if it is
closed under left multiplication by any element of S; that is, if ST € T. It
is a right ideal of S if it is closed under right multiplication by any element
of S; that is, if TS € T. It is a two-sided ideal, or simply an ideal, of S
if it is closed under both left and right multiplication by elements of S;
that is, if ST U TS € T. Every ideal, whether left, right, or two-sided, is a
subsemigroup.

For any x € §, define

L(x) = S'x = {x} U Sx,
R(x) = xS' = {x} U xS,
J(x) = 8'xS' = {x} UxS U Sx U SxS.

Then L(x), R(x), and J(x) are, respectively, the principal left ideal gener-
ated by x, the principal right ideal generated by x, and the principal ideal
generated by x. As their names imply, they are, respectively, a left ideal, a
right ideal, and a (two-sided) ideal.

Generators and subsemigroups o 9
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Generating a subsemigroup

Generating set

Monogenic semigroup

EXAMPLE 1.10. a) Consider the semigroup (N, +). Let n € N and
letI, = {m € N : m > n}. Then I, is an ideal of N; indeed,
I, = L(n) = R(n) = J(n).

b) Let S be a right zero semigroup. Let T be a non-empty subset of S.
Then ST = T'since xy = yforany x € Sand y € T. So T is a left ideal
of S. On the other hand, TS = S and so T is a right ideal if and only if
T=S_.

c) Let G be a group. Let T be a non-empty subset of G. For any x € G
and y € T, we have x = xy™'y € Gy; hence Gy = G. So T is a left
ideal if and only if T = G; similarly T is a right ideal if and only if
T = G. So the only left ideal or right ideal of G is G itself.

Let T = {T; : i € I} be a collection of subsemigroups of S. It is
easy to see that if their intersection (| T = (,_; T; is non-empty, it is also
a subsemigroup. So let X be a non-empty subset of S and let T be the
collection of subsemigroups of S that contain X. The collection T has at
least one member, namely the semigroup S itself, and every subsemigroup
in T contains X, so[) T is non-empty and is thus a subsemigroup. Indeed,
it is the smallest subsemigroup of S that contains X. This subsemigroup,
denoted (X), is called the subsemigroup generated by X.

If X € Sissuch that (X) = S, then X is a generating set for S and
X generates S. If there is a finite generating set for S, then S is said to be
finitely generated.

PROPOSITION 1.11. Let X be a non-empty subset of S. Then (X) =
{x;x,--x, :neN,x; € X}

Proof of 1.11. Let U = {x;x,---x, : n € N,x; € X}. Then U is closed
under multiplication and so is a subsemigroup of S. Furthermore, X € U.
Hence U must be one of the T; in T, and so (X) < U. Since X <€ (X) and
(X) is closed under multiplication, U € (X). Therefore (X) =U. [iu

Suppose S is generated by a single element x; that is, S = ({x}) (which
we abbreviate to S = (x)). Then S is a monogenic semigroup, and, by
Proposition 1.11, S = {x" : n € N} If the element x is periodic with

index k and period m, then S = {x, x2, ..., x**"1]. Let

K = { k xk+1 xk+m—l}
It is easy to see that K is an ideal of S.

PROPOSITION 1.12. The ideal K is a subgroup of S.

Proofof112. Let I = {k,k+1,...,k+ m—1},sothat K = {x" : n ¢
I'}. Then I is a complete set of representatives for congruence classes
of the integers modulo m. In particular there is some p € I such that
p = 0 mod m; note that p = rm for some r € N. Lete = x = x". Then
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xl’le — xnxrm — xn+rm
e is an identity for K.

Now let n € I. Choose g € I with g = —n mod m. Then g + n =
0 mod m and so g + n = sm for some s € N. Hence x1x" = x7™ = x".
Since sm > k and since rm is the unique multiple of m in I, it follows that
sm = rm + tm for some t € N U {0}. Hence x1x" = x™H" = x™ = ¢,
and similarly x"x9 = e. Hence x is a right and left inverse for x"; since
n € I was arbitrary, every element of K has an inverse in K.

= x" and similarly ex” = x" for any n € I; hence

Note that x™ may not be an identity for K. Itis true that x"x™ = x™"x" =
@x”, butif k > m, then x™ ¢ K.

Given a subset X of a monoid M, we can also define the submonoid
generated by X. Let T be the collection of submonoids of M that contain
X U{1,,}. The intersection of the submonoids in T is non-empty and thus
a submonoid. This is the smallest submonoid of M with identity 1,, that
contains X. This submonoid, denoted Mon{X), is called the submonoid
generated by X. Reasoning similar to the proof of Proposition 1.11 yields
the following result:

PROPOSITION 1.13. Let X € M. Then Mon(X) = {1y;x;x, ---x,, : n €
NuU{0},x; € X}

Essentially, when we generate a submonoid of a monoid, we always
include the identity of the monoid. If X € M is such that Mon(X) = M,
then X is a monoid generating set for M and X generates M as a monoid.

Notice that if X is a generating set for M, then X is also a monoid
generating set; on the other hand, if X is a monoid generating set for M,
then X U {1,,} is a generating set for M. Thus M is finitely generated if
and only if there is a finite monoid generating set for M.

BINARY RELATIONS

Recall that a relation p between a set X and a set Y is
simply a subset of X x Y, and x p y is equivalent to (x, y) € p. The
identity relation on X is the relation

idy ={(x,x) : xe X}
The converse p~' of p is the relation
pl={(x): (x,y) ep}

?2 The converse relation p~! is not in general a left or right inverse of p,
even when p is a map.

Let p be a relation between X and Y and o be a relation between Y
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Partial/full map

Domain, image, preimage

Binary relations, By

Partial/full transformation

Py, Ty, Sx

and Z. Define the composition of p and o to be

poo={(xz)eXxZ:@yeY)(xpy)A(yoz)} (2)

Notice that p o o is a relation between X and Z. Furthermore, notice that
peidy = pandidy c 0 = 0.

Foranyx € X,letxp ={y € Y : x p y}. Then p is a partial map
from X to Y if |xp| < 1 for all x € X. Furthermore, p is a full map, or
simply a map from X to Y if |[xp| = 1 for all x € X.

Suppose p is a partial map from X to Y. When xp is the empty set,
we say that xp is undefined; when xp is the singleton set { y}, we say that
xp is defined and write xp = y instead of xp = {y}.

The definition of a map given here, and the notation in the last para-
graph, agree with the standard concept and notation of a map. Further-
more, when p and o are maps, (1.2) simply defines the usual composition
of maps. Thus we have recovered the usual notion of maps in a more
general setting.

For any partial map p from X to Y, the domain of p is the set

domp={xeX:(3yeY)((x,y)ep)} (13)

That is, dom p is the subset of X on which p is defined. If p is a map, we
have dom p = X. The image of p is the set

imp={yeY:(@xeX)((x,y) ep)} (1.4)

The preimage under p of Y’ C Y is the set

Ypl={xeX:3yeY)N(yx)ep™h}
={xeX:(FyeY)xy) ep}

We will be particularly interested in binary relations on X; that is,
relations from X to itself. Let By denote the set of all binary relations
on X. It is easy to show that o is an associative operation on By and
so (By, o) is a semigroup, called the semigroup of binary relations on X.
Furthermore, idy is an identity and so By is a monoid.

A partial map from X to itself is called a partial transformation of
X. A map from X to itself is called a full transformation, or simply a
transformation of X. The set of all partial transformations of X is Py; the
set of all [full] transformations of X is Ty. Finally, Sy denotes the set of
bijections on X. This is the well-known symmetric group on X. Clearly
Sy € Tx € Py <€ By.

PROPOSITION 1.14. a) Py is a submonoid of By;
b) Ty is a submonoid of Px;
c) Sy is a subgroup of T.
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Proof of 1.14. a) Let p,0 € Py and suppose y, y' € x(p o 0). Then by the
definition of o, there exist z, z’ € X such that (x,z) € pand (z, y) € o,
and (x,z') € pand (z/, y') € 0. Since p € Py, we have |xp| < 1 and
so z = z'. Since 0 € Py, we have |zo| < 1 and so y = y'. Hence
|x(peo)|<1landsopoo e Py.

b) Let p,0 € Tx.Let x € X. Since p € Ty, we have |xp| = 1. So let
z = xp. Since 0 € Ty, we have |zo| = 1. So x(p o o) contains (x, z0)
and so |[x(p o 0)| = 1. By part a), |x(p o 0)| = 1. Therefore po o € T.

c) This is immediate because the composition of two bijections is a
bijection.

In light of Proposition 1.14, Ty is called the semigroup of transforma-
tions on X and Py is called the semigroup of partial transformations on
X.

Any bijection p € Sy can be denoted by the usual disjoint cycle
notation from group theory. A partial (or full) transformation p € Py
can be denoted using a 2 x | X| matrix: the (1, x)-th entry is x and the
(2, x)-th entry is either xp (when xp is defined) or * (indicating that xp is
undefined). For example, if X = {1,2,3} and 1p = 2, and 2p is undefined,
and 3p = 1, then

(1 23
P=\2 « 1)

EXAMPLE 1.15. Let X = {1,2}. Then

+ Sy consists of two elements:

idXZG ;) and <; i),

+ T consists of four elements: the two elements in Sy, and the trans-
formations

1 2 1 2
(1) (5 2)

+ Py consists of nine elements: the four elements in T, and the partial
transformations

(09 G202 (E2);

+ By consists of all sixteen possible subsets of X x X, including the
empty set & and X x X itself.

Let us illustrate how elements of the semigroups of partial and full
transformations multiply:

Binary relations o 13
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Multiplication in Ty

Multiplication in Py
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EXAMPLE 1.16. Let X = {1,2, 3}.
a) Let

(123, (123
P=\3 1 1)39% 2 2 3

be elements of T. Let us compute the product po. First, p contains
the pair (1, 3) and o contains the pair (3, 3), so po contains the pair
(1,3). Using our notation for partial and full maps, this says that
1p = 3 and 30 = 3, and thus 1po = 30 = 3. Similarly, 2po = 10 = 2
and 3po = 1o = 2. Hence

(123
PO=\3 2 2)

(123 (123
p_3*2an0—1*2

be elements of Py. Let us compute the product po. First, 1po = 30 =
2; this part of the computation is just like the case of a full map. Next,
2p is undefined: that is, p does not contain the pair (2, x) for any
x € X. Hence po cannot contain the pair (2, y) for any y € X. That
is, 2po is undefined. Finally, 3p = 2, but o does not contain the pair
(2, x) for any x € X, and hence po cannot contain the pair (3, x) for
any x € X. That is, 3po is undefined. Hence

(1 2 3
PU_Z**'

[During this computation, it may be helpful to think of ‘+’ as an
additional element of X that is mapped to itself by every partial trans-
formation of Py. Then one can think ‘p maps 2 to * and o maps *
to %, so pg maps 2 to * and ‘p maps 3 to 2 and o maps 2 to *, so
po maps 3 to *. Remember, however, that * is not an element of X,
but is simply a notational convenience to indicate where a partial
transformation is undefined.]

b) Let

There are several important properties that a binary relation may

have: a relation p € By is
o reflexive if x p x for all x € X, or, equivalently, if idy < p;

o symmetricif x p y = y p xforall x,y € X, or, equivalently, if

p=p"

o anti-symmetricif (x p Y) AN(y p x) = x = yforall x,y € X, or,

equivalently, if p N p~! Cidy;
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o transitive if (x p Y)Y A(y p z2) = x p zforall x,y,z € X, or,
equivalently, if p* C p.

?2 Notice that ‘anti-symmetric’ is not the same as ‘not symmetric” for ex-
ample, the identity relation idy is both symmetric and anti-symmetric.

An equivalence relation is a relation that is reflexive, symmetric, and
transitive. An equivalence relation on X partitions the set X into equival-
ence classes, each made up of related elements.

The kernel of a map p from X to Y is the binary relation

kerp={(x,y) e XxX:xp=yp}l

Notice that ker p is an equivalence relation, and that p is injective if and
only if ker p is the identity relation (that is, ker p = idy).

ORDERS AND LATTICES

Let p € By. The binary relation p is a partial order if it is
reflexive, anti-symmetric, and transitive. We normally use symbols like
<, %, and C for partial orders. We write x < y to mean that x < y and
x # y; the obvious analogies apply for symbols like < and C. A partially
ordered set or poset is a set X equipped with a partial order <, formally
denoted (X, ).

If (X,<) is a partially ordered set and Y is a subset of X, then Y
‘inherits’ the partial order < from X. That is, the restriction of the relation
<toY (thatis, <N (Y xY)) is a partial order on Y, and so Y is also a
partially ordered set. We use the same notation for the original partial
order on X and for its restriction to Y.

A Hasse diagram of a partial order < on a set X is a diagrammatic
representation of <. Every element of X is represented by a point on the
plane, arranged so that x appears below y whenever x < y.If x < y and
there is no element z such that x < z < y, then a line segment is drawn
between x and y.

Suppose < is a partial order on X. Two elements x, y € X are com-
parable if x < y or y < x. The partial order < is a total order, or simply
an order, if all pairs of elements of X are comparable.

Suppose < is a partial order on X. A chain is a subset Y of X in which
every pair of elements are comparable. An antichain is a subset Y of X in
which no pair of distinct elements is comparable. Note that it is possible
for X itself to be a chain or an antichain. If X is a chain (respectively,
antichain), then any subset of X is also a chain (respectively, antichain).

EXAMPLE 1.17. a) For example, the relation < on the integers Z is a
partial order: it is reflexive, since m < m for all m; it is anti-symmetric,
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{1,2,3} since m < nand n < m imply m = n; and it is transitive, since m < n
andn < pimplym < p.
b) Let X be a set. Recall that the power set PX is the set of all subsets of
{1} {2} {3} X. The relation € on IPX is a partial order. Figure 1.2 shows the Hasse
| diagram of IP{1, 2, 3}. Notice that C is not a total order: for instance,
4 {1} and {2, 3} are not comparable.

PN
{1,2} {1,3} {2,3}

FIGURE 1.2
Hasse diagram for € on c) Let | be the divisibility relation on IN; that is, x | y if and only if there

P{1,2,3}. exists p € IN such that y = px. Then | is reflexive, since x | x for

all x € IN. It is anti-symmetric, since x | y and y | x imply y = px
and x = p'y for some p, p’ € N, which implies x = p’px and so
p = p' = 1, which implies x = y. It is transitive, since x | y and
y | zimply y = px and z = p'y for some p, p’ € N, which implies
z = (p'p)x and so x | z. So | is a partial order on IN.

Minimal/minimum, If x € X is such that there is no element y € X with y < x (respect-

maximal/maximum ively, x < y), then x is minimal (respectively, maximal). If x € X is such
that for all elements y € X, we have x < y (respectively y < x), then x is
a minimum (respectively, maximum). Therefore, in summary:

xisminimal & (Vy e X)(y < x = y = x);
x is minimum & (Vy € X)(x < y);

xismaximal & (Vy e X)(x < y = y = x);
x is maximum & (Vy € X)(y < x).

Notice that a minimum element is also minimal, but that the converse
does not hold. A poset does not have to contain minimum or minimal
elements. It contains at most one minimum element, for if x; and x,
are both minimum, then x; < x, and x, < x|, and so x; = x, by anti-
symmetry. It may contain many distinct minimal elements.

EXAMPLE 1.18. a) The poset (Z, <) does not contain either maximal
elements or minimal elements.

b) Let X = {x, y;, ¥,}; define < on X by

<

forallu € X,

<
N ININ
SR

N

The Hasse diagram for (X, <) is as shown in Figure 1.3(a): x is a
(necessarily unique) maximum element, and y, and y, are both
minimal elements.

c) Let X = {x, y,2,2,, ...} and define < by

u<su forallu € X,
Yy <X
Z; < x foralli € N,

16 w  Elementary semigroup theory



@) (b)

< zj foralli, j € N withi> j.

The Hasse diagram for (X, <) is as shown in Figure 1.3(b): x is a
(necessarily unique) maximum element, and y is the unique minimal
element, but y is not a minimum.

There is a natural partial order of idempotents of a semigroup S that
will re-appear in several different settings. Define the relation < on the
set of idempotents E(S) bye< f & ef = fe=e.

PROPOSITION 1.19. The relation < is a partial order.

Proof of 1.19. Since e* = e, we have e < e and so < is reflexive. Ife < f

and f <e thenef = fe=eand fe=ef = fandsoe = f; hence < is
anti-symmetric. Ife < f and f < g,thenef = fe=eand fg=gf = f
andsoge =gfe= fe=eandeg =efg =ef = eand thuse < g; hence
< is transitive. Therefore < is a partial order.

Let < be a partial order on a set X. Let Y € X. A lower bound for Y is
any element z of X such that z < y forall y € Y. Let B be the set of lower
bounds for Y. If B is non-empty and has a maximum element z, then z
is the greatest lower bound or meet or infimum of Y. The meet of Y, if it
exists, is unique and is denoted by [ Y, or, in the case where Y = {x, y},
by x M y.

If x N y exists for all x, y € X, then X is a meet semilattice or lower
semilattice. If[ | Y exists forall Y € X, then X is a complete meet semilattice
or complete lower semilattice.

The obvious definitions apply for upper bound, least upper bound or
join or supremum, | |Y, x U y, join semilattice or upper semilattice, and
complete join semilattice or complete upper semilattice.

Most texts use A, V, /\, and \/ in place of 1, L, [ |, and | |. The square
g%variants are used here to avoid confusion with the symbols for logical

conjunction (‘and’) A and disjunction (‘or’) V.

The partially ordered set (X, <) is a lattice if it is an upper and lower
semilattice. It is a complete lattice if it is an complete upper semilattice
and complete lower semilattice.
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FIGURE 1.4
Partial Hasse diagram for the

partially ordered set (X, <).

Semilattice = commutative
semigroup of idempotents

EXAMPLE 1.20. a) In the example of the relation C on the power set
P{1, 2, 3}, we have {1,2} N {1,3} = {1} and {1, 2} N {3} = {}. Indeed,
(P{1,2,3},<) is a complete lattice.

b) Let X = {t,x, ,2,,2,, ...} and define < by

x <t

y <t

z; <t foralli e N,

zZ; <X foralli € N,

z; <y foralli e N,

z; < foralli, j € Nwithi < j.

R

Figure 1.4 shows a partial Hasse diagram for (X, <). Notice that x and
y do not have a meet, but that every pair of elements has a join. So
(X, <) is an upper semilattice but not a lower semilattice. However, it
is not a complete upper semilattice because the subset {z; : i € N}
does not have a join.

THEOREM 1.21. a) Let (X, <) be a non-empty lower semilattice. Then
(X, ) is a commutative semigroup of idempotents.
Conversely, let (S, °) be a commutative semigroup of idempotents.
Define a relation < on Sby x < y © x o y = x. Then < is a partial
order and (S, <) is a lower semilattice.

b) Let (X, <) be a non-empty upper semilattice. Then (X, 1) is a commut-
ative semigroup of idempotents.
Conversely, let (S, o) be a commutative semigroup of idempotents.
Define a relation < on Sby x < y © xo y = y. Then < is a partial
order and (S, <) is an upper semilattice.

Proof of 1.21. We prove part a); the reasoning for part b) is dual. Suppose
(X, <) is a lower non-empty semilattice. Let x, ¥,z € X. First, x M1 (y M 2)
and (x M y) N z are both the meet of {x, y,z} and hence x N (y N z) =
(x M y) N z. So Mis associative. Next, x M y and y M x are both the meet
of {x, y},and so x M y = y N x. So (X, M) is commutative. The meet of {x}
is x itself, so x M x = x. Hence every element of (X, M) is idempotent. So
(X, M) is a commutative semigroup of idempotents.

Suppose (S, o) is a commutative semigroup of idempotents and define
< as in the statement of the result. Let x, y,z € S. First, x is idempotent,
and so x o x = x, and thus x < x. Hence < is reflexive. Second, suppose
that x < yand y < x. Thenxo y = xand y o x = y. Since (S, °) is
commutative, this shows that x = y. Hence < is anti-symmetric. Third,
suppose x < yand y < z. Thenxey = xand yoz = y.Soxoz =
(xoy)oz=x0(yoz)=x0y=x andsox < z. Hence < is transitive.

Finally, we want to show that xMy = xoy. First of all (xo y)ox = (x0y),
so x o y < x and similarly x o y < y. So x o y is a lower bound for {x, y}.
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Let z be some lower bound for {x, y}. Then z < x and z < y. Hence
zox=zandzoy=2.S0zo(xoy)=(zex)oy =20y =z, andso
z < (x o ). Hence x o y is the greatest lower bound for {x, y}. Thus (S, <)
is a lower semilattice. 1.21

HOMOMORPHISMS

Let S and T be semigroups. Amap ¢ : § — T is a homo-
morphism if (xy) = (x¢)(ye) for all x, y € S. If S and T are monoids,
then ¢ is a monoid homomorphism if (xy)e = (x¢)(ye) forall x, y € S
and Igp = 1.

A monomorphism is an injective homomorphism. If ¢ : § — T'is
a surjective homomorphism, then T is a homomorphic image of S. An
isomorphism is a bijective homomorphism. It is easy to prove that a
homomorphism ¢ : S — T is an isomorphism if and only if there is a
homomorphism ¢! : T — S such that g9~ ! = idg and ¢ ¢ = id;. If
there is an isomorphism ¢ : S — T, then we say S and T are isomorphic
and denote this by S = T..

When two semigroups are isomorphic, we can think of them as the
‘same’ abstract structure in different settings.

It is easy to prove thatif ¢ : S — T is a homomorphism and S’ and T’
are subsemigroups of S and T respectively, then §'¢ is a subsemigroup of T
and T'¢! is a subsemigroup of S if it is non-empty. In particular, putting
S" = S shows that im ¢ is a subsemigroup of T. If ¢ is a monomorphism,
then § is isomorphic to the subsemigroup im ¢ of T

We now give a result showing that every semigroup is isomorphic to a
subsemigroup of a semigroup of transformations. This is the analogue of
Cayley’s theorem for groups, which states that every group is isomorphic
to a subgroup of a symmetric group. For any x € §, let p, € Tg be the
map defined by sp,, = sx forall s € §'.

THEOREM 1.22. Themap ¢ : S — Tq given by x — p, is a monomor-

phism.

Proof of 1.22. Let x, y,s € S. Then sp,.p,, = (sx)p,, = (sx)y = s(xy) =
SPxys hence (x@)(y9) = pyp, = py, = (xy)¢. Therefore ¢ is a homomor-
phism. Furthermore

hence ¢ is injective.

An endomorphism is a homomorphism from a semigroup to itself.
The set of all endomorphisms of S is denoted End(S) and forms a sub-
semigroup of Tg.
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Group-embeddability

Anti-homomorphism

Congruence

Congruences are
left/right congruences

Factor semigroup

The semigroup S is group-embeddable if there exists a group G and a
monomorphism ¢ : S — G. In this case, S is isomorphic to the subsemi-
group im ¢ of G. Clearly any group-embeddable semigroup is cancellat-
ive, but we shall see that there exist cancellative semigroups that are not
group-embeddable (see Example 2.14).

A map ¢ : S — T is an anti-homomorphism if (xy)p = (y@)(x¢) for
all x, y € S.

CONGRUENCES AND QUOTIENTS

A binary relation p on S is
o left-compatible if (Vx, y,z € S)(x p y = zx p zY);
o right-compatible if (Vx, y,z € S)(x p y = xz p yz);
+ compatible if (Vx, y,z,t € S)((x p y) A (z p t) = xz p yt).
A left-compatible equivalence relation is a left congruence; a right-compat-

ible equivalence relation is a right congruence; a compatible equivalence
relation is a congruence.

PROPOSITION 1.23. Arelation p on S is a congruence if and only if it is
both a left and a right congruence.

Proof of 1.23. Suppose that the relation p is both a left and a right congru-
ence. Let x, y,z,t € S be such that x p y and z p t. Since p is a right
congruence, xz p yz. Since p is a left congruence, yz p yt. Since p is
transitive, xz p yt. Hence p is a congruence.

Suppose now that p is a congruence. Let x, y € S be such that x p y.
Let z € S. Since p is reflexive, z p z. Since p is a congruence, zx p zy
and xz p yz. Hence p is both a left and a right congruence.

Let p be a congruence on S. Let S/p denote the quotient set of S by
p (that is, the set of p-classes of S). For any x € §, let [x], € S/p be the
p-class of x; that is, [x], = { y € S : y p x}. Define a multiplication on

S/p by
[x],y1, = [xy1,,

This multiplication is well-defined, in the sense that if we chose different
representatives for the p-classes [x] p and [y] p» We would get the same
answer:

([x], = [x'],) A([y], = [¥'],)
= xpx)AN(ypy)

= xypx'y [since p is a congruence]

= [xy], = [x'y'],.
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The factor set S/ p, with this multiplication, is a semigroup and is called the
quotient or factor of S by p. The map p' : S — S/p, defined by xp' = [x],

is clearly a surjective homomorphism, called the natural map or natural Natural map
homomorphism.
THEOREM 1.24. Let ¢ : S — T be a homomorphism. Then ker ¢ is a First isomorphism theorem

congruence, and the map y : S/ker ¢ — im ¢ with [x]yer oy = X is an
isomorphism, and so S/ker ¢ = im ¢.

Proof of 1.24. Let x, y, z,t € S. Then

(x,y) e kerp A (z,t) € kerg

= (x¢ = yp) A (zp = to) [by definition of ker ¢]
= (x¢)(z9) = (y9)(te)

= (xz)p = (yt)e [since ¢ is a homomorphism]
= (xz, yt) € ker ¢; [by definition of ker ¢]

thus ker ¢ is a congruence. Now,

['x]ker(p = [y]ker(p
& (x,y) € kerg [by definition of ker ¢-classes]

& xp =y [by definition of ker ¢] (5)

S [Xlkero¥ = [Vkero¥- [by definition of ]
The forward implication of (1.5) shows that y is well-defined. The reverse

implication shows that y is injective. The image of y is clearly im ¢. The
map y is a homomorphism since ¢ is a homomorphism. Hence v is an

isomorphism and so S/ker ¢ = im ¢.
Let I be an ideal of S. Then p; = (I x I) U idg is a congruence on S. Rees factor semigroup

The factor semigroup S/p; is also denoted S/I, and the element [x] o 18
denoted [x];. The congruence p; is called the Rees congruence induced by
I,and S/I is a Rees factor semigroup. The elements of S/I are the p;-classes,

which comprise I and singleton sets {x} for each x € S~ I. It is easy to S S/I

see that I is a zero of the factor semigroup S/I, so it is often convenient to
view S/I as having elements (S ~ I) U {0}, and to think of forming S/I by S<] S<]
starting with S and merging all elements of I to form a zero; see Figure 1.5. s

The following result shows that the ideals of S/I are in one-to-one I "“05/1
correspondence with the ideals of S that contain I. . ;E e .

Forming S/I from S by merging

PROPOSITION 1.25. Let I be an ideal of S. Let A be the collection of clements of I to form a zero.

ideals of S that contain 1. Let B be the collection of the ideals of S/I. Then
the map ¢ : A — B given by Jo = J/I is a bijection from A to ‘B that
preserves inclusion, in the sense that ] C J' = Jo € J'¢.
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Ideal extension

Generating equivalences

A semigroup E is an ideal extension of S by T if S is an ideal of E
and E/S = T. Note that for an ideal extension of S by T to exist, T must
contain a zero. Note further that there may be many non-isomorphic
semigroups that are ideal extensions of S by T.

GENERATING EQUIVALENCES
AND CONGRUENCES

In this section, we will study how an equivalence rela-
tion or congruence on a semigroup S is generated by a relation on S.
This section is rather technical, but fundamentally important for future
chapters.
Throughout this section, let X be a non-empty set. For any p € By,
let

0 € By : pCoAoisreflexive };

0 € By : p 0 Ao is transitive };

A=)
p° = ﬂ{a € By : p € 0 A0 is symmetric };
P =)
P =

0 € By : p €0 Ao isan equivalence relation }.

There is at least one element ¢ € By fulfilling the condition in each of the
collections above, namely o = X x X. Furthermore, since every element
in these collections contains p, the intersections p®, p°, p', and pF all
contain p. It is easy to see that

+ pf, called the reflexive closure of p, is the smallest reflexive relation
containing p;

+ p°, called the symmetric closure of p, is the smallest symmetric relation
containing p;

+ p', called the transitive closure of p, is the smallest transitive relation
containing p;

+ pf, called the equivalence relation generated by p, is the smallest equi-
valence relation containing p.

PROPOSITION 1.26. Forany p € By,

a) pR = pUidy;

b) p*=puUp’;

c) pT = 201 p";

d) (p")° = (p°)" = pup™ Uidy;

e) (p T =(p")" = pluidy;

£) pF = (0" = ((p*))F =idx U2, (pup )"
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Proof of 1.26. a) Since p" is a reflexive relation containing p, it is immedi-
ate that pUidy € p®. On the other hand, pUidy is a reflexive relation
containing p; since p® is the smallest reflexive relation containing p,
we have p? ¢ pUidy. Hence pf = p Uidy.

b) Since p° is a symmetric relation containing p, it is immediate that
pUp~t c p°. On the other hand, p U p7! is a symmetric relation
containing p; since p° is the smallest symmetric relation containing
p, we have pS cpuU p_l. Hence pS =pU p_1

c) Since p' contains p, transitivity implies that it contains p*> = p o p.
Transitivity again implies that p" contains p* = p o p>. Continuing

inductively, we see that p" contains p” for alln € N; hence [ J?2, p" <
T

p.
On the other hand,
(x, ), (3, 2) € U:Zl P
= (Fk, £ € N)((x, y) € p* A (3,2) € pb)
= (Fk, 2 € N)((x,2) € pFopt)
= (3k, £ € N)((x,2) € p**t)

= (x,2) € U:il p".

SoJ2, p" is atransitive relation containing p. Since p' is the smallest
such relation, we have p < [ J°°, p". Hence p" = [J2, p".

d) We have

(p")y (1.6)
= pfu (P! [by part b)]
= pUidy U(pUuidy)™ [by part a)]
= pUidy Uptuidy [by definition of converse]
=pUpluidy [since idy' =idy] (1.7)
= p> Uidy [by part b)]
= (p)%. [by part a)] (1.8)

The result is given by lines (1.6), (1.7), and (1.8).
e) Sinceidy < p*, we have id} < (p*)". Since idy oidy = idy, it follows
from part c) that id§ = idy. Soidy < (p*)". Since p < p®, we have
p' < (PP So (p")* = pT uidy < (p")".

Now let (u,v) € (p*)". Then by parts a) and ¢), (u,v) € [J2,(p U
idy)". So there exists n € IN and x,, ..., x, € X such that u = x,
v = x,,and (x;,%;,,) € pUidg fori = 0,...,n — 1. Fix such a
sequence with #n minimal. Then if n > 2, no pair (x;, x;,,) is in idy,
for this would imply that x; = x;,; and so we could shorten the
sequence by deleting one of x; or x;,,, contradicting the minimality
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Generating congruences

ofn. So

(u,v) eidy Up U Up” =idy Up' = (p"HR.

n=2

Hence (p*)" < (p")® and so (p*)" = (p")".

f) Since p" is reflexive and contains p, it contains p". Since it is symmetric
and contains p, it contains (p")°. Since it is transitive and contains
(p*)?, it contains ((p*)*)". Hence ((p?)*)" < p".

On the other hand, ((p®)*)" is transitive by the definition of .
Furthermore, ((p*)®)" 2 (p?)®) 2 p° 2 idy and so ((p*)*)" is reflexive.
Let (x, y) € ((pF)*)T = U2, ((p%)®)". Then (x, y) € ((p*)®)" for some
n € N. Hence there exist x;,...,x, € X with x, = x, x,, = y,
and (x;, x;,1) € (p°)°> fori = 0,...,n — 1. Since (p°)° is symmetric,

(x;11,%;) € (p*)® for each i, and so (y,x) € ((p*)°)" < ((p*)®)".

So ((p*)*)" is symmetric. Hence ((p*)*)" is an equivalence relation

containing p. Since p° is the smallest equivalence relation containing

p, we have p° ¢ ((p*)®)". Hence p° = ((p*)®)".

Finally, notice that

pE=((p*))T [by the above reasoning] (1.9)
= ((PS)R)T [by part d)]
= ()" [by part e)] (1.10)
=idy U (p°)' [by part a)]
=idy U(pup™) [by part b)]
=idy UulJ2,(puU p . [by part ¢)] (1.11)

Lines (1.9), (1.10), and (1.11) give the three required equalities.
For any p € Bg, let

pC = ﬂ{ 0 € By : p C o Ao isleft and right compatible },

p* = ﬂ{oe B : p € 0 Ao isacongruence}.

It is easy to see that
+ pC is the smallest left and right compatible relation containing p;

« p*, called the congruence generated by p, is the smallest congruence
containing p.

PROPOSITION 1.27. For any p € Bg, we have p¢ = {(pxq, pyq) €
SxS:pgeS Alx,y)epl

Proof of 1.27. Let o = {(pxq, pyq) € SxS : p,q € S, (x,y) € p}. To

prove that 0 = p, we have to show that o is the smallest left and right
compatible relation on S containing p. Notice first that if (x, y) € p, then
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(x,y) = (1x1,1y1) € 0. Hence o contains p. Let (u,v) € o andr € S.

Then u = pxq and v = pyq for some (x, y) € p. Let p’ = rp. Then
(ru,rv) = (p'xq, p'yq) € o. Hence o is left-compatible. Similarly, o is
right compatible.

Now let 7 be some left and right compatible relation that contains
p. Let (pxq, pyq) € o, where (x,y) € pand p,q € S'. Then (x,y) € T

since p € 1. Hence (pxq, pyq) € 7 since 7 is left and right compatible.

Thus o € 7. Therefore o is the smallest left and right compatible relation
containing p.

PROPOSITION 1.28. Forany p,o0 € B,
a) (pUo) =p-uUocS;

b) (p™) = (P97

Proof of 1.28. a) Foru,v €S,

(u,v) € (pU0)"
© (3p.qeS.(x,y) € pUo)(u=pxqAv=pyq)
[by Proposition 1.27]
© (3p.qeS.(xy) € p)u=pxqAv=pyq)
vV (3p,geS,(x,y) €0)u=pxqgAv=pyq)
o (u,v) € pC V (u,0) € o¢ [by Proposition 1.27]
& (u,v) € pCUC".

b) For u,v € S,
(u,v) € (p7)°
© (3p,qe S, (x,y) € p ) u=pxqgAv=pyq)
[by Proposition 1.27]
© (3p.q €S, (y,x) € p)(v=pyqAu= pxq)

S (v,u) € pC [by Proposition 1.27]
& (u,v) € (P97

PROPOSITION 1.29. Foranyp € By,

P# — (PC)E — ids U U(PC U (pC)—l)n.

n=1

Proof of 1.29. By Proposition 1.26(f),
(p9)F =ids U (" U (o),
n=1

so we must prove that p# = (p©)E. That is, we must show that (p“)F is the
smallest congruence containing p. By definition, (p)F is an equivalence
relation containing p©, which in turn contains p. So p € (p°)E.
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Lattice of congruences

Characterizing join of
equivalence relations

Now let x, y,z € S and suppose that (x, y) € (p)E. If (x, y) € ids,
then x = y, and so zx = zy, and thus (zx, zy) € idg € (p°)F. Further-
more,

(x, ) € Up2y (S U (P 7)"
= (x,y) € UZZI((P up He)" [by Proposition 1.28]
= (In € N)(Ixy, x4, ...,%, €S)
[(x=2x5) A (x, =)
A (VD) (x5 x;51) € (pU p™)S)]  [by definition of o]
= (In € N)(Ixy, x4, ...,%, €S)
[(zx = zxy) A (zx, = zy)
A (Vi) ((2x; 2x1,1) € (pU p~1)9)]

[since (p U p~1)C is left and right compatible]
= (3n € N)((zx,zy) € (puU p~H)") [by definition of o]
= (zx,2zy) € U;l“;l(pc u(p9))" [by Proposition 1.28]

= (zx,zy) € (p°)F.

Hence (x, y) € (p°)F implies (zx, zy) € (p°)F. Therefore (p©)F is left-com-
patible. Similarly, (p)F is right-compatible. Hence (p°) is a congruence
containing p.

Now suppose that 7 is a congruence containing p. Then 7 is left and
right compatible and so must contain p©, which is the smallest left and
right compatible relation containing p. Furthermore, 7 is an equivalence
relation, and so it must contain (p©)F, which is the smallest equivalence
relation containing p©. Hence (p°)f € 7. Therefore (p°)F is the smallest

congruence containing p.

Let & be the set of equivalence relations on S and let Cg be the set of
congruences on S. Then &g and Cg both admit C as a partial order. It is
easy to see that both (&, €) and (Cs, €) are actually lattices:

+ forany p,o € &, wehavepno=pnoandplo = (pUo)

« forany p,0 € Cg,wehave pno =pnoand plio = (puo)*.
Suppose p, o € Cs. There seems to be an ambiguity in writing p Ll 0: do
we mean the join (p U 0)F in the lattice of equivalence relations &g, or the
join (p U 0)* in the lattice of congruences Cg? However,

(puo)*
=((puo))F [by Proposition 1.29]
= (pC Uo©)E [by Proposition 1.28(a)]
=(pU o)E. [since p and o are compatible]

So there is really no ambiguity in writing p Ll 0.

PROPOSITION 1.30. Let p,o € E.ThenpUo = (poo)'.
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Proof of 1.30. Since p U o contains both p and o, it follows that

pooC(pUa)e(pUa)=(pUa),

and more generally that (p o 0)" C (p U 0)*". Thus

(poo) = U(p oo)" C U(p Uo)" =(puo). (1.12)
n=1 n=1

On the other hand, p o 0 contains p o idg = p (since o is reflexive) and
contains idg o 0 = o (since p is reflexive), and thus p U o C p o 0. Hence
(pU0)" C (poo)'. Combine this with (1.12) to see that

(puo) =(poo). (1.13)

Then
puc

=(puo)

=(((pu o))" [by Proposition 1.26(f)]

=((puo)u(pu o) lu idg)" [by Proposition 1.26(d)]

=(pUcuUptuotuidg)'

=(puo)’ [since p and o are reflexive and symmetric]

= (poo). [by (13)]
This completes the proof.

PROPOSITION 1.31. Letp,0 € E.Ifpoo=0ep, thenpllo=peoo.
Proof of 1.31. Suppose p o 0 = g o p. Then
(poo‘)2:poo’opoo’:popoo’oo’:pzoo'z_ (1_14)

But p* € pand 02 C o since p and o are transitive. Furthermore, p =
p oidg C p? since p is reflexive, and similarly o € 0%. Hence p? = p and
0? = 0 and so (p o 0)* = p oo by (1.14). Hence (p o 0)" = p oo for all

n € N, and thus

plo=(pe o)’ [by Proposition 1.30]
=2, (poo) [by Proposition 1.26(c)]
=peoo. 131

Generating equivalences and congruences o 27

Join of commuting
equivalence relations



Subdirect product

Separation by surjective
homomorphisms

Ideal extensions of monoids
are subdirect products

SUBDIRECT PRODUCTS

Let S = {S; : i € I} be a collection of semigroups. For
each j € I, there is a projection map from the direct product [].; S; to
S;> taking an element of the direct product to its j-th component:

m; HSi - S, X7 = (j)x.
i€l

Notice that every ; is a surjective homomorphism.

A subdirect product of § is [a semigroup isomorphic to] a subsemi-
group P of the direct product [];.; S; such that Prr; = §; forall j € I.

Let S be a semigroup. A collection of surjective homomorphisms
O ={¢;:S—S; :icI}issaid to separate the elements of S if they have
the property that

(Vi e I)(x¢p; = yp;) = x = y.

PROPOSITION 1.32. Asemigroup S is a subdirect product of a collection
of semigroups S = {S; : i € 1} if and only if there exists a collection of
surjective homomorphisms © = {¢; : S — S, : i € I} that separate the
elements of S.

Proof of 1.32. If S is a subdirect product of S, then the collection of projec-
tion maps restricted to S (that is, the collection {m;lg : S — S; : i € I'})
separates the elements of S.

On the other hand, suppose the collection @ separates the elements
of S. Define y : S — [, S; by letting the i-th component of sy be
s@;; that is, ()(sy) = s¢;. Then y is a homomorphism since each ¢; is
a homomorphism. Furthermore, sy = ty implies that sp; = to; for all
i € I, which implies s = ¢ since @ separates the elements of S. Hence v is
injective. So S is isomorphic to the subsemigroup im y of [[,_; S;. Finally,
the projection maps 7; are all surjective since each ¢; is surjective. So
im ¢ is a subdirect product of S.

PROPOSITION 1.33. LetS be a semigroup and let > = {0; :i €I} bea
collection of congruences on S. Let o = (| Z. Then S/o is a subdirect product

of {S/o; :iel}.

Proof of 1.33. For each i there is a homomorphism ¢; : S/o — S/o; with
[x]o¢; = [x], . (These maps are well-defined since o < 0;.) Clearly, the
homomorphisms ¢; are surjective. Furthermore, the collection @ = { ¢; :
i € I} separates the elements of S/o, since if [x],¢; = [y],¢; for all
i € I, then [x], = Y], and thus (x, y) € o; for all i € I, which implies
(x,y) € 0 =()Zandso [x], = [y],. Therefore S/o is a subdirect product
of {S/o; : i € 1} by Proposition 1.32.

PROPOSITION 1.34. Let M be a monoid and let E be an ideal extension
of M by a semigroup T. Then E is a subdirect product of M and T.

28 @ Elementary semigroup theory



Proof of 1.34. By definition, M is an ideal of E and T is the Rees factor
semigroup E/M. Let ¢ : E — T be the natural homomorphism x¢ =
[x]y- Lety : E — M be given by xy = x1,,. Then

() (yy) = x1yyly
=xyly [since y1,, lies in the ideal M of E]

Thus vy is a homomorphism. Both ¢ and y are clearly surjective. Further-
more, if x¢ = ypand xy = yy,theneither x, y € ENxM and [x]y; = [¥]y
and so x = y,or x, ¥y € M and x1,; = y1;; and so x = y. Thus the collec-
tion of surjective homomorphisms {¢, '} separates elements of E and so
E is a subdirect product of M and T.

ACTIONS

A semigroup action of a semigroup S on a set A is an oper-
ation - : Ax S — A thatis compatible with the semigroup multiplication,
in the sense that

(@a-x)-y=a-(xy) (1.15)

foralla € Aand x, y € S. We call such a semigroup action an action of S
on A, or an S-action on A, and say that S acts on A.

EXAMPLE 1.35. a) Any subsemigroup Sof T, actson Abya-p =ap
(where p € Ty).

b) Let S be a subsemigroup of a semigroup T. Then S acts on T via
t-x =txforallt € T and x € S. In particular, this holds when T' = S
orwhenT = §'.

Given an action -, we can define a map ¢ : S — T,, where the
transformation sg is such that a(sg) = a - s. The condition (1.15) implies
that ¢ is a homomorphism. Conversely, given a homomorphism ¢ : § —
T4, we can define an action - by a - s = a(s¢), which satisfies (1.15) since ¢
is a homomorphism. There is thus a one-to-one correspondence between
actions of a semigroup S on A and homomorphisms ¢ : S — T ,.

An action of S on A is free if distinct elements of S act differently on
every element of A, or, equivalently,

(Vx,y€S)((FaecAa-x=a-y)=x=y).

An action of S on A is transitive if A is non-empty and for all a,b € A,
there is some element s € S such that a - s = b. That is, the action is
transitive if one can reach start at any element of A and reach any element

Actions o 29

Semigroup action

Free, transitive,
regular actions



Action by endomorphisms

Left action

(possibly the same one) by acting by some element of S. An action is
regular if it is both free and transitive. It is easy to see that if S has a
regular action on A, then [S| = |A].

Suppose A is also a semigroup. An action of S on A is by endomorph-
isms if s € End A for each s € S; in this case,

ab-x=(a-x)b-x)

foralla,b € Aand x € S.

The above discussions concern right semigroup actions. There is a
dual notion of a left semigroup action of S on A, which is an operation
-1 §x A — A satistying

s-(t-a)=(st) a

this corresponds to amap ¢ : S — T4, where a(s¢) = s - a. This map ¢ is
an anti-homomorphism since

a(te)(sp) = (t-a)(sp) =s- (t-a) = st -a = a((st)p).
The definitions of actions being free, transitive, regular, and by endo-

morphisms also apply to left actions.

The correspondence of right actions with homomorphisms and left
@ actions with anti-homomorphisms depends on writing maps on the
right and composing them left-to-right. When maps are written on
the left and composed right-to-left, right actions correspond to anti-
homomorphisms and left actions to homomorphisms.

CAYLEY GRAPHS

Let S be a semigroup or monoid with a generating set A.
The right (respectively, left) Cayley graph I'(S, A) (respectively, I''(S, A))
of S with respect to A is the directed graph with vertex set S and, for every
x € Sand a € A, an edge from x to xa (respectively, ax) labelled by a. By
default ‘Cayley graph’ means ‘right Cayley graph

EXAMPLE 1.36. a) Let M be the monoid (IN U {0}) x (IN U {0}). Let
a=(1,0)and b = (0,1) and let A = {a, b}. The Cayley graph I'(M, A)
is an infinite grid; part of it is shown in Figure 1.6.

b) Let X = {1,2}. Let A = {0, 71, v} € Py, where

(1 2 (1 2 1o (12
9=\ 1)o7\ 1)V &)

Then A generates Py. The Cayley graph I'(Py, A) is shown in Figure
1.7. Note the subgroup Sy and the subsemigroup Ty, and that < i i)

is a zero and a sink vertex of the graph.
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b b b b

Q

(0,0) 4 (1,0) =4 (2,0) 4 (3,0) -- -

c) Let S = {x, y} be a two-element right zero semigroup and let A = S.
The i) right and ii) left Cayley graphs I'(S, A) and I''(S, A) are shown
in Figure 1.8.

For groups, Cayley graphs have special properties. First, the left and
right Cayley graphs are isomorphic under the map sending each vertex
and each edge label to its inverse. Second, the Cayley graphs are con-
nected, and indeed strongly connected. Third, the Cayley graphs are
homogeneous, which essentially means that a neighbourhood of any
vertex looks like’ the corresponding neighbourhood of any other vertex.
The graphs in Example 1.36(c) show that the left and right Cayley graphs
of a semigroup need not be isomorphic; the second graph shows that the
Cayley graph of a semigroup need not be connected. All the graphs in
Example 1.36 except (c)(ii) show that Cayley graphs of semigroups need
not be homogeneous.
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FIGURE 1.6
Cayley graph of M =
{0}) x (N'U {0}).

FIGURE 1.7
Cayley graph of Py, ,;.
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FIGURE 1.8
Right (i) and left (ii) Cayley
graphs of a two-element right Lo x X% ¥
zero semigroup {x, y}. (i) (ii)
EXERCISES

[See pages 201-207 for the solutions.]

1.1 Prove that if S is a semigroup and e € Sis both a right zero and a right
identity, then S is trivial.

1.2 Prove the following:

a) If S is a monoid with identity 1, the semigroup S° obtained by
adjoining a zero if necessary is also a monoid with identity 1.

b) If S is a semigroup with zero 0, the monoid S' obtained by adjoin-
ing an identity if necessary also has zero 0.

x1.3 Let S be a left-cancellative semigroup. Suppose that e € S is an idem-
potent. Prove that e is a left identity. Deduce that a cancellative semi-
group can contain at most one idempotent, which must be an identity.

x1.4 Prove that a right zero semigroup is left-cancellative.
x1.5 Prove that a finite cancellative semigroup is a group.

1.6 Prove from the definition that idy is an identity for By. Does By
contain a zero?

1.7 Does there exist a non-trivial semigroup that does not contain any
proper subsemigroups?
x1.8 Give an [easy] example of an infinite periodic semigroup.
1.9 Does either Ty or Py contain a zero? A left zero? A right zero? [Note
that the answer may depend on | X]|.]

Power semigroup 1.10 The power semigroup of a semigroup S is the set PS of all subsets of
S under the operation XY = {xy : x € X,y € Y} for X,Y € PS.
(Recall from page 5 that X(YZ) = (XY)Z forall X,Y, Z € PS.)
a) Prove that IPS contains a subsemigroup isomorphic to S.

b) Prove that & is a zero of IPS. Prove that (IPS) ~ {J} is a subsemi-
group of PS.
¢) Let M be a monoid. Prove that (IPM) ~ {@} is cancellative if and
only if M is trivial.
d) Prove that (IPS) ~ {&} is a right zero semigroup if and only if S is
a right zero semigroup.
x1.11 Let X = {1,...,n} with n > 2. Recalling the cycle notation for per-
mutations from group theory,let 7= (12)and{=(12 ... n—1n).
Note that 7, { € Sy; indeed, from elementary group theory, we know
that Sy = (7,({). Foranyi,j € X withi # j, let|i j| denote the
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transformation ¢, ; € T such thatig; ; = jo; ; = j, and x¢; ; = x for
x ¢ 1{i, j}.
a) Prove the following four identities when n > 3, and only the last
identity for n > 2; note that the elements appearing in first three
identities all lie in Ty only when n > 3:

(I)[12[(1d) =[i2] foriz=3;
@pi2@jj=1j forj=3
192 PHIL2)2 HAi)=1ijl fori,j=3andi+ j;
@ PlijlGj=1jil  fori,j>1
b) Let ¢ € Tx. Suppose |im¢| = r < n. Leti, j € X withi # jbe
such thatigp = jp. Let k € X ~ im ¢. Show that ¢ = |i j|¢', where
ip' = kand x¢' = x¢ for x # i.
c) Deduce that Ty = (7,(, |1 2).

1.12 Let S be a finite monoid. Prove that x € § is right-invertible if and
only if it is left-invertible. [Hint: use the fact that x is periodic.]

x1.13 Prove than an element of Ty is
a) left-invertible if and only if it is surjective;
b) right-invertible if and only if it is injective.
1.14 Let (S, <) be a lattice.
a) Provethat (xMy)Ux =xand (xU y) Nx = x forany x, y € S.
b) Deduce that

(Vx,7,z€8)(xN(yUz)=(xNy)U(xNz))
e (Vx,y,z€8)(xu(ynz)=(xUy)N(xUz)).

[Equivalently: n distributes over U if and only if U distributes over
mn.]

*1.15 Give an example of a map ¢ from a monoid S to a monoid T that is a
homomorphism but not a monoid homomorphism.

%1.16 Let Sand T be semigroups and let ¢ : S — T be a homomorphism.
The homomorphism ¢ is a categorical monomorphism if, for any
semigroup U and homomorphisms y,,y, : U — §,

VieP=v2°0 =Y, =Y, (1.16)

and a categorical epimorphism if, for any semigroup U and homomor-
phisms y,y, : T - U,

QoY1 =@y, =Y =1,. (117)

[These are the definitions of ‘monomorphism’ and ‘epimorphism’
used in category theory; the word ‘categorical’ is simply being used
to avoid ambiguity here.]

Exercises o 33



a) Prove that ¢ is a monomorphism (as defined on page 19) if and
only if it is a categorical monomorphism. [Therefore, for semi-
groups, monomorphisms and categorical monomorphisms co-
incide and there is no risk of confusion in using the term ‘mono-
morphism’]

b) i) Prove that a surjective homomorphism is a categorical epi-

morphism.

ii) Prove that the inclusion map 1 : N — Z is a categorical
epimorphism. [Hint: prove the contrapositive of (1.17) with
@ =1]

[Therefore, for semigroups, categorical epimorphisms are not

necessarily surjective. For groups, ‘surjective homomorphism’and

‘categorical epimorphism’ are equivalent. Some authors define

‘epimorphism’ as ‘surjective homomorphism’ for semigroups, but

this risks confusion.]

1.17 Prove that if we restrict the maps p, in Theorem 1.22 to S (instead of
S'), then the map x — p, may or may not be injective. [Hint: show
that this map is injective if S is a right zero semigroup but not if it is a
left zero semigroup.]

1.18 Let Y be a semilattice. Prove that Y is a subdirect product of copies
of the two-element semilattice T' = {e, z}, where e > z.

1.19 Let I and J be ideals of S such that I € J. Prove that S/J = (S/I)/(J/I).

1.20 Let I and ] be ideals of S. Prove that I N J and I U ] are ideals. [Re-
member to prove that I N ] # &.] Prove that (U J)/] =I/(IN]).

1.21 Let S be a semigroup with a zero and let T be a subset of S that contains
05 and at least one other element. Prove that T' = G U {Og} for some
subgroup G of Sifand only if tT = Tt = T for all t € T ~ {Og}. [This
is an analogue of Lemma 1.9 for groups with a zero adjoined.]

NOTES

Most of the definitions and results in this chapter are ‘folklore’
+ The exposition owes much to the standard accounts in Clifford & Preston, The
Algebraic Theory of Semigroups, ch. 1 and Howie, Fundamentals of Semigroup
Theory, ch. 1, which are probably the ne plus ultra of how to explain this material,
and to a lesser extent Grillet, Semigroups, ch. 1 and Higgins, Techniques of Semi-
group Theory, ch. 1. « The number of non-isomorphic semigroups of order 8 is
from Distler, ‘Classification and Enumeration of Finite Semigroups’, Table A.16.
Exercise 1.11 appears as Howie, Fundamentals of Semigroup Theory, Exercise 1.6,
but contains a minor error in the original. « For an alternative approach to
basic semigroup theory, Ljapin, Semigroups covers fundamental topics in much
greater detail. For an account of structure theory that allows a semigroup to be
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empty, see Grillet, Semigroups. For further reading on the issues discussed in
Exercise 1.16, the standard text on category theory remains Mac Lane, Categories
for the Working Mathematician. For the situation for groups, see Linderholm, ‘A
group epimorphism is surjective’.
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Free semigroups
¢ presentations

how can we think both of presentations as conforming to objects, and
objects as conforming to presentations? is, not the first,
but the highest task of transcendental philosophy.

— Friedrich Wilhelm Joseph von Schelling,
System of Transcendental Idealism, p. 11
(trans. Peter Heath).

3% Informally, a free semigroup on a set A is the unique
biggest, most ‘general’ semigroup generated by [any set in bijection with]
A, in the sense that all other semigroups generated by A are homomorphic
images (and thus factor semigroups) of the free semigroup on A. This
chapter studies some of the interesting properties of free semigroups
and then explains their role in semigroup presentations, which can be
used to define and manipulate semigroups as factor semigroups of free
semigroups.

ALPHABETS AND WORDS

An alphabet is an abstract set of elements called letters
or symbols. Let A be an alphabet. A word over A is a finite sequence
(a,,ay, ..., a,,), where each term a; of the sequence is a letter from A.
The length of this word is m. There is also a word of length 0, which
is the empty sequence (). This is called the empty word. The set of all
words (including the empty word) over A is denoted A*. The set of all
non-empty words (that is, of length 1 or more) over A is denoted A™.

Multiplication of words is simply concatenation: that is, for all words
(ay,a,,...,4a,,), (b, by, ..., b,) € A™,

((11,612, A ,am)(bl,bz, oo ,bn) = (al,az, e ,am,bl,bz, [ ,bn)

It is easy to see that this multiplication is associative and so A* is a sem-
igroup; furthermore, the empty word () is an identity and so A* is a
monoid. Since the product of two words of non-zero length must itself
have non-zero length, A* is a subsemigroup of A*; indeed, A* is [isomor-
phic to] (A™)".

Because of associativity, we simply write a, a, -+ a, for (a,,a,, ..., a,)

Alphabet, letter, word

A", A*

Multiplication of words

Notation for words



FIGURE 2.1
Part of the Cayley graph
I'(A*, A), where A = {a, b}.

Subword

Free semigroup

b3
b -
b gk

ab?
bt
b ab % aba

i
e

£ a 2 % 53 -

and write ¢ for the empty word. For any word u € A*, denote the length
of u by |ul, and notice that |u| = 0 if and only if u = &. Note further that
luv| = |u| + |v| for any u,v € A*.

A subword of a word a,a, --- a,, (where a; € A) is any word of the
form a; --- a;, where 1 <i < j < n.Aprefix ofa,a, - a, is a subword
a, ---a;, where 1 <i<n.

The Cayley graph I'(A*, A) is an infinite tree; an example for A =
{a, b} is shown in Figure 2.1. This is obvious, because if we start at ¢ and
follow the path labelled by u € A*, then we end up at the vertex u. Thus a

path uniquely determines a vertex and so the graph must be a tree.

UNIVERSAL PROPERTY

Let F be a semigroup and let A be an alphabet. Let s :
A — F be an embedding of A into F. Then (F, ) is a free semigroup
on A if, for any semigroup S and map ¢ : A — S, there is a unique
homomorphism ¢* : F — S that extends ¢ (that is, with 1¢p™ = ¢). Using
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diagrams, this definition says that (F, ) is a free semigroup on A if

Al F

for all \ , there exists a unique
%

S A

! - (2.1)
homomorphism ¢* such that \
%

RS

+

(P .

»n —

Usually, we just write °F is a free semigroup on A’ instead of the precisely
correct ‘(F, 1) is a free semigroup on A’

PROPOSITION 2.1. Let A be an alphabet and let F be a semigroup. Then
F is a free semigroup on A if and only if F is isomorphic to A.

Proof of 2.1. Part 1. Let us first show that A" is a free semigroup on A. Let
1 : A — A" be the natural embedding map. Let S be a semigroup and
¢ : A — Sbe amap. Define ¢ : A* — Sby

(a1a, -+ a,)¢" = (a,9)(a,9) -+ (a,9). (2.2)

It is easy to see that ¢ is a homomorphism and that 1p™ = ¢. We now
have to prove that ¢* is unique. So let v : A" — § be an arbitrary
homomorphism with 1y = ¢. For any a,a, ---a, € A",

(a1ay - a,)y

= (a,¥)(a,y) - (a,y) [since ¥ is a homomorphism]
= (a9 )(ay9™) -+ (a,0") [since iy = ¢ = 19™]
=(a,a, - a,)e". [since ¢* is a homomorphism]

and so ¥ = ¢". Hence ¢" is the unique homomorphism from A" to S
with 19" = ¢, and so A" is free on A.
Now suppose that F is isomorphic to A" via an isomorphism 9 :

A" — F. The embedding mapis 9 : A — F.Let¢y : A — S be a map.

Let 7 = 9¢* (where ¢* is the homomorphism defined in (2.2)); then
7 : F — Sis a homomorphism extending ¢. To see that it is unique, let
o : F — § be an arbitrary homomorphism extending ¢. Then 97'o :
A" — Sisa homomorphism extending ¢. Since A is a free semigroup,
970 = ¢*,and so 0 = idgo = 9970 = 99" = 7.So 7 : F — Sis the
unique homomorphism extending ¢ and so F is a free semigroup on A.

Part 2. Suppose that F is a free semigroup on A; the aim is to show that F
is isomorphicto A™. Let; : A — A" and s, : A — F be the embedding
maps. Since A" is free on A, we can put 1}, A", 1, and F in the places of 1,
F, ¢ and S in (2.1) to see that there is a homomorphism 4 such that

A#}A"'

x l,; : (23)

F
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Free monoids

Similarly, since F is free on A, we can put 1,, F, 1; and A" in the places of
1, F, ¢ and S in (2.1) to see that there is a homomorphism /] such that

x ll; : (2.4)

Combining (2.3) and (2.4) in two ways, we get the following diagrams:

A P U At A BN F
X l,; \ lt;

, F and . At - (2.5)
r i
A" F

Therefore 1; = 11311 and 1, = 1,1{ 13 . In diagrammatic terms, this corres-
ponds to simplifying the diagrams in (2.5) to give

b + )
A—— A A~——F
x l,;,; and X l,;l;. (2.6)
At F

Clearly the following diagrams commute:

I b
A—— A" A—— F
x lidm and X lidF- (2.7)
A* F

Therefore, by the left-hand diagrams in (2.6) and (2.7), if we put ¢;, A",
1, and A" in place of 4, F, ¢, and S in (2.1), then the homomorphisms
1317 and id 4+ are both possibilities for ¢ . But (2.1) requires that there is
a unique such homomorphism ¢*, so 131 = id4+. Similarly, using the
right-hand diagrams in (2.6) and (2.7), we obtain 1 1; = idp. Hence 1]
and 1; are mutually inverse isomorphisms, and so F is isomorphic to

A*.

We could repeat the discussion above, but for monoids instead of
semigroups. Let F be amonoid and let A be an alphabet,andlet; : A — F
be an embedding of A into F. Then (F,:) is a free monoid on A if, for any
monoid Sand map ¢ : A — §, there is a unique monoid homomorphism
¢@* : F — S extending ¢; that is, with 1p* = @. One can prove an analogy
of Proposition 2.1 for monoids, showing that a monoid F is a free on A if
and only if F = A*. As with free semigroups, we usually write ‘F is the
free monoid on A’ instead of ‘(F, 1) is the free monoid on A’
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PROPERTIES OF FREE SEMIGROUPS

In preparation for our study of presentations, we begin
by examining the structure of free semigroups and monoids.

PROPOSITION 2.2. Let M be a submonoid of A*. Let N = M ~ {e}. Then
N ~ N? is the unique minimal (monoid) generating set for M.

Proof of 2.2. Clearly, any generating set for M must contain N~ N2, So we
must show that Mon(N ~N?) = M. Clearly Mon{N~N?) € M; we have
to prove that M € Mon{N~N?). We already know thate € Mon(N~N?),
so it remains to show that N € Mon(N ~ N?).

Assume that all words of length less than € in N lie in Mon(N ~ N?2).
Letu € N with [u] = &. Ifu € N~ N?, then u € Mon(N ~ N?). On
other other hand, if u ¢ N ~ N2, then u € N? and so u = u'u” for
u',u"” € N.Hence |u'| = |u| — |u"| and |u"| = |u| — |u']. Since neither v’
nor u" is the empty word, this gives |u'|, [u"| < |u| = €. So, by assumption,
u',u" € Mon(N ~ N?) and so u € Mon{N ~ N?). Hence, by induction,
N € Mon{N ~ N?).

The base of a submonoid or subsemigroup M of A* is defined to be
N~ N?,where N = M~ {&}. Thus the base is the unique minimal monoid
generating set for M if M is a submonoid, and is the unique minimal
generating set for M if M is a subsemigroup that is not a submonoid. As

an immediate application of Proposition 2.2, we see that A is the base of
A* and A".

PROPOSITION 2.3. Asemigroup S is free if and only if every element of S
has a unique representative as a product of elements of S ~ S.

Proof of 2.3. Clearly every element of A™ has a unique representative as a
product of elements of A = A" < (A%)2.

So assume that every element of S has a unique representative as
a product of elements of A = S ~ S%. We will show that S satisfies the
definition of freedom. Let T be a semigroup and ¢ : A — T a map.
Define amap ¢* : S — T by letting sp* = (a,¢)(a,9) --- (a,9), where
a,a, --- a, is the unique representative of s as a product of elements
a; € A. Notice that if ¢ € S is uniquely represented b, ---b,, where
b; € A, then st has unique representative a, ---a, b, --- b,,. Hence ¢*
is a homomorphism. It is clear that ¢ is the unique homomorphism
extending ¢ and so S is free on A.

PROPOSITION 2.4. Let A = {x,y}. Let B = {b; : i € IN}. Then A*
contains a submonoid isomorphic to B*.

Proof of 2.4. Define amap ¢ : B — A* by b;p = xy'x. Since B* is free
on B, this map ¢ extends to a unique homomorphism, which we also
denote ¢, from B* to A™.
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Free semigroups can contain
non-free subsemigroups

Every semigroup is a
quotient of a free semigroup

Suppose, with the aim of obtaining a contradiction, that ¢ is not
injective. Then there exist u, v € B* with ug = ve.

Suppose u and v begin with the same symbol b; that is, u = bu’ and
v = bv'. Then (bp)(u'p) = (bp)(v'p) and so u'p = v'¢ by cancellativity in
A*.So we can replace u by u' and v by v’ and repeat this process until we
have words u and v beginning with different symbols. Therefore assume
that u and v begin with symbols b; and b; respectively, where i # j; that
is,u=bu'andv =0b;v".

Then xy'x(u'p) = (b;p)(u'g) = (qu))(v’(p) = xy/x(v'@). Assume i >
j; the other case is similar. By cancellativity in A*, we have y'/x(u'¢) =
x(v'¢g), which is a contradiction since i — j > 0. Therefore ¢ is injective
and so B* is isomorphic to im ¢.

As a consequence of Proposition 2.4, we see that the free monoid on
{x, y} contains submonoids isomorphic to all free monoids on countable
sets. A similar result holds for free semigroups.

EXAMPLE 2.5. Let A = {x}andletS = (x?, x®). Then S~ §? = {x?, x°}.
But x° € Sand x° = x°x® = x°x?, s0 x° has two distinct representatives
as a product of elements of {x?, x*}. Hence S is not a free semigroup by

Proposition 2.3.

Example 2.5 shows that a free semigroup contains subsemigroups
that are not themselves free. In contrast, every subgroup of a free group
is itself a free group by the famous Nielsen-Schreier theorem.

SEMIGROUP PRESENTATIONS

The reason why free semigroups are interesting is that
every semigroup is isomorphic to a quotient of a free semigroup. To see
this, let ¢ : A — S be such that im ¢ generates S. (We could, for instance,
choose A to be a set of the same cardinality as S and ¢ to be a bijection.)
Then, ¢ extends to a homomorphism ¢ : A" — S. Since im ¢ generates
S, we have im ¢* = S. By Theorem 1.24, A" /ker ¢™ = im ¢™ = S. That is,
S is isomorphic to the quotient A* /ker ¢*.

This is slightly interesting, but its real importance is when we turn
it around. Instead of starting with a semigroup and knowing that it is a
quotient of a free semigroup, we can specify a free semigroup A" and a
congruence o and so define the corresponding quotient semigroup A" /o.

This is the idea of a semigroup presentation. It allows us to specify
and reason about a semigroup as a quotient of a free semigroup: that is,
as a quotient A" /o for some congruence o on the free semigroup A™. By
Proposition 2.1, in order to specify the free semigroup, it is sufficient to
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specify the alphabet A. In order to specify the congruence o, it is sufficient
to specify some binary relation p that generates o.

A semigroup presentation is a pair Sg(A | p), where A is an alphabet
and p is a binary relation on A". The elements of A are called generating
symbols, and the elements of p (which are pairs of words in A") are
called defining relations. The presentation Sg(A | p) defines, or presents,
any semigroup isomorphic to A*/p*.

Let S be a semigroup presented by Sg(A | p). Then S is isomorphic to
A*/p* and so there is a one-to-one correspondence between elements
of S and p#-classes. Thus we can think of a word w € A" as representing
the element of S corresponding to [w] . If u, v € A" represent the same
element of S (that is, if (u,v) € p#, or, equivalently, if [u] ot = [v] p#), we
say that u and v are equal in S and write u =g v.

Let T be a semigroup. Let ¢ : A — T be a map such that Ap generates
T'; such a map is called an assignment of generators. In this case, the unique
homomorphism ¢* : A" — T extending ¢ is surjective.

The semigroup T satisfies a defining relation (u, v) € p with respect
to an assignment of generators ¢ : A — T ifup™ = vp™. Notice that T
satisfies all defining relations in p with respectto ¢ : A — T if and only
if p € ker ¢™. By definition, any semigroup defined by the presentation
Sg(A | p) satisfies the defining relations p with respect to the assignment
of generators (p#)![, : A — A*/p*.

PROPOSITION 2.6. Let T be a semigroup, and suppose T satisfies the
defining relations in p with respect to an assignment of generators ¢ :
A — T.Then T is a homomorphic image of the semigroup presented by

Sg(Alp).

Proof of 2.6. Since T satisfies the defining relations p with respect to ¢,
we have p C ker ¢". Since ker ¢™ is a congruence by Theorem 1.24, and
p* is the smallest congruence containing p, it follows that p# € ker ¢*.
So the map y : A*/p* — T defined by [u] »y = ug* is a well-defined
homomorphism, and is clearly surjective since ¢ is surjective.

By Proposition 2.6, we can think of semigroup presented by Sg(A | p)
as the largest semigroup generated by A and satisfying the defining rela-
tions in p.

An elementary p-transition is a pair (w,w') € (p%)°> = p© U (p°)71,
which we denote w <, w'. By Proposition 1.27, w <, w' if and only if
w' can be obtained from w by substituting a subword y for a subword
x of w, where (x, y) € p or (y,x) € p. In this situation, we say that we
apply the defining relation (x, y) or (y, x) to the word w and obtain w'.

Let u,v € A". If there is a sequence of elementary p-transitions
U=wy o, ... o, W, =0, then we say (u,v) is a consequence of p, or
(1, v) can be deduced from p. The following result shows the connection
between this notion and presentations:
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Condition for
Sg(A|p) to define S

Method for proving
Sg(A| p) defines S

PROPOSITION 2.7. Let S be presented by Sg(A | p) and let u,v € A*.
Then u =g v if and only if (u, v) is a consequence of p; that is, if and only if
there is a sequence of elementary p-transitions

Proof of 2.7. First of all, note that
Uu=gv
S (u,v) € p#
& (u,v) € (p°)F [by Proposition 1.29]

S (u,v) €idy U U;ﬁl(pc u(p9)h" [by Proposition 1.26(f)]
e w=v)V@neN)((uv) € (p-U ()™M
& (In e NU{0})(Tw,, ..., w, € A")
[(u=wy) A (w,, =)
A (Vi) ((w;, wyy) € p° U (p9)71)]
& (In e NU{0})(Tw,, ..., w, € A")
[(u=wy) A (w,, =v) A (Vi) (w; <, w; )]

Hence u =g v if and only if there is there is a sequence of elementary
p-transitions from u to v.

The next result gives a usable condition for when a given presentation
defines a particular semigroup. Afterwards, we will see how this result
yields a practical proof method.

PROPOSITION 2.8. Let S be a semigroup. Then Sg(A | p) presents S if
and only if there is an assignment of generators ¢ : A — S such that

a) S satisfies the defining relations in p with respect to ¢, and

b) ifu,v € A" are such that up™ = ve™, then (u,v) is a consequence of p.

Proof of 2.8. Suppose first that Sg(A | p) presents S. Then § is isomorphic
to A*/p*, so we can let @ be the restriction of natural homomorphism
(p*)¥, : A* — A*/p*. Then condition a) holds from the definition and
condition b) holds from Proposition 2.7.

Now suppose that conditions a) and b) hold. Since S satisfies the
defining relations in p, we have p C ker ¢* and so p* < ker ¢*. If (u, v) €
ker ", then up* = vp* and so (u,v) is a consequence of p and hence
(u,v) € p* by Proposition 2.7. Hence p* = ker ¢* and therefore S =
A'[ker ot = A*/p#; thus Sg(A | p) presents S.

There is a standard three-step method for directly proving that a
presentation defines a particular semigroup:

METHOD 2.9. To prove that a presentation Sg(A | p) defines a particular
semigroup S:
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1) Define an assignment of generators ¢ : A — S, and prove that S
satisfies the defining relations in p with respect to ¢.

2) Find a set of words N € A" such that for every word w € A" there is
aword w € N such that (w, @) is a consequence of p.

3) Prove that 9| is injective.

In Method 2.9, step 1 establishes that condition a) of Proposition 2.8
holds. Now let u,v € A" be such that ugp™ = ve™. Step 2 shows that
(u, 1) and (v, ) are consequences of p; that is, there are sequences of
elementary p-transitionsu <, ... &, #tandv <, ... &, 0. Since S
satisfies the relations in p, this implies that ip™ = D¢, so step 3 shows
that ## = 0, and thus there is a sequence of elementary p-transitions
U o, ... o Uu=0v Op e O, U3 that is, (4, v) is a consequence of
p. This establishes condition b) of Proposition 2.8 and so proves that
Sg(A| p) presents S.

Before giving some examples to illustrate the theory described above,
we introduce a convention to simplify notation. When we explicitly list
generating symbols and defining relations in a presentation, we do not
write the braces { } enclosing the list of elements in the two sets. So instead
ofSgl{a;, ay, ...} [{(ug, v1), (uy, v5), ...}), we write Sg{a,, a,, ... | (u,v;),
(Uy,05), ...

EXAMPLE 2.10. a) Let us prove that the presentation Sg(A|) (with
no defining relations) defines the free semigroup A". To see this, it
suffices to notice that @# = id ., and A*/id,. = A*.

[Following Method 2.9 for the sake of illustration, let ¢ be the
embedding map 1 : A — A". Clearly A" trivially satisfies all defining
relations with respect to ¢; this is step 1. Let N = A*; then every word
in A" itself in N and so step 2 is immediately proved. Finally, step 3 is
trivial since ¢* is the identity map and so injective.]

b) Now we prove that the presentation Sg(a | (a%,a)) defines the trivial
semigroup {e}. To see this, it suffices to notice that {(a*, a)}¥ = {a}* x
{a}".

[Following Method 2.9 for the sake ofillustration, let ¢ : {a} — {e}
be given by ap = e. Then a’¢™ = (ap*)* = e* = e = ap™ and so the
semigroup {e} satisfies the defining relation (step 1). Let N = {a}. Then
any word in {a}" can be transformed to the unique word a € N by
repeatedly applying the defining relation (step 2). Finally, N contains
only a single element and hence ¢ | is trivially injective (step 3).]

c) Less trivially, we now prove that the presentation Sg(A | (ab,a) :
a,b € A) defines a left zero semigroup on a set of size |A|. Following
Method 2.9, let S be the left zero semigroup with |A| elements and let
¢ : A — Sbeabijection. Then (ab)p* = (ap™)(bp*) = ap* since Sis
a left zero semigroup, and so S satisfies the defining relations (step 1).
Let N = A; then any word in A" can be transformed to one in N by
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Monoid presentations

applying defining relations to replace a subword ab by a; this yields a
shorter word and so ends with a word in A (step 2). Finally, ifa,b € N
are such that ap™ = bg™, then ap = ap™ = bep™ = by, which implies
a = b since ¢ is a bijection; thus ¢™ | is injective (step 3).

d) Consider the set M;(Z) of all 3 x 3 integer matrices. Let

1 00 1 10 1 01
P=10 11 01 0f, R=(0 1 0},
0 01 0 01 0 01

and let S be the subsemigroup of M;(Z) generated by {P, Q, R}. Let
us prove that S is presented by

, Q=

Sgla, b, c| (ba, abc), (ca, ac), (cb, bc)).

First, let ¢ : {a,b,c} — Sbe givenbyap = P,bp = Q,and cg = R.
Straightforward calculations show that S satisfies the defining rela-
tions with respect to ¢ (step 1). Let

N ={a'b/c*F : i, j,k e NU{0} A, j,knotall 0}.

Every word in {a, b, c}" can be transformed to one in N as follows:
First, by applying the second and third defining relations from left to
right, we move all symbols c to the right of the word. Then, if there is
some symbol b to the left of a symbol a, we apply the first defining
relation, and move the ‘new’ symbol ¢ to the right of the word. We
repeat this step until there is no symbol b to the left of a symbol a. This
process must terminate because no application of a relation changes
the number of symbols a or b in the word. At the end of the process,
we are left with a word in N (step 2). Finally, a simple calculation
shows that

k

,- ] ,

1

and so if a’'b/ck =5 a"b/'c¥, theni = i, j = j', and k = k’; hence
¢* |y is injective (step 3). [Note that the subgroup of M;(Z) generated
by {P,Q, R} is the famous discrete Heisenberg group H;(Z).]

O == .

1
(a"bjck)(pJr =10
0

We could repeat the discussion of presentations above, but reasoning
about monoids instead of semigroups. Every monoid is a quotient of a
free monoid. In a monoid presentation Mon(A | p) the defining relations
in p are of the form (u, v) for u,v € A*. In particular, they can be of the
form (u, &) or (g,u) or (¢, €). The presentation Mon(A | p) presents the
monoid A*/p*. The notion of an assignment of generators carries over
to monoids. The analogies of Propositions 2.6, 2.7, and 2.8 all hold for
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monoids, using A* instead of A" and ¢* instead of ¢ * as appropriate. Thus
the monoid presented by Mon(A | p) is the largest monoid generated by A
and satistying the defining relations in p. If M is presented by Mon(A | p),
then for u,v € A", we have u =,; v if and only if there is a sequence
of elementary p-transitions from u to v. Finally, Method 2.9 works for
monoids, again with ¢* instead of ¢*.

EXAMPLE 2.11. a) Let us prove that the monoid (IN U {0}) x (IN U {0})
is presented by Mon(a, b | (ab, ba)). Following the monoid version
of Method 2.9, let ¢ : {a,b} — (N U {0}) x (N U {0}) be defined by
ap = (1,0) and by = (0, 1). Then (ab)e™ = (1,0)(0,1) = (1,1) =
(0,1)(1,0) = (ba)e™, so (N U {0}) x (IN U {0}) satisfies the defining
relations with respect to ¢ (step 1). Let N = {a'b/ : i, j € N U {0}}
Then every word in {a, b}* can be transformed to one in N by applying
the defining relation to move symbols a to the left of symbols b (step 2).
Finally, note that if a’b/¢* = a’ b/ ¢*, then (i, j) = (i’, j') and soi = i’
and j = j'; thus ¢* |y is injective (step 3).

b) Let 7,0 € Ty be given by
(1 23 4 .. (1 23 4 ..
T‘<2 345 ) 0‘(1 123 )
and let B be the submonoid generated by {7, o}. Let us prove that B is
presented by Mon(b, c | (bc, €)). Define ¢ : {b,c} — Bbybg = 7 and
cp = 0. Then (bc)p* = 10 = idy = £¢”, so B satisfies the defining
relation with respect to ¢ (step 1). Let N = {c'bl . i,j e NU{0}};
then every word in {b, c}* can be transformed to one in N by using

the defining relations to replace subwords bc by ¢ (effectively ‘deleting’
the subword bc) and ultimately yielding one in N (step 2). Finally,

(c'b)ep*
(1 2 i+l i+2 L
S\l 1 .. 1 2 ..
1 2 3 4 ..
j+1 j+2 j+3 j+4 ..
B 1 2 i+l i+2 L
C\j+1l j+1 L+l j+2 )

and so in the image of ¢'b/, the image of 1 is j + 1 and the maximum
element of the domain with image j + 1 isi + 1. That is, the image
determines i and j. Hence ¢* |y is injective (step 3).

This monoid B defined by Mon(b, c | (b, €)) is the bicyclic monoid.

Every element of the bicyclic monoid is represented by a unique
word of the form c'b/, where 7, j € IN U {0}, and we normally work
with these representatives of elements of B. Multiplying using these
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Finite presentation

Finite presentability
is independent of
the generating set

1\(}/

S
FIGURE 2.2
Maps used in the proof of Pro-
position 2.12

representatives is concatenation followed by deletion of subwords bc.
That is,

. cHkoipt ifk > g,

bl CkbE =g o J

b7 itk <

A presentation is finite if both A and p are finite. The semigroup is
finitely presented if is defined by some finite presentation.

PROPOSITION 2.12. Suppose S is finitely presented and let ¢ : A — S
be an assignment of generators (with A possibly being infinite). Then there
exists a finite subset B of A and p € B" x B" such that Sg(B| p) is a finite
presentation defining S.

Proof of 2.12. Since § is finitely presented, it is defined by a finite present-
ation Sg(C | 7). For brevity, let y : C — S be the natural assignment of
generators (7 )¥lc, so that cy = [c],4.

For each ¢ € C, there exists a word ¢{ € A" such that ¢ and ¢(
represent the same element of S. (We can choose c( to be any word in
(cy)(p*)7L.) Thus we have amap { : C — A* such that {T¢o* = y*. Let

B={be A: (3c e C)(bappearsinc()};

thus C{ € B" and so {"¢|j; = . Notice that B is finite since C is finite.
Notice that (Be|z) 2 (Cy) = S,s0 ¢z : B — §is an assignment of
generators.

Similarly, for every b € B, there exists a word by € C* such that b and
by represent the same element of S. (We can choose b to be any word
in (bolz)(y*)™1.) Thus we have a map 7 : B — C* such that 4 y* = ¢}.
(Figure 2.2 shows the relationship between ¢|3, v*, (", and n".)

Let

p={(pC*.q*): (p,q) et} U{(b,by*{*) : b e B}

Note first that p € B" x B". Now, if (p, q) € 7, then S satisfies this defining
relation with respect to v, so py™ = qu™, and hence p{*¢l; = q{" ¢l}.
Furthermore, if b € B, then bo|f = by*y™ = by ("¢l So S satisfies
every defining relation in p with respect to ¢|5.

It remains to prove that if u,v € B™ are such that ug|z = vel|f, then
(u,v) is a consequence of p. So suppose ug|y = ve|g. Then uny™y™ =
vnty™. So (un™,vn") is a consequence of 7. That is, there is a sequence
of elementary 7-transitions

+ _ _ +
unt =wy oL W) S . oW, =0

So, applying ™ to this sequence, we see that by the definition of p, there
is a sequence of elementary p-transitions

unt{t = wylt <, w, (" Op e O w, (" =y (", (2.8)
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Suppose u = u;u, ---u, and v = vV, -+ vy, where u;,v; € B. By the
definition of p, there are also sequences of elementary p-transitions

u=ugy g o, (T Yy e o
+.,,+ +.,+ +.,,+ +r+ (2'9)
o, (Y ) upn™y™) - (™ yT) = un™g
and

UU+(+ — (01’7+W+)(U2’7+W+) (U?,’7+1/’+) Hp }
(2.10)
e = V.

+o+ _
o, (U Y vy vy o, vy Y

Concatenating the sequences (2.8), (2.9), and (2.10) shows that (4, v) is a
consequence of p and so completes the proof.

We now give two more important examples. Example 2.13 shows
that a semigroup can be finitely generated but not finitely presented.
Example 2.14 then shows that cancellativity is not a sufficient condition
for group-embeddability.

EXAMPLE 2.13. Let X = {xyz, yz, yt,xy,zy,zyt} C {x, y,2,t}". Let S
be the subsemigroup of {x, y, z,t}" generated by X.

Suppose, with the aim of obtaining a contradiction, that S is finitely
presented. Let A = {a,b,c,d,e, f} andletp : A — S be given by

ap = xyz, by = yz, cp = yt,
do = xy, ep =2y, fo=2zyt.

Clearly S is presented by Sg(A | ker ¢™), since A" /ker¢™ = S by Theo-
rem 1.24. Thus, by Proposition 2.12, S is defined by a finite presentation
Sg(A | o). Assume without loss of generality that o contains no defining
relations of the form (u, u).

Let « be greater than the maximum length of a side of a defining
relation in o. Now,

(ab%c)p* = x(yz)* !yt = (de® fo™.

That is, ab%c =g de* f. By Proposition 2.7, there is a sequence of element-
ary o-transitions

ab’c &, ... o, de“ f. (2.11)

For any 3 € NU{0}, the word ab” is the unique word over A representing
(abP)p = x(yz)P*!, the word bPc is the unique word over A representing
(bPc)p = (y2)Pyt, and for B # 0 the word bP is the unique word over
A representing (bF)p = (yz)P. Hence o cannot contain any defining
relation of the form (abP, u) or (bPc, v) or (bP, w). Thus in the sequence
of elementary o-transitions (2.11), the first step must involve applying a
defining relation of which one side is ab”c. This contradicts the fact that
o is greater than the maximum length of a side of a defining relation in o.
Therefore S is not finitely presented.
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Cancellative but not
group-embeddable

Example 2.5 showed that it is possible for a free semigroup to contain
subsemigroups that are not themselves free. By showing that a free sem-
igroup can contain finitely generated subsemigroups that are not even
finitely presented, Example 2.13 provides an even stronger contrast to the
Nielsen-Schreier theorem.

EXAMPLE 2.14. Let S be the semigroup presented by Sg(A | p), where
A={a,b,c,d,e, f,g,h}and let p = {(ae,bf), (cf,de), (dg,ch)}. We will
prove that S is cancellative but not group-embeddable.

Proving that S is cancellative involves many cases, so we prove the
left-cancellativity condition for the generator represented by c; the other
cases are similar. Suppose that cu =g cv; we aim to prove that u =g v.
Then there is a sequence of elementary p-transitions

CU=W) &, ... &, W, =CU. (2.12)

P pn
Without loss of generality, assume that # is minimal among all such
sequences. Suppose, with the aim of obtaining a contradiction, that at
some step in this sequence the initial symbol c is altered. This must involve
applying one of the defining relations (c f, de) or (dg, ch). Assume the
former; the latter case is similar. Thus (2.12) is of the form

— ! !
cu=w, < o, cfw o dew’ o, . o w

o p Wy = CU.

p e
Now, no defining relation has one side starting with a symbol e, so the
symbol e must remain in the terms of the sequence until the defining
relation (c f, de) is applied again to alter the initial symbol d. (We know
that this relation must be applied because the sequence of elementary
p-transitions ends with w,, = cv.) Thus (2.12) is of the form

cu=w, < o, cfw' o, dew’ o

p p

n "
o o oo
p dew” o, cfw w

P p Wy = CU.

Since the distinguished symbol e is present throughout the subsequence
dew' &, ... &, dew", so does the symbol d. Because the symbols de are
not involved in any of the intermediate steps, there is no need to include
the two elementary p-transitions c fw' <, dew' and dew"” ©, cfw".
That is, we can remove the elementary p-transitions c fw' «, dew' and
dew" o, cfw" and replace the prefixes de by cf in the subsequence
dew' <, ... &, dew" and obtain a strictly shorter sequence of ele-
mentary p-transitions from cu to cv. This contradicts the minimality of n.
Therefore the initial symbol ¢ is never altered. Thus we can delete the ini-
tial symbol ¢ from each step in (2.12) to obtain a sequence of elementary
p-transitions from u to v. Hence u =g v.

This argument proves that the left-cancellativity condition holds for
the generator c. Reasoning similarly for the symbols in A ~ {c} shows
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that S is left-cancellative; symmetrical arguments show that S is right
cancellative. Thus S is cancellative.

Suppose S is group-embeddable. Then there is a monomorphism
¢ : S — G, where G is a group. Then

(ag)g = (ap)(ge)
= (ap)(ep)(ep) ' (g9)
= (b(p)(f(p)(e(p)_l(g(p) [since ae =g bf]
= (bp)(co) ' (cp)(fp)(ep) ' (g9)
= (bg)(cp) ! (dg)(ep)(ep)(gg) [since c f =g de]
= (bp)(co) "' (do)(g9)
= (b(p)(C(p)_l(C(p)(h(p) [since dg =g ch]
= (bp)(he)
= (bh)e.

But ag #4 bh, since there is no sequence of elementary p-transitions from
ag to bh because ag does not contain a subword that forms one side of a
defining relation in p. This contradicts ¢ being a monomorphism and so
S is not group-embeddable.

g% Several of the syntactic arguments used in this chapter and in the exer-
cises could be simplified by using the tools of string-rewriting. However,
presenting the necessary theory is beyond the scope of this course.

EXERCISES

[See pages 207-213 for the solutions.]

x2.1 A semigroup S is equidivisible if for all x, y,z,t € S, the following
holds:

xy=zt = (Ap € S)(x =zp At = py)
V(3g € S)(z=xqAy=qt).

a) Prove that groups are equidivisible.
b) Prove that free monoids are equidivisible.
x2.2 Letu,v € A*. Prove that

w=vue (QweA")Fi,je N)(u=uw Av=uw).

[Hint: to prove the left-hand side implies the right-hand side, use
induction on |uv|.]

2.3 Let u,v,w € A" be such that uv = vw.
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a) Using induction on |v|, prove that there exist s, € A" and k €
IN U {0} such that u = st, v = (st)¥s, and w = ¢s.

b) Prove part a) in a different way by letting k be maximal (possibly
k = 0) such that v = u*s for some s € A*.

2.4 Letu,v € A". Show that the subsemigroup (u, v) is free if and only if
uv + vu.

2.5 Let S be a semigroup and let X be a generating set for S, with | X| >
2. Suppose that for all x;, 5, € X andn € N, we have x; --- x,, =
Y1y, = (Vi e {l,...,n})(x; = y;). Prove that S is free with basis
X.

x2.6 Letn € N. Let X = {x,x,,...,x,}. Let M be the set PX under the
operation of union; then M is a monoid with identity &. The aim
of this exercise is to use Method 2.9 to prove that M is defined by
Mon({A | p), where A = {a,,...,a,} and p = {(a},q;), (a,-aj,ajai) :
i,jed{l,...,n}}L
a) Do step 1 of Method 2.9: define an assignment of generators ¢ :
A — M and show that M satisfies the defining relations in p
with respect to ¢. [Hint: the monoid M is generated by elements
{x1 5 6) o {x, )]
b) Do step 2 of Method 2.9: let N = {aj'ay* ---a% : ¢; < 1} and
prove that for every w € A" there is a word @ € N such that
(w, W) is a consequence of p.
¢) Do step 3 of Method 2.9: prove that ¢ |y is injective.
x2.7 Prove that Mon({a, b | (aba, ¢)) defines (Z, +).

2.8 Let M be defined by Mon(A | p), where A = {a, b, c} and p = {(abc, €)}.
Let N = A* ~ A*abcA*, so that N consists of all words over A that
do not contain a subword abc. Prove that every element of M has a
unique representative in N, and that this representative can be ob-
tained by taking any word representing that element and iteratively
deleting subwords abc.

x2.9 Let B, be the semigroup consisting of the following five matrices:

00 01 00 10 00
0 o0 of> |1 o]0 Of> |0 1]
Show that B, is presented by Sg(A | o U (), where A = {a,b, z} and

o ={(a* z), (b%, 2), (aba, a), (bab, b)},
{ = {(za,2), (az, 2), (zb, 2), (bz, 2), (z*, 2)}.
[Hint: note that the defining relations in ¢ imply that z is mapped to
the zero of B,.]
2.10 Let B be the bicyclic monoid Mon(b, ¢ | (bc, €)).
a) Prove that ¢?bP is idempotent if and only if § = .
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b) Prove that ¢’bP is right-invertible if and only if y = 0. [Dual
reasoning will show that c"b” is left-invertible ifand onlyif 8 = 0.]

x2.11 Let B be the bicyclic monoid Mon(b, ¢ | (bc, €)). Draw a part of the
Cayley graph I'(B, {b, c}) including all elements ¢’bF with y, § < 4.
x2.12 Let S be a semigroup and let e, x, y € S be such that ex = xe = x,
ey=ye=y,xy=eand yx #e.
a) Prove that all powers of x and all powers of y are distinct. (That
is, x and y are not periodic elements.)

b) Prove that if x* = yE for some k, £ € N U {0}, thenk = ¢ = 0.

¢) Prove that ifykxIz =eforsomek,L € NU{0},thenk=¢=0.

d) Prove that if y*x% = y™x" for some k,¢,m,n € N U {0}, then
k=mand € =n.

e) Deduce that the subsemigroup (x, y) of S is isomorphic to the
bicyclic monoid.

x2.13 Let B be the bicyclic monoid and ¢ : B — S a surjective homo-
morphism. Prove that either ¢ is an isomorphism or S is a (finite or
infinite) cyclic group.

NOTES

The section on properties of free semigroups and monoids
is largely based on Howie, Fundamentals of Semigroup Theory, ch. 7. + The
discussion of semigroup presentations is partly based on Ruskuc, ‘Semigroup
Presentations’, chs 1 & 3. ¢ For further reading on free semigroups and monoids
see Harju, ‘Lecture Notes on Semigroups’, § 4.1-2 and Howie, Fundamentals
of Semigroup Theory, § 7.2 on submonoids of free monoids and connections to
coding theory. Lothaire, Combinatorics on Words is a broad study of words and
contains a great deal of relevant material. For further reading on semigroup
presentations, Ruskuc, ‘Semigroup Presentations’ is an essential text, but see also
Higgins, Techniques of Semigroup Theory, § 1.7 & ch. 5 for an introduction to using
diagrams to reason about semigroup presentations. ¢ For string-rewriting and
its application to semigroup theory, see Book & Otto, String Rewriting Systems;
for rewriting more generally, see Baader & Nipkow, Term Rewriting and All That.
+ Example 2.14 is derived from the criterion for group-embeddability in Malcev,
‘On the immersion of an algebraic ring into a field’. ¢ Exercise 2.5 is adapted
from Gallagher, ‘On the Finite Generation and Presentability of Diagonal Acts...,
Proof of Proposition 3.1.12.
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Structure of semigroups

structure can be considered as a complex of
relations, and ultimately as multi-dimensional order.

— Alfred Korzybski, Science and Sanity, p. 20.

#+ The aim of this chapter is to understand better the
structure of semigroups. We want to divide the semigroup into sections
in such a way that we can understand the semigroup in terms of those
parts and their interaction. One goal is to understand the semigroup in
terms of groups; then we assume that our work is done and we hand on
the problem to a group theorist.

GREEN’S RELATIONS

The most fundamental tools in understanding a semi-
group are its Green’s relations. These relate elements depending on the
ideals they generate, and, as we shall see, give a lot of information about
the structure of a semigroup and how its elements interact. On a semi-
group, there are five Green’s relations: #, Z, R, D, and J. We start by
defining 7, R, and J: for a semigroup S, define

xLyoeSx=S8Yy,
xRyo xS =yS, (3.1)
xJye SxS =8ys.

It is easy to see that Z, R, and 7 are all equivalence relations. Useful
characterizations of these relations, which we will use at least as often as
the definitions in (3.1), are given by the following result:

PROPOSITION 3.1. The relations 1, R, and ] on a semigroup S satisfy
the following:

xLye @pqgeS)(px=y)Aqy =x));
xRyeo @@pqeS)(xp=y)A(yqg=x));
xJye 3p.grseS)((pxr=y)A(qys = x)).

Proof of 3.1. We prove the result for Z; similar reasoning applies for R

and 7.

Green’s relations

7, R,and J

Characterization of Z, R, J



7 and R commute

H and D

J

|
Z/ \7{
NS
H

FIGURE 3.1

Hasse diagram of Green'’s rela-

tions in a general semigroup

D = 7 for periodic
semigroups

Suppose x L y. Then by (3.1), S'x = S'y. Since y € S'y, it follows
that y € S'x and so there exists p € §' such that px = y. Similarly, there
exists g € S' such that gy = x.

Now suppose that there exist p,q € S' such that px = y and qy = x.
Then S'x = S'qy € S'y, and similarly §'y = §'px € S'x. Hence S'x = S'y
andsox Z y.

PROPOSITION 3.2. Lo R=Ro L.

Proof of 3.2. Let (x, y) € Z o R. Then there exists z € Ssuch thatx 7 z
and z R y. By Proposition 3.1, there exist p,q,r,s € S' such that px = z,
gz = x,zr = y,and ys = z.

Letz' = gzr. Then xr = qzr = z' and z's = qzrs = qys = qz = x, so
x Rz',and qy = qzr = z' and pz' = pgzr = pxr = zr = y,s0z' L y.
Hence (x, y) € R o L.

Thus Zo R € Ro Z. Similarly RoeZ € ZoRandso LR =
Ro 1.

w
o

As a consequence of Propositions 1.31 and 3.2, we see that Z U R =
7 o R. Recall from page 26 that the meet of two equivalence relations is
their intersection, so Z M R = Z N R. The meet and join of Z and R play
an important role, so they are also counted as Green’s relations and have
particular notations:

H=LNR=1LNR,
D=7ZUR=7-R

From either (3.1) or Proposition 3.1, one sees that Z € Jand R € 7.
So 7 is an upper bound for {Z, R} and so D = Z U R € J. Furthermore,
it is immediate that H € Z and ‘H < R. In fact, all of these inclusions
are in general strict by Exercises 3.5, 3.6, and 3.7, or by Exercise 3.11; see
Figure 3.1. However, in some special classes of semigroups we do have
equality of some of the relations.

For instance, let G be a group. Then in G, all of Green’s relations are
equal to the universal relation G x G. That is, all elements of G are H-,
L-, R-, D-, and J-related.

PROPOSITION 3.3. Ina periodic semigroup, the Green’s relations D and
T coincide.

Proof of 3.3. Suppose S is periodic. We already know D € 7, so we have
to prove the opposite inclusion.

Let x J y. Then there exist p,q,7,s € S' such that pxr = y and
qys = x.So x = gpxrs and so x = (gp)"x(rs)" for alln € N, and
similarly y = (pq)" y(sr)" for all n € IN. Since S is periodic, there exist
k, € € N such that (gp)* and (sr)* are idempotent. Let z = px. Then

x = (gp)*x(rs)k = (qp)* x(rs)*
= (@p)*((@p)*x(rs)*) = (ap)*x = ((gp)* 'q)=.
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Hence x 7 z. Furthermore, zr = pxr = y and

z=px= p(qp)“lx(rs)‘lprl = (pq)“lpxr(sr)es

— (pq)€+1pxr(sr)2€s — (pq)2+1y(sr)285
— (pq)8+1y(sr)(’,+1 (S?")E_ls — y((S?’)E_IS).
Hence z R y.
Therefore x D y. Thus J € Dandso D = 7.

PROPOSITION 3.4. a) The relation L is a right congruence.

b) The relation R is a left congruence.
Proof of 3.4. Forany x, y,z € S,
xLy=>Sx=Sy=8xz=8yz=xz1yz

and so Z is a right congruence. Dual reasoning shows that R is a left
congruence.

In general, 7 is not a left congruence and R is not a right congruence;
see Exercise 3.4.

Fora € S, denote by H,, L, R, D, and ], the H-, Z-, R-, D, and
J-classes of a, respectively. By the containment between Green’s relations
described above,

H,cL, H,cR, L,cD, R,cD, and D, c],.

There are natural partial orders on the collection of Z-classes S/Z, the
collection of R-classes S/ R, and the collection of J-classes S/ induced
by inclusion order of ideals:

L, <L,oSxcSy,
R, <R, & xS ¢ yS, (3.2)
Je<J, & SxS' < 8'ys',
It follows immediate from (3.2) that for all x € Sand p,q € S',

pr < Lx) qu < Rx’ ]pxq < ]x'

SIMPLE AND O-SIMPLE SEMIGROUPS

A semigroup is simple if it contains no proper ideals; thus
Sis simple if its only ideal is S itself. A semigroup S with a zero is 0-simple
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H, L, R,,D,and ],

a’ a’ a’

Partial order of
S/ZL,S/R,and S/J

Simple/0-simple



Minimal/0-minimal ideal

Uniqueness of
minimal ideals

Kernel of a semigroup

K(S)

§? = § for 0-simple
semigroups

if it is not a null semigroup and its only proper ideal is {0}; thus S is
0-simple if $* # & and S and {0} are the only ideals of S.

The notion of a simple semigroup is not a generalization of a ‘simple
@ group;, in the sense of a group that contains no proper non-trivial normal

subgroups. Groups never contain proper ideals, so groups are always

simple semigroups.

Let S be a semigroup and let I be an ideal (respectively, left ideal,
right ideal) of S. Then I is minimal if there is no ideal (respectively, left
ideal, right ideal) J of S that is strictly contained in I. Suppose now that
S contains a zero. Then I is 0-minimal if I # {0} and there is no ideal
(respectively, left ideal, right ideal) J # {0} of S that is strictly contained
in L.

PROPOSITION 3.5. Asemigroup contains at most one minimal ideal.

Proof of 3.5. Suppose I and J are minimal ideals of a semigroup S. Then I]
isanidealof Sand IJ € IS € I and I] € SJ < J. Hence, by the minimality
of [ and J,wehave I = IJand J = IJ and hence I = J.

A semigroup S might not contain a minimal ideal. For example, the
ideals I,, of (N, +) defined in Example 1.10(a) form an infinite descending
chain: N = I, 2 I, 2 I; 2 .... But Proposition 3.5 shows that if a
semigroup S contains a minimal ideal, it is unique. Such a unique minimal
ideal is called the kernel of S and is denoted K(S). Notice that if S is a
semigroup with zero, K(S) = {0}.

LEMMA 3.6. Ifasemigroup S is 0-simple, then S* = S.

Proof of 3.6. Note that S? is an ideal of S, since SS*> < S? and %S ¢ S°.
Now, S? # {0} since S is not null (by the definition of 0-simple). Hence
$? = S since S is 0-simple.

LEMMA 3.7. A semigroup S is 0-simple if and only if SxS = S for all
x € S~ {0}.

Proof of 3.7. Suppose S is 0-simple. Then $* = S by Lemma 3.6 and so
§=8§=85=S.

For any x € §, the principal ideal SxS is either {0} or S since S is
0-simple. Let T = {x € S : SxS = {0} }. It is easy to prove that T is an
ideal of S. Since S is 0-simple, it follows that T' = S or T' = {0}. Suppose
that T = S. Then SxS = {0} for all x € S, which implies S* = {0}, which is
a contradiction since S® = S by the previous paragraph. Hence T = {0},
and so SxS = Sforall x € S~ {0}.

For the converse, suppose SxS = S for all x € S~ {0}. Note first that
S cannot be null. Let I be some ideal of S. Suppose I # {0}. Then there
exists some y € I~{0},and SyS = S. Hence S =SyScI c Sandsol =§.
So for any ideal I of S, either I = {0} or I = §, and so S is 0-simple.
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PROPOSITION 3.8. a) AO0-minimal ideal of a semigroup with a zero is
either null or 0-simple.

b) A minimal ideal of a semigroup is simple.

Proof of 3.8. a) Let S be a semigroup with a zero, and let I be a 0-minimal
ideal of S. Suppose I is not null. Then I? # {0}. Hence, since I* C I is

an ideal of S and I is 0-minimal, we have I = T and so I° = 1.
Let x € I ~{0}. Then S'xS' is an ideal of S contained in I. Since

x € §'xS', we have §'xS' # {0}; hence S'xS' = I since I is 0-minimal.

Thus I = I° = IS'xS'I < IxI C I. Therefore IxI = I for all x € I ~ {0}
and so I is 0-simple by Lemma 3.7. So I is either null or 0-simple.

b) First, note that if S has a zero 0, its unique minimal ideal is {0}, which
is simple. So suppose that I is a minimal ideal of a semigroup S that
does not contain a zero. Then I is an ideal of Sand I> C I.So I?> = I
since I is minimal. Hence I° = I.

Suppose ] is an ideal of I. Let x € J. Then IxI < ] since J is an
ideal of I. Then S'xS' is an ideal of S and S'xS" € I; hence §'xS' = I
since I is minimal. Therefore J € I = I°® = IS'xS'I € IxI € J and so
J = 1. So I is simple.

For any x € S, recall that J(x) = S'xS', and that the J-class of x,
denoted ], is the set of all elements of the semigroup that generate (as
a principal ideal) J(x). Let I(x) = J(x) ~ J,.. Notice that I(x) = {y € S :
Jy <Ji}h

LEMMA 3.9. Let S be a semigroup and x € S. Then I(x) is either empty or
an ideal of S.

Proof of 3.9. Suppose I(x) # &. Let y € I(x) and z € S. Then yz € J(x)
since J(x) is an ideal. But J(yz) < J(y) ¢ J(x) (since J(y) = J(x) would
imply y € J,). Hence yz € I(x). Similarly zy € I(x). Hence I(x) is an
ideal.

The factor semigroups J(x)/I(x) (where x is such that I(x) # 0) and
the kernel K(S) are called the principal factors of S.

PROPOSITION 3.10. LetS be a semigroup. If the kernel K(S) exists, it is
simple. All other principal factors of S are either null or 0-simple.

Proof of 3.10. By Proposition 3.8(b), if K(S) exists, it is simple.
The principal factor J(x)/I(x) is a 0-minimal ideal of S/I(x) and so
is 0-simple by Proposition 3.8(a).

A principal series of a semigroup S is a finite chain of ideals

K©S)=S5,¢5¢...¢S,=S (3:3)

that is maximal in the sense that there is no ideal I such thatS; ¢ I € S;,;.
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0-minimal ideals
are 0-simple or null

I(S)

Principal factors

Principal factors are
null or 0-simple

Principal series



‘Jordan-Holder theorem’
for semigroups

Green’s lemma

Not all semigroups admit principal series. Indeed, even if a semigroup

has a kernel, it may not admit a principal series: for example, let S be

the semigroup (IN, +). Then S° has a minimal ideal {0} but no principal

series.

We now have an analogy for semigroups of the Jordan-Hoélder the-
orem for groups, which states that any composition series for a group
contains the the same composition factors in some order.

THEOREM 3.11. LetS be a semigroup admitting a principal series (3.3).
Then the factors S;,,/S; are, in some order, isomorphic to the principal
factors of S.

Proof of 3.11. [Not especially difficult, but technical and omitted.]

‘D-CLASS STRUCTURE

Since Z € D and R < D, every D-class must be both
a union of Z-classes and a union of R-classes. On other hand, suppose
thatan Z-class L, and a R-class R, intersect. Then there is some element
z€L,NR,Sox Lz R yandsox D y. Hence L, and R, are both
contained within the same D-class. Therefore an Z-class and an R-class
intersect if and only if they are contained within the same D-class.

Thus we can visualize a D-class in the following useful way: Imagine
the elements of this D-class arranged in a rectangular pattern. This pattern
is divided into a grid of cells. Each column of cells is an Z-class; each
row is an R-class, and every cell is the H -class that is the intersection of
the Z- and R-class forming the column and row that contain that cell.
This visualization is called an egg-box diagram; see Figure 3.2. A useful
mnemonic for remembering the arrangement of an egg-box diagram is:
R-classes are Rows and Z-classes are coZumns. For a concrete example
of an egg-box diagram, see Figure 3.7 on page 69, which is drawn using
the result in Exercise 3.3.

GREEN’S LEMMA 3.12. a) Let x,y € S be such that x L y and let
p.q € S' be such that px = y and qy = x. Then the ‘left multiplication’
maps Ayl _and A R, (where tA, = zt) are mutually inverse bijections

between R, and R .. Furthermore, both of these maps preserve L-classes,
in the sense that tA,|g L t and t/\qIRy L t,and so A,|y_and )LqIHy

are mutually inverse bijections between H, and H . (See Figure 3.3.)

b) Let x, y € S be such that x R y and let p,q € S' be such that xp = y
and yq = x. Then the ‘right multiplication’ maps p,,|; _and quLy (where
tp, = tz) are mutually inverse bijections between L and L., and both
of these maps preserve R-classes.

60 w  Structure of semigroups



Aq ( )’\p Aquy ( )Alex Aquy

YRR

x:Ly

AT (

-

AquyAlex = ldRy

Proof of 3.12. We prove only part a); the other part is proved by a dual
argument.
First, notice that
z€R, =z Rx
= zAplg = pz R px =y  [since Risaleft congruence]
= z)\pl R, €R,.

S0 A, g maps R, to R, and similarly )thRy maps R, to R,..

Second, suppose z € R,. Then there exists r € §' such that xr = z.

Then zAlex)L‘?|Ry :'(x.”))‘le/\ﬂRy = qpx'r = qyr = xr = z. Hence
/\lex)tquy = idg . Similarly /\quyAlex = 1dRy. S0 Ay lg, and /\quy are
mutually inverse bijections.

Finally,ifz = tA,|g ,thenz = prand t = z()tlex)_1 = z)LqIRy =qz

and so z L t. Hence A, | preserves Z-classes.
PROPOSITION 3.13. Letx,y € Sbesuchthatx D y. Then |H,| = |Hy|.

Proof of 3.13. Assume x D y. So there exists z such that x Z zand z R y.

Let p,q,1,s € S' be such that px =2z,9z = x,zr = y,and ys = z. By
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FIGURE 3.2

An egg-box diagram for the D-
class D,. The R-class R, and
the Z-class L, are represented
by the row and column that
intersect in the box represent-
ing the H -class H ,, which con-
tains the element x.

FIGURE 3.3

Green’s lemma: if p and g re-
spectively left-multiply x to
give y and y to give x, then
the left multiplication maps )tp
and A, restrict to mutually in-
verse bijections between the
‘R-classes R, and R,, (the rows
containing x and y), and both
of these restricted maps pre-
serve L-classes (columns).

H -classes in the
same D-class have
the same cardinality



Two types of H-class

Maximal subgroup

Maximal subgroup =
H -class containing
an idempotent

Idempotents are
‘left/right identities’
for their R/Z-classes

Lemma 3.12, Ayl : H, — H, is a bijection, and p,|;_: H, — H,, is
a bijection. So A, |y _p, |y : H, — H, is a bijection, and hence |H,| =

|Hy|. 313

PROPOSITION 3.14. Let H be an H-class of S. Then either:
a) HHNH = &, or
b) the following equivalent statements hold:
i) H*NnH + &;

i) H contains an idempotent;
iii) H? = H;
iv) H is a subsemigroup of S;
v) H is a subgroup of S.

Proof of 3.14. If H* N H = & there is nothing further to prove. So suppose
that H? N H # . Then there exist s,t € H such that st € H. Then s H st.
In particular, s R st. So by Lemma 3.12(b), p,|;; is a bijection from H
to itself. Similarly ¢ Z st, and thus, by Lemma 3.12(a), A,|j; is a bijection
from H to itself.

Now let z € H. Then sz = zA,|; and zt = zp,|; are both in H. Again
by Lemma 3.12, p, |y and A, | are bijections from H to itself. Since z € H
was arbitrary, it follows that zH = Hz = H for all z € H. Therefore H is
a subgroup by Lemma 1.9.

We have shown that statement i) implies statement v). Statement v)
clearly implies statements ii), iii), and iv), and each of these implies state-
ment i). So all five statements are equivalent.

A maximal subgroup is a subgroup that does not lie inside any larger
subgroup.

PROPOSITION 3.15. The maximal subgroups of S are precisely the H -
classes of S that contain idempotents.

Proof of 3.15. Since every element of a subgroup is H -related, it follows
that any subgroup is contained within a single H -class. So a maximal
subgroup G is contained within a single H -class H. But H therefore
contains an idempotent 1, and so is itself a subgroup by Proposition 3.14.
Hence H = G.

COROLLARY 3.16. An H-class contains at most one idempotent.  [3.16

PROPOSITION 3.17. Lete € S beidempotent. Thenex = x forall x € R,
and ye = y forall y € L,.

Proof of 3.17. Suppose x € R,. Then there exists p € S' such thatep = x.
Hence ex = eep = ep = x. Hence e is a left identity for R,. Similarly e is
a right identity for L,.
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PROPOSITION 3.18. Letx, y € Swithx D y. Thenxy € L, NR, if and Products located
only if L, N R,, contains an idempotent. (See Figure 3.4.) by idempotents

Proof of 3.18. Suppose that xy € L, N R,. In particular xy R x. Hence
there exists g € §' such that xyq = x. By Lemma 3.12, Pyle, + Ly = Ly,

and p,| 1, Lxy = Lyare mutually inverse R-class preserving bijections . , Iz
between L, and L,,. Since xy Z y, these maps are in fact mutually 7
inverse R-class preserving bijections between L, and L,
Hence (y9)* = yqyq = ypyl Pyl Pql, = ¥PqlL, = ¥q. Hence yq s
idempotent. Furthermore, yq = yp,| 1, € L, NR,.
Now suppose that L, N R, contains an idempotent e. Then ey = y
by Proposition 3.17. Since e R y, the map p,[; : L, — L, is an R-class x xy | Ry
preserving bijection by Lemma 3.12. Hence xy € R, N L,,. i i
x y
FIGURE 3.4
Products are located by idem-
potents: xy € L, N R, ifand
INVERSES AND D-CLASSES only if L, N R, contains e €
E(S).
Proposition 3.18 shows a close relationship between the
product of two elements of a D-class and idempotents in that D-class. It
is thus not surprising that idempotents and inverses in a ‘D-class are also
connected.
PROPOSITION 3.19. If x € S is regular, then every element of D, is Either every element of
regular. D, is regular or none are
Proof of 3.19. Suppose x is regular. Then there exists y € S such that
xyx = x. Suppose z L x. Then there exist p,g € S' such that pz = x
and gx = z. Hence z = gx = gxyx = zypz and so z is regular. So every
element of L, is regular. A dual argument shows that if t € S is regular,
every element of R, is regular. Combining these, we see that if x is regular,
every element of D, is regular.
A D-class is regular if all its elements are regular, and otherwise is Regular/irregular D-class
irregular.
PROPOSITION 3.20. Inaregular D-class, every L-class and every R- Idempotents in a
class contains an idempotent. regular D-class

Proof of 3.20. Let x € S be such that D, is regular. In particular, x is
regular and so xyx = x for some y € S. Now, yx Z x and (yx)* =
yxyx = yx.So yx is an idempotent in L . Similarly x y is an idempotent
in R,. Thus every Z-class and R-class contains an idempotent.

Recall that V(x) denotes the set of inverses of x.

PROPOSITION 3.21. If x lies in a regular ‘D-class, then:
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x'x x" | Ry
X xx' | R,
L, L,
FIGURE 3.5
x and x' € V(x) in a regular
D-class
f z,t | R,
x e |R,
Lx LZ
FIGURE 3.6

Inverse t corresponding to
idempotents e and f in a
regular D-class

a) ifx' € V(x), then x R xx' L x' and x L x'x R x' and so x D x';

b) ifz € D, is such that L, N R, contains an idempotent e and R, N L,
contains an idempotent f, then H, contains somet € V(x) withxt = e
andtx = f;

c) an H-class contains at most one member of V(x).

Proof of 3.21. a) Let x' € V(x). Then xx'x = x and x'xx’ = x'. Then
x R xx' 7T x' and so x D x'; furthermore x Z x'x R x'. (See
Figure 3.5.)

b) Since x R e, there exists p,g € S' with xp = eand eq = x. Let
t = fpe. Then

xtx = x f pex [by definition of ¢]
= xXpx [since x f = x and ex = x by Proposition 3.17]
=ex [since xp = e]
=X [since ex = x by Proposition 3.17]
and
txt = f pex f pe [by choice of t]
= fpxpe [since x f = x and ex = x by Proposition 3.17]
= fpe’ [since xp = e]
= fpe [since e is idempotent]
=t. [by definition of t]

Hence t € V(x). Furthermore, xt = x f pe = xpe = e* = e. Finally,
note that p,|; : L, — L, and pyl; : L, — L, are mutually inverse
R-class preserving bijections by Lemma 3.12(b). Hence

tx = fpex [by definition of ¢]
= (fpp |Lx ex [by definition of p,|; ]
= (fpple )ezq [since eq = x]
=(f Py | L, )eq [since e is idempotent]
= (fpple )9 [by Proposition 3.17, since fp,|; € L]
= [Pyl PqlL, [by definition of p,| ]
= f. [since p,|;and p,|; are mutually inverse]

Now combine some of the facts we have established: from ¢ = f pe
and e = xt, we see thatt Z e; fromt = fpe and f = tx, we see that
t R f.Hencet € L, N Ry = H,. (See Figure 3.6.)

c) Suppose x',x" € V(x) and x' H x"; we aim to show x' = x".
Then xx" and xx" are idempotents lying inside L, N R, = L,» N R,.
Hence xx' = xx" by Corollary 3.16. Similarly x'x = x"x. Therefore
x'=x'xx" = x'xx" = x"xx" = x".
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Example 1.7 noted that every element of a rectangular band is an
inverse of every element. Exercise 3.5 shows that the H -classes of a rect-
angular band are the singleton sets. Thus it is possible for an element x
to have an inverse in every H -class. Exercise 3.5 also notes that a rectan-
gular band consists of a single D-class (which must be regular, since all
elements of a rectangular band are idempotent), so all these inverses of x
are D-related to x, which fits with Proposition 3.21(a).

COROLLARY 3.22. Lete, f € S be idempotents. Then e D f if and only
if there exist x € S and x' € V(x) such that xx' = e and x'x = f.

Proof of 3.22. Suppose e D f. Then D, = Dy is a regular D-class since it
contains the regular elements eand f. Choose x € R,NLyandz € L,NR;.
Then by Proposition 3.21(b), H, contains some x’ € V(x) such that
xx'=eand x'x = f.

Suppose now that x € S and x' € V(x) are such that xx’ = e and
x'x = f.Since e = xx" and ex = xx'x = x, it follows that x R e. A dual
argument shows that x Z f. Thuse R x Z f andsoe D f.

SCHUTZENBERGER GROUPS

Let S be a semigroup and let H be an H-class of S. Let
Stab(H) = {x € ' : Hx = H}. Clearly, the adjoined identity 1 lies in
Stab(H). If x, y € Stab(H), then Hxy = Hy = H and so xy € Stab(H);
thus Stab(H) is a submonoid of §'. Define a relation o;; on Stab(H) by

x oy ¥y © (VYh € H)(hx = hy).

Let x oy y and z oy t. Let h € H. Then hx = hy by the definition of 0.
Since x, y € Stab(H), we have hx = hy = h' € H. Thus h'z = h't, again
by the definition of 0y, and so h(xz) = h(yt). Since h € H was arbitrary,
xz oy yt. Therefore oy is a congruence on Stab(H). Let I'(H) denote
the factor semigroup Stab(H)/oy;.

PROPOSITION 3.23. Let H be an H-class of a semigroup. Then I'(H) is
a group.

Proof of 3.23. First of all note that I'(H) is a monoid with identity [1]
since it is a quotient of the monoid Stab(H).

Let x € Stab(H) and let h € H. Then hx € H. In particular, hx R h
and so there exists g € §' such that hxg = h. Hence by Lemma 3.12, p, |
and p, |y are mutually inverse bijections. In particular, Hq = Hp, = H,
and so q € Stab(H).

oy’

Schiitzenberger groups o> 65

Stab(H)

oy

I'(H)



Schiitzenberger group
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Schiitzenberger group
have the same size

Left Schiitzenberger group

Thus for any h' € H, we have

Wxq=hp.lupgly =h"=h1,
h'qx = ' pglypily =h' = H'1.

Hence xq oy 1and gx oy 1,and so [x]s, [4]o, = (14, and (4], [x]5, =
[1],, - Since x € Stab(H) was arbitrary, this proves that I'(H) is a group.

The group I'(H) is called the Schiitzenberger group of H. This notion
associates a group to every H -class, not just those for which H> N H # &
(see Proposition 3.14). We will see that when H is a group H -class, I'(H)
is actually isomorphic to H.

PROPOSITION 3.24. Let H be an H-class of a semigroup. Then the
Schiitzenberger group I'(H) acts regularly on H via h - [x]GH = hx.

Proof of 3.24. First of all, note that the action /- [x] oy = hx is well-defined,
since if [x], = [y],,. then x o y and so hx = hy by the definition of
Oy

Let h,h' € H. Since in particular i R H', there exists p € S' such
that hp = h'. By Lemma 3.12, p, | is a bijection from H to itself, and so
p € Stab(H), and hence [pls, € I'(H). Furthermore, h- [p], =hp="h'
So I'(H) acts transitively on H.

To show that I'(H) acts freely on H, we have to show that [p] oy 18 the
unique element that acts on h to give h'. So suppose h - [y], = h'. Let
g € H. Since g L h, there exists g € S' such that gh = g. Then

O

gy =qhy =qh-[yl,, =qh' =qh-[pl,, =qhp=gp.

Since this holds forall g € H, it follows that y oy pandso [y], = [pl,,, -
Hence I'(H) acts freely on H.
Thus the action of I'(H) on H is regular. 3.24

COROLLARY 3.25. Let H be an H-class of a semigroup. Then |I'(H)| =
|H].

Proof of 3.25. Since I'(H) acts regularly on H, there is a one-to-one cor-
respondence between the elements of H and the elements of I'(H) and

so |H| = |[T(H)I.

Strictly speaking, I'(H) is the right Schiitzenberger group of H, be-
cause the definitions of Stab(H) and oy; are in terms of right multiplic-
ation of elements of H. This seems arbitrary, because we could make
similar definitions using left multiplication:

Stab/(H) ={xeS :xH=H};
x oy y © (Vh € H)(xh = yh);
I''(H) = Stab'(H)/oy.
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Clearly, reasoning dual to the proofs of Propositions 3.23 and 3 24 shows

that I''(H) is a group that acts regularly on H on the left via [x],, -h = xh.

The group I''(H) is called the left Schiitzenberger group of H
PROPOSITION 3.26. I'(H) = I'"(H).

Proof of 3.26. Fix some h € H. Define a map ¢ : I'(H) — I''(H) as
follows. For any s € I'(H), since I''(H) acts regularly on H, there is a
unique s’ € I'"(H) such that - s = s" - h. Define s¢ to be this s’. Similarly,
since I'(H) acts regularly on H, we can definea map v : I''(H) — I'(H)

by letting ty be the unique element of I'(H) such thatt - h = h - (ty).

Clearly ¢ and y are mutually inverse and thus are bijections.
Let [x],, € I'(H) and [yls1 € I''(H).Let g € H. Then

[Ylgr, - (g~ [x]s,) = [¥]g, - (9%)
= )gx

= (y9) - [xl,, (4

= (Yo, - 9) - [x,,

Lets,t € I'(H). Then

(s@)(te) -h = (sp) - (h-t) [by definition of ¢]
= ((sp) -h) -t [by (3.4)]
=(h-s)-t [by definition of ¢]
=h- (st) [by definition of an action; see (1.15)]
= ((st)p) - h. [by definition of ¢]

Since I''(H) acts regularly on H, it follows that (s¢)(t¢) = (st)¢. Therefore
@ is an isomorphism.

PROPOSITION 3.27. LetS be a semigroup and let x,y € S.If x D y,
thenI'(H,) = F(Hy).

Proof of 3.27. Suppose first that x 7 y. Then there exist p, g € S' such that
px = yand gy = x. So by Lemma 3.12, A, | : H, — H, and /\qIHy :
H, — H, are mutually inverse bijections. Hence pH, = H, and qH,, =
H,. Suppose that z € Stab(H,). Then H,z = pH,z = pH, = H,, and
so z € Stab(H y). Thus Stab(H,,) € Stab(H y) and similarly Stab(H y) -
Stab(H,,). So Stab(H ) = Stab(Hy).

Now let z, ¢ € Stab(H,). Suppose z o;_t. Then xz = xt.Let y' € H,,.
Since x L y', there exists p’ € §' such that y' = p’xandso y'z = p'xz =
p'xt = y't. Since y' € H, was arbitrary, z oy, t.Hence oy < oy . Sim-
ilarly oy, S 0, and so oy = =0y, Therefore the Schiitzenberger groups
I'(H,) = Stab(H )/aH and F(H ) = Stab(H )/O’H are isomorphic.

On the other hand, if x R y, dual reasoning shows that the left
Schiitzenberger groups I''(H,,) and I''(H y) are isomorphic. The result
follows from Proposition 3.26.
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Notice that from Corollary 3.25 and Proposition 3.27 we immediately
recover the result that if x, y € S are such that x D y, then |H, | = [H yl
(Proposition 3.13).

PROPOSITION 3.28. Let S be a semigroup and let H be an H -class of S.
If H is a subgroup of S, then I'(H) = H.

Proof of 3.28. Suppose H is a group. Then H < Stab(H). The restriction
of the natural map O'In_1| u : H — Stab(H)/oy, which maps h to [h], , is
a homomorphism.

Lets € I'(H). Let h = 1y - s. Then since 1 - [h](,H = hand I'(H) acts

freely on H, we have s = [h], . Hence aﬁll g 1s surjective.
Let g,h € H with galn_IIH = haln_IIH. Then [g],, = [hl,, and so
9 =1y - 19ls, = 1y - [hl,, = h. Hence oty is injective.

So aﬁl g7 is an isomorphism from H to I'(H). Hence I'(H) = H. [3.28
Propositions 3.27 and 3.28 have the following consequence:

COROLLARY 3.29. If H and H' are H-classes that are subgroups within
the same D-class, then H =~ H'.

EXERCISES

[See pages 213-217 for the solutions.]

3.1 Prove that any two elements of a subgroup of a semigroup are H-
related.

3.2 Prove that in a free monoid A*,wehave H = Z = R = D = ] = id-.
3.3 Let X be a set and let 0, T € Ty. Prove the following:
a) 0 Lt imo=imT;
b) 0 Rt © kero = ker;
oo Drte o Jte |imo| = |imTl.
Note that the eggbox diagrams for the D-classes of Ty, , 5, are as
shown in Figure 3.7.
3.4 Give examples to show that Z is not in general a left congruence and
R is not in general a right congruence. [Hint: Use Exercise 3.3.]
%3.5 Let B = L x R be a rectangular band. Prove that the R-classes of B
are the sets {€} x R where £ € L, that the Z-classes of B are the sets
L x {r} where r € R, that B consists of a single D-class, and that H is
the identity relation.
3.6 Prove that if S is a cancellative semigroup and does not contain an
identity element, then H = Z = R = D = id;.
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imo = {1,2,3}
)G 3G
S

imo = {},2} imo N {1, 3} imq: {2, 3}

Kernel classes

{1}, {2}, {3} <1

imo| =3

VS
—_ =
W NN

NS NS \S)
—_— W
N————

1 2 3 1 2 3 1 2 3
Kernel classes <1 1 2) <1 1 3) (2 2 3)
{1,213} /1 2 3\ /1 2 3\ /1 2 3
<22 1)(3 3 1>(3 3 2)
<1 2 3) <1 2 3) (1 2 3)
Kernel classes||\l1 2 1/ \1 3 1/ \2 3 2/||
{1,3}, (23] <1 2 3) <1 2 3> (1 2 3) limo =2
2 1 2 313 3 2 3
<1 2 3) <1 2 3) (1 2 3)
Kernel classes| \1 2 2 1 3 3/\2 33
{1}, {2, 3} <1 2 3) <1 2 3> <1 2 3)
2 11 311 3 2 2

imo = {1} imo = {2} imo = {3}
Kernel class{| /1 2 3 1 2 3 1 2 3 limo| = 1
1,2,3)/\1 1 1/)\2 2 2/ \3 3 3 B

x3.7 Let

S = { [‘g ll’] :a,beIR,a,b>O} c My(R).

Prove that S is a subsemigroup of M, (RR). Prove that S is cancellative

and has no identity, so that H = Z = R = D = idg by Exercise 3.6.

Prove that S is simple, so that 7 = § x S.
3.8 Let X = {1, ..., n} for some n € IN. In the semigroup Ty, prove that

the 7{-class containing 7 is a subgroup if and only if |im 7| = |[im(z?)|.

3.9 Recall that the bicyclic monoid B is presented by Mon(b, c | (bc, €))
and that every element of B has a unique representative of the form
c"bP. Prove that the R-classes of B are sets {c’bP : B € NuU{0}}
(where y € N U {0} is fixed) and Z-classes of B are sets {c'bP - y €
N U {0} } (where 8 € IN U {0} is fixed). Deduce that B has a single
D-class.
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FIGURE 3.7
The egg-box diagrams of the
three D-classes of Ty, 3.
Idempotents are shaded.



3.10 Let R be an R-class and L an Z-class of a semigroup S and suppose
LN R contains an idempotent. Let D be the ‘D-class containing L and
R. Prove that LR = D.

3.1 Let M be defined by Mon(A | p), where A = {a, b, c} and p = (abc, ¢).
Prove that for any w € M,

wHeo w=,¢&
w L e e w e Monlbg,c);
w R ¢ © w € Mon{a, ab);
w D ¢ © w € Mon(bc, c)Mon{a, ab);
w T € & w € Mon(bc, c)Mon(a, ab)
U Mon(bc, c)bMon{a, ab).

[Hint: Recall from Exercise 2.8 that every element of M has a unique
representative in N = A* ~ A*abcA*, and that such a representat-
ive can be obtained by iteratively deleting subwords abc.] Note that,
consequently, all Green’s relations are distinct in M.

3.12 Let S be a regular semigroup containing a unique idempotent. Prove
that S is a group.

3.13 Let M be a group-embeddable monoid.

a) Prove that an element of x is right- and left-invertible if and only
if it is R-related to 1,,.

b) Prove that M either has one ‘R-class or infinitely many R-classes.

NOTES

The exposition of Green’s relations in this chapter owes much
to Clifford & Preston, The Algebraic Theory of Semigroups, §§ 2.1-2.4 and Howie,
Fundamentals of Semigroup Theory, §§ 2.1-2.4. The discussions of Schiitzen-
berger groups in Clifford & Preston, The Algebraic Theory of Semigroups, § 2.6
and Grillet, Semigroups, § ii.3 use a different, but equivalent, definition. ¢ The
example in Exercise 3.7 is due to Andersen, ‘Ein bericht tiber die Struktur ab-
strakter Halbgruppen'. ¢ The definition of the relations Z, ‘R, and 7, the results
on principal series, Green’s lemma, and the basic structure of D-classes are
all from Green, ‘On the structure of semigroups’. The interaction of inverses
and D-classes is due to Miller ¢ Clifford, ‘Regular D-classes in semigroups’.
Schiitzenberger groups first appear, in a rather different form, in Schiitzenberger,
“D représentation des demi-groupes’. ¢ For a proof of Theorem 3.11, see Clifford
¢ Preston, The Algebraic Theory of Semigroups, § 2.6. For background reading
on the Jordan-Holder theorem for groups, see Robinson, A Course in the Theory

of Groups, § 3.1.
%6
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Regular semigroups

It looks just a little more mathematical and
regular than it is; its exactitude is obvious, but its
inexactitude is hidden; its wildness lies in wait.

— G.K. Chesterton, Orthodoxy, p. 131.

## Groups are semigroups that have many of the prop-
erties we have encountered in previous chapters. For example, groups
are cancellative, regular, simple, and all of their elements have unique
inverses. In this chapter, we begin to study regular semigroups, because
within the class of regular semigroups there is a very interesting hierarchy
of classes of semigroups that are more or less ‘group-like; some of which
have very neat structure theorems (in the sense that there is a neat de-
scription of the structure of a semigroup in this class). Figure 4.1 outlines
the relationship between these classes, and it is useful to refer back to this
chart to see how new definitions and results fit into the general setting.
(Note that we have not yet defined many of the terms in this figure.)

Recall two basic properties of a group G: every element x € G has a
unique inverse x '; and the identity 1 is the unique idempotent, and this
idempotent commutes with every element of G. A semigroup is regular if
and only if every element has an inverse (Proposition 1.6), but there is no
requirement that these inverses are unique: in a rectangular band, every
element is an inverse of every element (Example 1.7(e)). Furthermore,
every element of a rectangular band is idempotent, but they do not com-
mute. As we shall see, the class of semigroups in which every element has
a unique inverse, which are called ‘inverse semigroups, is very important,
and this turns out to be the class of regular semigroups in which idem-
potents commute (Theorem 5.1). If we impose another condition and
require that the idempotents are central (that is, they commute with every
element), we obtain the class of Clifford semigroups, which turn out to to
have a very neat characterization as ‘strong semilattices of groups. If we
restrict further, and require that there is only one idempotent, we arrive
at the class of groups. This is just an example; Figure 4.1 shows other ways
in which we can impose properties that groups satisfy and obtain classes
of more ‘group-like’ semigroups.

However, we are going to begin by defining some of these classes of
semigroups in terms of properties that the inverse operation satisfies; this
helps prepare the way for the study of varieties in Chapter 8. Later, we
will show how these classes fit into the chart in Figure 4.1.

Let S be a semigroup. If S is a group, the map x — x~! that sends

Properties of groups



FIGURE 4.1
Chart of the classes of
semigroup considered in this
chapter and the following
one. Labels on arrows indicate
a possible extra condition
(there may be others) that
restricts the larger class to the
smaller. Grey text summarizes
the structure theorem for the
adjacent class. (Some of these
classes have not yet been
defined.)
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an element to its inverse is a unary operation on S that satisfies certain
properties. For instance, by definition xx™ = x™'x = I forall x € S.
But ! also satisfies other properties: for all x, y € S,

1 X = xx_l,

X, (xy) ™t =y Ixh X~

xx_lyy_1 = yy_lxx_l, xxl= yy_l.

1

(™)

xx'x = x,

If we require that a semigroup with an operation ! satisfies only some

of these properties, we may no longer have a group. Instead, we obtain

different types of semigroup depending on which conditions are required.

Let S be a semigroup equipped with an operation ~'. If S satisfies the
condition that for all x € S,

xxlx = X,
then S is clearly regular, as defined on page 6. [Note that in a regular
semigroup, an element may have many different inverses. However, we
can always define an operation ~! by choosing a particular inverse for
each element.] If S satisfies the two conditions that for all x € S,

(xH! =x, xxlx = x, (4.1)
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then again S is regular and for any y € S, we have yy'y = y and
ylyy™ = yI(y™H) 1y = y7and so y7! is an inverse of y. If S
satisfies the three conditions that for all x € S,

(x ) =x, xVx = xx7l, xxlx = x, (4.2)
itis a completely regular semigroup. We will look at regular and completely
regular semigroups in this chapter. If S satisfies the four conditions that
forall x, y €S,

xx'x = x, xx_lyy_1 = yy_lxx_l,

(x—l)—l = x, (Xy)_l — y—lx—l’
} (4.3)

it is an inverse semigroup. Finally, if S satisfies the four conditions that for
all x, y €,

1 1

(xHl=x, xlx = xx7t,

. } (4.4)

xx7lx = x, xx_lyy_l = yy_lxx_ ,

it is a Clifford semigroup. We will look at inverse semigroups and Clifford
semigroups in Chapter s.

COMPLETELY O-SIMPLE SEMIGROUPS

The aim of this section is to introduce the concept of a
completely 0-simple semigroup and to present a classification result for
such semigroups, the Rees—Suschkewitsch theorem, which was one of
the most important results in the early development of semigroup theory.
We study completely 0-simple semigroups for two reasons. First, we saw
in Proposition 3.10 that the principal factors of a semigroup are either
0-simple or null, and completely 0-simple semigroup are an important
subclass of 0-simple semigroups. Furthermore, studying completely 0-
simple semigroups will lead naturally to studying completely simple
semigroups, and we will see that both completely 0-simple and completely
simple semigroups are regular (Lemma 4.6(b) and Proposition 4.13), and
that a simple semigroup is completely simple if and only if it is completely
regular (Theorem 4.16).

Recall that the set of idempotents E(S) of a semigroup S admits a
natural partial order givenbye < f © ef = fe = e. (See Proposition
1.19.) In a semigroup with a zero, 0 is the unique minimal idempotent; in
such a semigroup, an idempotent is primitive if it is minimal within the
set of non-zero idempotents of the semigroup. A semigroup is completely
0-simple if it is 0-simple and contains at least one primitive idempotent.

PROPOSITION 4.1. A finite 0-simple semigroup is completely 0-simple.
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Rees matrix semigroup

Proof of 4.1. Let S be a finite 0-simple semigroup. Now, if there are non-
zero idempotents in S, there must be a primitive idempotent in S, since
otherwise there would be infinite descending chains of idempotents,
and this is impossible since S is finite. So we must simply rule out the
possibility that 0 is the only idempotent.

So suppose, with the aim of obtaining a contradiction, that the only
idempotent in S is 0. Let x € S ~ {0}. Then by Lemma 3.7 there exist
p>q € Swith pxq = x. Hence p"xq" = x for all n € IN. Since S is finite
and thus periodic, p™ is idempotent for some m € IN. Thus p™ = 0
since 0 is the only idempotent in S. Therefore x = p"xg™ = 0xg™ = 0,
which contradicts the choice of x. So it is impossible for 0 to be the only
idempotent of S. This completes the proof.

We are now going to show how to construct examples of completely
0-simple semigroups. Let G be a group, let I and A be abstract index sets,
and let P be a regular A x I matrix with entries from G°. (Recall that
a matrix is regular if every row and every column contains at least one
non-zero entry. By a ‘A x I matrix’ we mean simply a matrix whose rows
are indexed by A and whose columns are indexed by I.) Let p,; be the
(A,i)-th entry of P. Let S be the set I x G° x A. Define a multiplication
on S by

(i: X, A)(]’ Y 4“) = (l> xp/\jy’ ‘[/l)

This multiplication is associative since

@i, %, M) (G, y, Wk, 2,v)) = (i, x, 1) (j, YPuk? V)
= (i, XP)j Y Puk%> V)
= (4, XPriY> w(k,z,v)
= (G, y> W)k, 2, v),

and so S is a semigroup. Let T' = I x {0} x A. It is easy to see that T' is an
ideal of S. Clearly, S\T = I x Gx A. Notice that if (4, x, A), (j, y, u) € SN\T,
then (i, x,A)(j, y, ) € T ifand only if p, ; = 0.

Let M, [G; I, A; P] be the Rees factor semigroup S/T'. Then the sem-
igroup M,[G; I, A; P] can be viewed as the set (S ~ T) U {0}: that is,
M, [G; I, A; P] can be viewed as the set (I x G x A) U {0} under the mul-
tiplication

(G, xpyjysp) i py; # 0,

.’ )A’ .S b =

0(i,x,A) = (i,x,A1)0 = 00 = 0.
The semigroup M, [G; I, A; P] is called the I x A Rees matrix semigroup

over G° with regular sandwich matrix P.
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(1, y42) ___L--A(Lxpy3y,5) if py3 # 0
A ) i

\ :' Pu P2 Pi3

v ! P21 P P23
' __ 4 P=
\‘ TBxs) P31 P32 P33
e Ps1 P Pas
R Ps1 Ps2 Ps3
0 if =0

HPas Pii Pa1 P31 Pa Psi

P'=|pu Pn Pn Pu Ps
P13 P23 P33 Pz Ps3

Diagrammatically, we can place the non-zero elements of this Rees
matrix semigroup in a rectangular pattern, divided into a grid of cells
indexed by the sets I and A, so that the (i, 1)-th cell contains all elements
of the form (4, g, A), where g € G. Figure 4.2 illustrates how the multiplic-
ation works in terms of this diagram. Compare this with Figure 1.1. This
is of course reminiscent of an egg-box diagram, and we will see that it
actually is an egg-box diagram: the columns, rows, and cells of this grid
are the non-zero Z-, R-, and H -classes of the Rees matrix semigroup.

PROPOSITION 4.2. Forany group G, index sets I and A, and matrix P
over G°, the semigroup M, [G; I, A; P] is completely 0-simple.

Proof of 4.2. For brevity, let S = M, [G; I, A; P].
Let (i,x,A) € S~ {0}. Let (, y, ) € S~ {0}. Since P is regular, we can
choose v € Aand k € I such that p,; # 0 and p,; # 0. Then

(16 V)G %, Mk, priex™" pii v, 1)
= (jy Lo PuiXPakPakX " Pyi ¥> 1)
=y 1)
Hence, since (j, y, 4) € S~ {0} was arbitrary, and since 0 = 0(i, x, 1)0, we
have § € S(i, x, A)S. Since (i, x,A) € S~ {0} was arbitrary, S is 0-simple

by Lemma 3.7.
Now, (i, x, A) € $~{0} is an idempotent ifand only if (i, x, A)(i, x, A) =

(i, xpy;ix, A) = (i, x, ), which is true if and only if p; # 0 and x = p;}.
Hence the idempotents in S ~ {0} are elements of the form (i, p;}, A).

Furthermore,

(i, 1 A) < (s P> )
& (i, pis Vs b ) = G Pyl 00 5 A) = G pits A)
& (i, p3i PajPpj> ) = (o Prj PuiPii >N = Gy pii s A)
e@i=)AA=pn
& (i, pits M) = (o Py -
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FIGURE 4.2

Multiplication in a Rees mat-
rix semigroup M, [G; I, A; P].
The product (1, y,2)(3, x, 5) is
either (1, yp,3x,5) or 0, de-
pending on the value of p,;.
The shape of P' is the same
as the shape of the grid, and
the cells containing the multi-
plicands, the cell correspond-
ing to p,3, and cell containing
the product (if it is non-zero)
form the corners of a rectangle.
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Completely 0-simple
= Rees matrix

Hence every idempotent in S ~ {0} is primitive. Thus S certainly contains
primitive idempotents and so is completely 0-simple.

Proposition 4.2 gives a method for constructing completely 0-simple
semigroups. In fact, all completely 0-simple semigroups arise in this way:

PROPOSITION 4.3. Let S be a completely 0-simple semigroup. Then
S = M,[G; I, A; P] for some group G, index sets I and A, and regular
sandwich matrix P.

Proof of 4.3. Let S be completely 0-simple. We have to define a Rees matrix
semigroup M, [G; I, A; P] and show it is isomorphic to S.

Since S is completely 0-simple, it contains a primitive idempotent.
We first describe the R-classes and Z-classes of primitive idempotents:

LEMMA 4.4. For any primitive idempotent e of S,
a) R, = eS~ {0},
b) L, = Se ~ {0}.

Proof of 4.4. We prove part a); a dual argument gives part b). Note that
by definition e # 0. Every element of R, is a right multiple of e and cannot
be 0. Hence R, € eS ~ {0}.

Let x € eS~{0}. So x = es for some s € S~{0}. Hence ex = ees = es =
x. Since § is 0-simple, by Lemma 3.7 there exist p,q € S with pxg = e.
Let p’ = epe. Then p'xq = epexq = epxq = ee = e.

Let f = xqp'. Then f* = xqp'xqp’ = xqep’ = xqeepe = xgepe =
xqp' = f.So f is idempotent. Furthermore, ef = exqp’ = xqp' = f
and fe = xqp'e = xqepee = xgepe = xqp' = f.Soef = fe = f and
hence f < e. Suppose that f = 0; thene = e = p'xqp'xq = p' fxq = 0,
which is a contradiction. Hence f # 0. But e is primitive and therefore
<-minimal among non-zero idempotents; thus e = f = xqp’. Since
x = es, it follows that x R e and so x € R,. Hence eS ~ {0} C R,.

LEMMA 4.5. Forany x € S~ {0},

a) R, = xS~ {0},

b) L, = Sx ~ {0}.
Proof of 4.5. We prove part a); a dual argument gives part b). As in the
proof of Lemma 4.4(a), R, € xS~ {0}. So let y € xS ~ {0}. Then y = xs
for some s € S~ {0}. Let e be a primitive idempotent of S. Since S is 0-
simple, by Lemma 3.7 there exist p,q € S with peq = x. So y = pegs. By
Lemma 4.4(a), egs, eq € R,.Since Risaleft congruence by Propostion 3.4,
y = peqs R peq = x.So y € R, and hence xS ~ {0} C R,.

We can now deduce information about the D-class structure of S:

LEMMA 4.6. a) The D-classes of S are 0 and S ~ {0}.
b) The semigroup S is regular.
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c) Forall x,y € S~ {0}, if L, N R, contains an idempotent, then xy €
R, NL,; otherwise, xy = 0.

Proof of 4.6. a) Let x, y € S~ {0}. Suppose xSy = {0}. Then
$? = 5xSSyS € S(xSy)S = S{0}S = {0},

which contradicts the fact that 0-simple semigroups are (by definition)
not null. Hence xSy contains some non-zero element t. Now, t €

xS~ {0}and t € Sy ~ {0}. Hencet € R, and ¢ € L, by Lemma 4.5.

Thusx Rt Z y and so x D y. So the D-classes of S must be S ~ {0}
and {0}.

b) The primitive idempotent e lies in S~ {0} and so every element of S~{0}
is regular by Proposition 3.19. Since 0 is also regular, the semigroup S
is regular.

c) Let x,y € S~ {0}. By part b), x D y. Suppose L, N R, contains
an idempotent. Then xy € R, N L, by Proposition 3.18. Suppose
L, N R, does not contain an idempotent. Then xy ¢ R, N L, and so
xy =0, since if xy = 0, then by Lemma 4.6 xy € xS~ {0} = R, and
xy € Sy~{0} = L, contradictingxy ¢ R, N L,,.

Let H be an ‘H -class of S contained in the D-class S~{0}. Let x, y € H.

Then either xy =0 or xy € R, N L, = H by Lemma 4.6(c).
Suppose first that xy = 0. Let z,t € H. Sincez Z xandt R y, we

have z = px and t = ys for some p,s € S'. Then zt = pxys = pOr = 0.

Since z,t € H were arbitrary, H* = {0}.

On the other hand, suppose that xy € H. Then H is a subgroup by
Proposition 3.14. So we can divide the H -classes in the D-class S ~ {0}
into zero ‘H-classes and group H-classes.

Let I be the set of R-classes and let A be the set of Z-classes in S~ {0}.

Write the R- and Z-classes as R and L™ fori € T and A € A, and write
H™ for R? n LW, We will treat I and A as abstract index sets, and these
will ultimately be the index sets for the Rees matrix semigroup we are
constructing.

Since S ~ {0} is a regular D-class by Lemma 4.6(b), every R-class
and every Z-class contains an idempotent by Proposition 3.20 and thus
contains some group H -class. Therefore assume without loss that there
is some element 1 € I N A such that H'V is a group # -class. For brevity,
write H for H1V,

Foreachi € Iand A € A, fix arbitrary elements r, €¢ H™ ¢ R and
g; € H™ ¢ 1Y, Since 1 is idempotent, it is a left identity for RV and
a right identity for LV by Proposition 3.17. So 157 = r, and g;15 = g;.
Therefore, by Lemma 3.12, p,, [0 : LV — LW restricts to a bijection
between H and H) and Aglrw RW — RW restricts to a bijection

between H'") and H™ for each A € A. Thus there is a unique expression
q;xr), where x € H, for every element of H @),
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Therefore the map ¢ : (I x H x A) U {0} — S defined by (i, x, )¢ =
g;xry and 0 = 0 is a bijection.

To turn (I x H x A) U {0} into a I x A Rees matrix semigroup over
HP, it remains to define a sandwich matrix P. For eachi € I and A € A,
let p); = 1q;> and let P be the A x I matrix whose (A,7)-th entry is p;;.
By Lemma 4.6(c), py; =nq; € R, N L, = = RY NI = H if and only if
R, N L, containsan idempotent and is thus a group H -class; otherwise
pri =0. Hence each p; lies in H°. Furthermore, since every R-class and
every Z-class contains an idempotent, for every i € I there exists A € A
such that R, N L, contains an idempotent and so p); € H, and thus
Py # 0. Thus every column of P contains a non-zero entry. Similarly
every row of O contains a non-zero entry. Therefore P is a regular matrix.

So ¢ is now a bijection from M,[H; I, A; P] to S. For any elements
(i, %, A), (js y> ) € My[H; I, A; P] ~ {0},

(G, x, M) (G, v, @) = (q;x12)(q;y7,)

= qix(nq;)yr,
=qiXPrj Yty
_ JGxpryspe i py;#0

= (6%, D (s 5 1)) .

Furthermore, ((i, x, 1)9)(09) = g;xr)0 = 0 = ((i, x, A)0)¢ and similarly
for other multiplications involving 0. Hence the map ¢ is a homomor-
phism and hence an isomorphism between M, [H; I, A; P] and S.

Combining Propositions 4.2 and 4.3, we get the following character-
ization of completely 0-simple semigroups:

REES-SUSCHKEWITSCH THEOREM 4.7. Asemigroup S is completely
0-simple if and only if there exist a group G, index sets, I and A, and a
regular A x I matrix P with entries from G° such that S = M,[G; I, A; P].

One of the advantages of this characterization is that it gives us a neat
description of the H, Z, R, D, and J-classes:

PROPOSITION 4.8. LetS = M[G;I, A, P] be a completely 0-simple
semigroup.
a) In S, the relations D and J coincide, and S has two D-classes {0} and
S~{0}=IxGxA.
b) The L-classes of S are {0} and sets of the form I x G x {A}.
c) The R-classes of S are {0} and sets of the form {i} x G x A.
d) The H-classes of S are {0} and sets of the form {i} x G x {A}.
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Proof of 4.8. a) By Lemma 4.6, S has two D-classes, {0} and S~ {0}. Since
S is 0-simple, it has only two ideals: S and {0}. If x € S ~ {0}, then
x € S'xS!, s0 S'xS! = S. On the other hand, S'0S! = {0}. So S and
{0} are also the 7-classes of S.
b) Since {0} is the D-class of 0, it is alsoe the Z-class of 0.
Let (i, x, 1)~{0}. By Lemma 4.5(b), wehave L; , ), = S(i, x, A)~{0}.
First, note that S(i, x, 1) ~ {0} € I x G x {A} ~ {0} by the definition of
multiplication in M, [G; I, A; P].
On the other hand, let (j, y,A) € I x G x {A} ~ {0}. Let s =
(j, yx! p;il, u), where  is such that p,; # 0; such a p exists because
P is regular. Note that p,; € G, so p[;il exists. Then

s(i, %, M) = (s yxpiit» w) (i, x, A)
= (o yx7' ppi P> V)
= (]) v, /\')

SoIxGx{A} ~{0} € S(@,x,A) ~ {0}
Thus L; )y = I x G x {A} ~ {0}.
c) The reasoning is dual to part b).
d) First, Hy = Ly N Ry = {0}. For (i, x,A) € S~ {0}, we have H; , ;) =
Lixny NRixpy = UXGx{A) N ({i} xGx A) ={i} xGx {AL

IDEALS AND COMPLETELY
0-SIMPLE SEMIGROUPS

This section characterizes the 0-simple semigroups that
are also completely 0-simple. We require some definitions. A semigroup
S is group-bound if every x € S has some power x" lying in a subgroup
of S. A semigroup satisfies the condition min, (respectively, ming) if any
subset of the partial order S/Z (respectively, S/R) has a minimal element.

THEOREM 4.9. Let S be 0-simple. The following are equivalent:
a) S is completely 0-simple;
b) S is group-bound;

c) S satisfies the conditions min; and ming.

Proof of 4.9. Part 1 [a) = b)]. Suppose S is completely 0-simple. Let x € S.
Then either H, is a subgroup and x* € H,, or else x* = 0. In either case,
x? lies in a subgroup. Thus S is group-bound.

Part 2 [b) = ¢)]. Suppose S is group-bound. Let x,y € S ~ {0} be
such that L, < L,. We are going to show that L, = L,. First, no-
= py for some p € S'. Furthermore, y = gxr for some

tice that x
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g,r € Sby Lemma 3.7, since S is 0-simple. Then y = gxr = gpyr and so
y = (gp)"yr" for all n € N. Fix n so that g = (gp)" lies in a subgroup
G.Then gy = 1ggyr" = gyr" = yandsoy = g~'gy = g~ (qp)"y =
g ' (gp)" 'qpy = g7 (gp)" ' gx. Hence L,<L,andsoL, = L,. There-
fore L, < L, = L, = L,, and this certainly implies that any subset of
S/1 is has a minimal element. So S satisfies min; . Similarly, S/ R satisfies
ming.

Part 3 [c) = a)]. Suppose S satisfies min,; and ming. Suppose, with the
aim of obtaining a contradiction, that S does not contain a primitive
idempotent. Then S contains an infinite descending chain of non-zero
idempotents

e >e >e3 > ...

Notice that fore, f € E(S), by the definition of the partial order < on E(S)
and the relation R, we have

ex f=e=fe=>eS=feSC fS=R, <Ry
and similarlye < f = L, < L;. Hence
L

e, 2L 2R, =.

e, 2L, 2... and R, 2R, ey Z eees

Since S satisfies ming and ming, the set of Z-classes {L, : i € N}
contains a minimal element L and the set of R-classes {R :1€ N}
contains a minimal element R . Let € = max{j, k}; then L, =L, and
R, = R, ,andso H, = H, By Corollary 3.16, ¢, = e{z+1> ‘which

€ €pt1”
is a contradiction. Thus S contains a primitive idempotent and so is

completely 0-simple.

COMPLETELY SIMPLE SEMIGROUPS

An idempotent of a semigroup without zero is primitive if
it is minimal. A semigroup without zero is completely simple if it is simple
and contains a primitive idempotent.

‘Primitive idempotent” has different meanings for semigroups with and
without zero: in a semigroup with a zero, a primitive idempotent is a
minimal non-0 idempotent; in a semigroup without zero, a primitive
idempotent is a minimal idempotent.

PROPOSITION 4.10. A finite simple semigroup is completely simple.

Proof of 4.10. Let S be a finite simple semigroup. Since S is finite, every
element has a power which is an idempotent. So S contains at least one
idempotent. Furthermore, there must be a primitive idempotent in §,
since otherwise there would be an infinite descending chain of idem-
potents, and this is impossible since § is finite.
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Define a new version of the Rees matrix construction as follows. Let
G be a group, let I and A be abstract index sets, and let Pbea A x I
matrix with entries from G, with the (A, i)-th entry of P being p,;. Let
M[G; I, A; P] be the set I x G x A with multiplication

(i, %, M)(js > 1) = (i, xppjys ).

Then we have the following characterization of completely simple semi-
groups, paralleling the Rees-Suschkewitsch theorem:

THEOREM 4.11. Asemigroup S is completely simple if and only if there
exist a group G, index sets I and A, and a A x I matrix P with entries from
G such that S = M[G; I, A; P).

Theorem 4.11, and many other properties of completely simple semi-
groups, are consequences of the following observations:
+ Sis simple if and only if $° is 0-simple;
« an idempotent is primitive in S if and only if it is primitive in §°;
o for any group G, index sets I and A, and A x I matrix P with entries
from G, we have (M[G; I, A; P])° = M,[G; I, A; P].
g% Notice that in the second condition above, ‘primitive’ means ‘minimal’
in S and ‘minimal non-0’ in S°.
The proof of the following characterization of Green’s relations in
completely simple semigroups is similar to the proof of Proposition 4.8.

PROPOSITION 4.12. Let S = M[G;I, A, P] be a completely simple
semigroup.

a) In S, the relations D and J coincide, and S consists of a single D-class.
b) The L-classes of S are sets of the form I x G x {A}.
c) The R-classes of S are sets of the form {i} x G x A.
d) The H-classes of S are sets of the form {i} x G x {A}. 112

PROPOSITION 4.13. Asemigroup is completely simple if and only if it is
regular and every idempotent is primitive.

Proof of 4.13. Suppose S is completely simple. Then S = M[G; I, A; P].
So S consists of a single D-class. Furthermore, S contains idempotents,
which are regular elements. Hence S is regular by Proposition 3.19. By
following the reasoning in the proof of Proposition 4.2 (and ignoring
mentions of the zero), every idempotent in S is primitive.

Now suppose that S is regular and every idempotent is primitive. We
have to show that S is simple. Since S is regular, every D-class contains an
idempotent. So every J-class contains an idempotent. Let ], be a J-class
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and let J; < ], where e and f are idempotents. Then f = peq for some
p.q €S Let g = eq f pe. Then

2

g° =eqfpeeqf pe [by definition of g]
= eqf peqf pe [since e is idempotent]
—eqfffpe since f = ped
=eqf pe [since f is idempotent]
=g; [by definition of g]

thus g is idempotent. Furthermore ge = eg = g and so g < e. Since e is
primitive (since all idempotents are primitive), it follows that g = e.
Therefore f = peqand e = g = eqf pe. Hence J, = J;. Since all
J-classes contain idempotents, S contains only one J-class. Hence all
elements x € S generates the same principal ideal, S'xS", and so S = §'xS§'
for all x € S. Thus S is the only ideal of S and so S is simple.

PROPOSITION 4.14. A completely simple semigroup is a group if and
only if it contains exactly one idempotent.

Proof of 4.14. One direction of this result is obvious: a group contains
exactly one idempotent.

Suppose S is completely simple and contains exactly one idempotent.
By Proposition 4.13, S is regular. Hence, by Proposition 3.20, every Z-
and every R-class of S contains an idempotent. Since S contains only one
idempotent, it contains only one Z-class and only one ‘R-class and so
consists of a single H -class, which is a group by Proposition 3.14.

COMPLETELY REGULAR SEMIGROUPS

Recall that a semigroup S is completely regular if it is
equipped with a unary operation ~! satisfying the conditions in (4.2);
namely that for all x € §,

(x ! =x, xlx = xx71, xx x = x.

THEOREM 4.15. LetS be a semigroup. Then the following are equivalent:
a) S is completely regular;

b) every element of S lies in a subgroup of S;

c) every H-class of S is a subgroup.

Proof of 4.15. Part 1 [a) = b)]. Suppose S is completely regular. Let x € S.
Then e = xx™! = x7'x is an idempotent, since e* = (xx')(xx7!) =
(xx7'x)x™! = xx™! = e. By Proposition 3.18, x € R, N L, = H,, which is
a subgroup. So every element of S lies in a subgroup.
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Part 2 [b) = c)]. Suppose every element of S lies in a subgroup. Let x € S.
Then x € G for some subgroup G of S. Then x H 15 and so H, = H, ,
which contains an idempotent and is thus a subgroup. So every H -class
of § is a subgroup.

Part 3 [c) = a)]. Suppose every H -class of S is a subgroup. Define ! by
letting x™! (where x € S) be the unique inverse of x in the subgroup H,.
It is clear that ~' satisfies the conditions (4.2) and S is thus completely

regular.

The next result is analogous to Theorem 4.9:

THEOREM 4.16. Let S be simple. The following are equivalent:
a) S is completely simple;
b) S is completely regular;

c) S satisfies the conditions min,; and ming;

Proof of 4.16. Part 1 [a) = b)]. Suppose S is completely simple. Then by
Theorem 4.11, every element of S lies in a subgroup of S. So S is completely
regular by Theorem 4.15.

Part 2 [b) = c)]. Suppose S is completely regular. Then every element of
S lies in a subgroup of S by Theorem 4.15. So every element of S° lies in
a subgroup and so S is group-bound and therefore satisfies min,; and
ming by Theorem 4.9.

Part 3 [c) = a)]. Suppose S satisfies min,; and ming. Then so does S°
and so $° is completely 0-simple by Theorem 4.9. Hence S is completely

simple.

A semilattice of semigroups is a semigroup S for which there exists a
semilattice Y and a collection of disjoint subsemigroups S, of S, where
a € Y,such that S = |J,.y Sy and S,Sg € Syp (see Figure 4.4). A
semilattice of completely simple semigroups is one in which every S, is
completely simple; a semilattice of groups is one in which every S, is a

group.
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THEOREM 4.17. Every completely regular semigroup is a semilattice of
completely simple semigroups.

Proof of 4.17. Let S be a completely regular semigroup.

By Theorem 4.15, each H -class of S is a subgroup. So for any x € §,
we have x> H x and hence x> J x. Hence for any x, y € S, we have
Ty = Jixyy = Jx(yx)y S Jyx- By symmetry, J,. < J,, andso J,, =J,,..

Let x 7 y. Then there exist 7, s € S' with rys = x. Let z € S. Then

Jox = ]zrys < zry = ]ryz < yz ~ ]zy‘

By symmetry J,, < J,, and hence J,, = J,,. So zx J zy. Similarly
xz J yz. Therefore 7 is a congruence. The factor semigroup S/7 is a
commutative semigroup of idempotents since x* J x and xy J yx for all
x, ¥ € S. Hence S/7 is a semilattice by Theorem 1.21.

Since 7 is a congruence, ]x]y - ]xy. In particular, J.J, € .. =], so
each J, is a subsemigroup.

The aim is to show ], yJ, = ], forall y € J,, and so deduce that
], is simple. Let z € J,. Since y 7 z, there exist p,q,r,s € S' such that
pyq = zand rzs = y. [We cannot immediately deduce that z € ] y]J,,
because p and g may not lie in J,..] Write 1, for the identity of H, and
1, for the identity of H,,. Since y, z € J,, it follows that 1,,,1, € J,. Then
(1,p)y(ql,) = 1,21, = zand (1,r)z(s1,) = 1,y1, = y. Furthermore,
Jip 2 Japyq) = Jo = Jyand ]y, < Ji, = J,. Hence 1,p € J..
Similarly g1, € J,. Hence z = (1,p)y(ql,) € ], y],. Since z € ], was
arbitrary, J, € J, yJ,.Clearly ], yJ, € J,andso J, = ], y],.Since y € ],
was arbitrary, ], is simple.

Thus, since ], is completely regular, it is completely simple by Theo-
rem 4.16.

To see S is a semilattice of completely simple semigroups, let Y be the
semilattice S/ and write S, instead of & € S/.

LEFT AND RIGHT GROUPS

This section discusses left and right groups, which are
semigroups that are very close to being groups, and which have a very easy
characterization, which we will deduce from our results on completely
0-simple semigroups.

A semigroup is left simple if it contains no proper left ideals, and right
simple if it contains no proper right ideals.

PROPOSITION 4.18. Let S be left or right simple. Then S is simple.

Proof of 4.18. Suppose S is left simple; the reasoning for the right simple
case is parallel. Let x € S. Then Sx = S since S is left simple. So $* = SS 2
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Sx = Sand so S = §* = Sx. Hence SxS = S = §% = S and so the only
ideal of S is S itself. Thus S is simple.

Note that Proposition 4.18 shows that being left simple (or right simple)
?2 is a stronger condition than being simple. This contrasts (for example)

cancellativity: being left-cancellative is a weaker condition than being

cancellative.

A semigroup is a left group if is left simple and right cancellative, and
a right group if it is right simple and left cancellative.

THEOREM 4.19. Let S be a semigroup. The following are equivalent:
a) Sis a left group;

b) S is left simple and contains an idempotent;

c) S is completely simple semigroup and has only one L-class;

d) S = Z x G, where Z is a left zero semigroup and G is a group.

There is a natural analogue of Theorem 4.19 for right groups. Note
that taking G trivial in part d) shows that a left zero semigroup is a left

group.

Proof of 4.19. Part 1 [a) = b)] Suppose S is a left group. By definition, S is
left simple. Let x € S. Since S is left simple, Sx = S. So there exists e € S
such that ex = x. Thus e*x = ex. Since S is right-cancellative, * = e.

Part 2 [b) = ¢)] Suppose S is left simple and E(S) # J. Since S is left
simple, S'x = Sforall x € S, and so S consists of a single Z-class and thus
a single D-class. Since E(S) # &, some H -class in this Z-class contains an
idempotent, which is a regular element. By Proposition 3.19, all elements
of § are regular. By Proposition 3.20, every R-class of S contains an
idempotent. Since S has only one Z-class, this means that every # -class
of S contains an idempotent and so is a group by Proposition 3.14. Thus
S is completely regular by Theorem 4.15. Since S is left simple and thus
simple by Proposition 4.18, S is completely simple by Theorem 4.16.

Part 3 [c) = d)] Since S is completely simple, S = M[G; I, A; P] for some
group G, index sets I and A, and matrix P. Since S has only one Z-class,
A = {1} by Proposition 4.12.

Make I a left zero semigroup by defining ij = i for all i, j € I. Define
a map

¢:IxG—S  (,g)¢=( pig )

Note that in this definition, the pair (i, g) is in the direct product I xG, and

the triple (i, p;;' g, 1) is in the Rees matrix semigroup M[G; I, A; P] = S.

Then

(G @), hg)
= (i, p1i g VG prjh 1) [by definition of @]
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= (i, pii gpr;pij b 1) [by multiplication in M[G; I, A; P]]
= (i, pr' gh, 1) [by multiplication in G]
= (i, gh)p [by definition of ¢]
= ((, 9) (G, ), [by multiplication in I x G]

so ¢ is a homomorphism.
Furthermore,

(i,9)e = (j,h)e = (i, pl_l-lg, 1) = (j,pl_jlh, 1) [by definition of ¢]
=i=jApyg=pijh

=i=jApig=rpih [using i = j]
=i=jAg=h [by cancellation in G]
= (i, g) = (j, h);

thus ¢ is injective.

Finally, for any (i,g,1) € S = M[G;I, A; P], we have (i, p;;9)p =
(i, pit p1;9- 1) = (i, g, 1), so @ is surjective. So @ is an isomorphism, and
S = I xG. Since I is a left zero semigroup and G is a group, this completes
this part of the proof.

Part 4 [d) = a)] Let (x, g), (¥, h), (z,i) € Z x G. Then

(X, g)(% h) = (X, g)(Z> 1)

= (y, gh) = (z, gi) [since Z is a right zero semigroup]
= (y =2) A (gh = gi)

= ((y=2)Ah=1i) [since G is a group]
= (y,h) = (z,0).

So Z x G is right-cancellative. Furthermore, (x, g)(y, g 'h) = (y,h) and
$0 (9, x)(ZxG) = ZxGforall (x,g) € ZxG. Hence Z x G is left simple,
and so Z x G is a left group.

HOMOMORPHISMS

We close this chapter with the following result, show-
ing that homomorphisms preserve regularity and that, within regular
semigroups, the preimage of an idempotent must contain an idempotent.

PROPOSITION 4.20. Let S be a regular semigroup, T a semigroup (not
necessarily regular), and let ¢ : S — T be a homomorphism.

a) The subsemigroup im ¢ of T is a regular semigroup and that if x' € S
is an inverse of x € S, then x'¢ is an inverse of x¢.
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b) Ife € im ¢ is idempotent, fo = e, and z € S is an inverse of f*, then
fzf isidempotent and (fzf)p = e.

Proof of 4.20. a) Clearly im ¢ is a semigroup; we have to show it is in-
verse. Let y € im¢. Then there exists x € S with x¢ = y. Since
S is regular, there exists an inverse x' for x. Let ' = x'¢. Then
yy'y = (x@)(x'@)(x¢p) = (xx'x)¢p = x¢ = y and similarly y'yy’ = y.
So y' is an inverse for y. Since y € im ¢ was arbirary, im ¢ is regular.

b) Let g = fzf. Since z is an inverse of f2, we have zf*z = z and
fZZfZ — f2, Then g2 — f(ZfZZ)f = fzf = gand SOgiS idem-

potent. Furthermore

go=(fzf)e [by choice of g]
= (fo)(zp)(fo) [since ¢ is a homomorphism]
= e(zg)e [since e = f¢]
= e*(z¢)e? [since e is idempotent]
= (f9)*(z9)(f)? [since e = fo]
= (f2zfHe [since ¢ is a homomorphism]
= () [since f2zf? = f?]
= (fo)? [since ¢ is a homomorphism]
= ¢? [since fo =e]
=e. [since e is idempotent]

This completes the proof. 420
EXERCISES

[See pages 218-223 for the solutions.]

4.1 Let G be a group, let I = {1} and A = {1} be index sets (each contain-
ing only one element), and P a A x I matrix over G.

a) By defining a suitable isomorphism, prove that M[G; I, A; P] = G.

b) Give an example to show that if we replace G by a monoid M and
construct M[M; I, A; P] using the same multiplication, we can
have M[M; 1, A; P] # M.

4.2 Prove that every completely simple semigroup is equidivisible.

4.3 Let S be a completely simple semigroup. Prove that
a) 1, R, and H are congruences on S;
b) S/Z is a right zero semigroup and S/R is a left zero semigroup;
c) S/H is isomorphic to the rectangular band S/R x S/Z.

4.4 Let S be a completely simple semigroup.
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a) Suppose |S| = p, where p is a prime. Prove that S is [isomorphic
to] either a right zero semigroup, a left zero semigroup, or a group.

b) Suppose [S| = pgq, where p and g are primes. Prove that S is
[isomorphic to] either a rectangular band, a right group, or a left
group.

x4.5 a) Let Sand T be completely regular semigroupsand¢ : S —» T a
homomorphism. Show that (zp)™ =z l¢ forall z € S.

b) Give an example of regular semigroups S and T that have opera-
tions ! satisfying (4.1), and a homomorphism ¢ : S — T such
that (zp) ™ # z !¢ for some z € S.

x4.6 Let G and H be groups, I, J, A, and M be index sets, P bea A x I
regular matrix over G°, and Q be a J x M regular matrix over H°.

a) Suppose ¢ : My[G;I, A;P] — My[H; ], M;Q] is an isomor-
phism.

i) Prove that there exist bijectionsa : I —» Jand f: A > M
such that (i, a, A)¢ € {ia} x H x {Af} and such that p;; =0 &
dp) i) = 0-

ii) Assume without loss that 1 € I N A. Define an isomorphism
y: G — {1} x G x {1} € M,[G; I, A; P] and an isomorphism
n:H — {la} x Hx {1} € My[H;]J, M;Q]. Deduce that
9 = yen~! is an isomorphism from G to H.

iii) Check that (i, x, A) = (i, L, 1)(1, pi7 x, 1)(1, pi1, A). Now let
u;, v, € H be such that

(i, 15, Do = (i, u;, 13)

and

(1, piis Mo = (1, 1015 V2> AB)-
Using the fact that (i, py;, A) = (4, 15, A)(i, 15, A), prove that

P29 = VAqoap) oy Ui (4.5)
forallie Tand A € A.

b) Suppose that there exists an isomorphism 9 : G — H, bijections
a: 1 — Jand B : A — M and elements u; and v, such that
(4.5) holds for all i € T and A € A. Show that M,[G; I, A; P] =
MO[H;])M;Q]'
x4.7 Let G be a group, I and A index sets, and let P be a A x I matrix
over G° that is not necessarily regular (that is, P can have rows or
columns where all the entries are 0). Let S = M, [G; I, A; P], where
the multiplication is the same as in the usual Rees matrix semigroup.
Prove that S is regular (as a semigroup) if and only if P is regular (as
a matrix).
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4.8 Let S be a 0-simple semigroup.

a) Suppose S satisfies min, . By applying this condition to the set of Z-
classes that are not equal to {0}, show that S contains a 0-minimal
left ideal. [Dually, if S satisfies min, it contains a 0-minimal right
ideal.]

b) Now suppose S that S contains a 0-minimal left ideal and a 0-
minimal right ideal.

i) Prove that if K is a 0-minimal left ideal of S with K? # {0},
then K = Sx for any x € K ~ {0}.

ii) Let L be a 0-minimal left ideal of S, and suppose x € S is
such that Lx # {0}. Prove that Lx is a 0-minimal left ideal of
S. [Hint: to prove Lx is 0-minimal, consider theset ] = { y €
L:yxeK}]

iii) By considering the subset LS of S, prove that there exists x € S
with Lx # {0}.

iv) Let M = | J{Lx : x € S,Lx # {0}}. Prove that M = S and
deduce that § is the union of its 0-minimal left ideals. [ Dually,
S is the union of its 0-minimal right ideals.]

v) Using part iii), the dual version of part iv), and Exercise 1.21,
prove that there exists a 0-minimal right ideal R such that
LR = S and RL is a group with a zero adjoined.

vi) Let e be the identity of the group RL ~ {0}. Prove thate is a
primitive idempotent.

This proves that S is completely 0-simple.

Since a completely 0-simple semigroup satisfies min; and ming by
Theorem 4.9, this exercise has shown that a 0-simple semigroup is
completely 0-simple if and only it has a 0-minimal left ideal and a
0-minimal right ideal.

4.9 Let S be a left-cancellative semigroup. Let G be a subgroup of S. Sup-
pose G is also a left ideal of S. Prove that S is a right group.

NOTES

The exposition here is based on Howie, Fundamentals of Semi-
group Theory, ch. 3 and Clifford & Preston, The Algebraic Theory of Semigroups,
§ 2.5. « The Rees—Suschkewitsch theorem (Theorem 4.7) was originally proved
in Rees & Hall, ‘On semi-groups’; the analogue for completely simple semi-
groups (Theorem 4.11) is the earlier version, having been essentially proved in
Suschkewitsch, ‘Uber die endlichen Gruppen... + The results on the structure
of completely regular semigroups are due to Clifford, ‘Semigroups admitting
relative inverses’. ¢ The analogy of Theorem 4.19 for right groups is due to Susch-
kewitsch, ‘Uber die endlichen Gruppen...’; for a more accessible proof (which
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does not use Green’s relations or the Rees—Suschkewitsch theorem), see Clifford
& Preston, The Algebraic Theory of Semigroups, Theorem 1.27 ¢ Exercise 4.9
is from Cain, Robertson ¢ Ruskuc, ‘Cancellative and Malcev presentations’,
Proposition 8.3. « For further reading, Petrich, Completely Regular Semigroups
seems to be the most recent monograph in the area.

%6
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Inverse semigroups

“[...] Leibniz is proposing a strange inversion [...] "

— Neal Stephenson, The Baroque Cycle, bk 3.

## Recall that an inverse semigroup is one equipped with
an operation ~! satisfying the four conditions in (4.3): namely, that for
allx,y €,

(x)7'=x, (5.1)
(xy)' =y Ix7 (5:2)
xxlx = x, (53)
xx lyy™ = yyIxx7l (5.4)

Clifford & Preston’s 1961 view that ‘[i|nverse semigroups constitute
probably the most promising class of semigroups for study’ has proved
accurate, and the field has grown into a vast and active one. We can only
survey a minuscule part of it here.

EQUIVALENT CHARACTERIZATIONS

We being by giving alternative characterizations of in-
verse semigroups. Some texts define inverse semigroups using one of
these alternative characterizations.

THEOREM 5.1. The following are equivalent:
a) S is an inverse semigroup;

b) every element of S has a unique inverse;

c) S is regular and its idempotents commute;

d) every L-class and every R-class of S contains exactly one idempotent.

Proof of 5.1. The plan is as follows: parts 1-3 of this proof show that b),
c), and d) are equivalent. Then parts 4 and 5 show, respectively, that a)
implies c) and that b) implies a).

Part1[b) = ¢)]. Suppose every element of S has a unique inverse. Then
Sis clearly regular. Lete, f € E(S). Then

ef)(flef)e)ef)
=ef’(ef) e’ f [rearranging brackets]

Inverse semigroup

Characterizations of
inverse semigroups



= ef(ef)_lef [since e and f are idempotent]
=ef [by definition of inverse]

and

(fleNH)e)eN)(fef)e)

= f(ef)_1 ezf2 (ef)_1 e [rearranging brackets]
= flef) 'ef(ef) e [since e and f are idempotent]
= flef)'e [by definition of inverse]

and so f(ef) 'eisan inverse of e f. Since inverses are unique, (ef)™! =
f(ef)'e. Hence

(efy)™)?
= flef) ef(ef) e [since (ef)™! = f(ef) te]
= flef)'e [by definition of inverse]
= (ef)! [since (ef)™! = fef) 'e]

and so (ef)! is idempotent. Thus (e f) ' (ef) " (ef)™ = (ef)™! and so
the uniqueness of inverses implies that ef = ((ef)™!)™ = (ef)™! and
so ef is idempotent. A similar argument shows that fe is idempotent.
Hence

(ef)(fe)ef) =ef?e’f =efef =ef

and

(fe)ef)(fe) = fe f2e = fefe = fe.
Hence fe = (ef)™! = ef. Thus idempotents of S commute.

Part 2 [c) = d)]. Suppose that S is regular and that its idempotents com-
mute. Since S is regular, every Z-class contains at least one idempotent by
Proposition 3.20. So suppose a particular Z-class contains idempotents e
and f. Then both e and f are right identities for this Z-class by Proposi-
tion 3.17. Soef = eand fe = f. Since idempotents commute, ef = fe
and so e = f. So each Z-class contains a unique idempotent. Similarly
each R-class contains a unique idempotent.

Part 3 [d) = b)]. Suppose every Z-class and every R-class of S contains
a unique idempotent. Let x € S. By Proposition 3.21, the inverses of x are
in one-to-one correspondence with pairs of idempotents (e, f) € R, X L,.
Since R, and L, each contain a unique idempotent, x therefore has a
unique inverse. So every element of S has a unique inverse.

Part 4 [a) = ¢)]. Suppose S is an inverse semigroup. Let x € S. Then
xx'x = x by (5.3) and so S is regular. Let e € E(S). Then

el=ele!)le™! [by (5.3)]
=elee! [by (5.1)]
= e leee™! [since e is idempotent]
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=e (e ) ee! [by (5.1)]
=ee e (e)! [by (5.4)]
=eelele [by (5.1)]
=e(ee)le [by (5.2)]
=eele [since e is idempotent]
=e. [by (5.3)]
Hence ee™! = ¢ = eande’le = ¢ = e for any e € E(S). Now let

e,f € E(S). Thenef = ee'ff' = fflee! = feby (5.4). Thus
idempotents of S commute.

Part 5 [b) = a)]. Suppose every element of S has a unique inverse. Then
for any x € S, we have xx ™' x = x; thus (5.3) holds. By the uniqueness of
inverses, (x )™ = x; thus (5.1) holds. Let x, y € S. Then xx ™! and yy™*
are idempotents and so commute by parts 1 and 2 of this proof; thus (5.4)
holds. Therefore

xy(y_lx_l)xy

=x(yy D(x"x)y [rearranging brackets]
= xx_lxyy_ly [by (5.4), which holds]
=xy [by definition of inverse]

and

(y—lx—l)xy(y—lx—l)

=y 1 xx)(yy Hx! [rearranging brackets]
=y yy T xx [by (s.4), which holds]
= y‘l x 1 [by definition of inverse]

Hence, by the uniqueness of inverses, (xy)™! = y~'x71; thus (5.2) holds.
Thus S is an inverse semigroup.

We now prove some consequences of these alternative characteriza-
tions.

PROPOSITION 5.2. LetS be an inverse semigroup. Then E(S) is a sub-
semigroup of S and forms a semilattice.

Proof of 5.2. By Theorem 5.1, all elements of E(S) commute. Hence, if
e, f € E(S), then (ef)? = efef = e*f*> = ef and soef € E(S). So E(S)
is a subsemigroup of S. Furthermore, E(S) is a commutative semigroup
of idempotents and hence a semilattice by Theorem 1.21.

PROPOSITION 5.3. LetS be an inverse semigroup. Then S is a group if
and only if S contains exactly one idempotent.
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Inverse semigroup
homomorphism

Homomorphism from
an inverse semigroup is
an inverse semigroup
homomorphism

Homomorphism from
a group preserves
identity and inverses

Proof of 5.3. In one direction, this result is obvious: if S is a group, then it
is an inverse semigroup and Ig is the unique idempotent in S.

So suppose S is an inverse semigroup and e is the unique idempotent
in S. Let x € S. Then xx ™! and x~! x are idempotents and so e = xx~! =
x"'x. Thus ex = xx 'x = x and xe = xx ™' x = x. So e is an identity for
S. Furthemore, since e = xx™! = x ! x for all x € S, every element of x is
right- and left-invertible and so S is a group.

Let S and T be inverse semigroups. A homomorphism ¢ : § — T'is
an inverse semigroup homomorphism if x '¢ = (x¢)™! forall x € S.

In Chapter 1, we saw the distinction between a [semigroup] homomor-
phism and a monoid homomorphism: a homomorphism between two
monoids may preserve multiplication, but not preserve the identity (see
Exercise 1.15). Thus it is conceivable that there exists a homomorphism
between two inverse semigroups that is not an inverse semigroup ho-
momorphism. However, the following result shows that the two notions
coincide:

PROPOSITION 5.4. LetS be an inverse semigroup and let T be a semi-
group (not necessarily inverse), and let ¢ : S — T be a homomorphism.
Then im ¢ is an inverse semigroup, and ¢ is an inverse semigroup homo-
morphism.

Proof of 5.4. By Proposition 4.20(a), im @ is regular and x ' ¢ is an inverse
of xp for any x € S. Lete, f € im¢ be idempotents. By Proposition
4.20(b), there are idempotents g, h € S with g = e and hg = f. Since S
is an inverse semigroup, gh = hg by Theorem 5.1. Thus e f = (g¢)(hg) =
(gh)p = (hg)e = (hg)(ge) = fe. Hence idempotents commute in im ¢
and so im ¢ is an inverse semigroup by Theorem 5.1. Since inverses are
unique in inverse semigroups, it follows that (x¢)™! = x !¢ forall x € S,
so ¢ is an inverse semigroup homomorphism.

COROLLARY 5.5. Let G beagroup and let T a semigroup (not necessarily
a group or inverse), and let ¢ : G — T be a homomorphism. Then im ¢ is
a group, and ¢ : G — im @ is an inverse semigroup homomorphism and a
monoid homomorphism. (That is, x ' ¢ = (x¢)~! forall x € G and 159 is
an identity for im ¢.)

Proof of 5.5. Proposition 5.4 shows that im ¢ is an inverse semigroup and
@ is an inverse semigroup homomorphism. Let y € im ¢ andlet x € G be
such that xp = y. Then (159)y = ((xx 1)) (x¢) = (xx ' x)p = x¢ = ¥,
and similarly y(15¢) = y. Hence 15¢ is an identity for im ¢.

The last consequence we prove is more technical, but we will make
use of it in the next section.

LEMMA 5.6. Let S be an inverse semigroup.
a) Foranye, f € E(S), we haveSe =Sf = e = f.
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b) Foranye, f € E(S), we have SeNSf = Sef.
c) For any x € S, we have Sx = Sx ' x.

d) For x € Sand e € E(S), the element f = x 'ex is idempotent and
ex =xf.

Proof of 5.6. a) Since e = ee € Se = Sf, we deduce that e = x f for some
x € S. Thenef = xf? = xf = e. Similarly fe = f. Since idempotents
commute by Theorem 5.1, e = f.

b) Obviously Sef < Sf and, since idempotents commute, Sef = Sfe C
Se.SoSef € SenSf.Letx € SenSf.Thenx = yeand x = zf
for some y,z € S. Thenx = zf = zf* = xf = yef € Sef. So
SenSf C Sef and hence SenSf = Sef.

c) Obviously Sx'x < Sx. But Sx = Sxx'x ¢ Sx'x and so Sx =
Sx7lx.

d) Since xx ! is an idempotent, and idempotents commute in S, f* =
x'exxlex = x 'xx'eex = x7'ex = f, so f is idempotent. Fur-

thermore, ex = exx ™ 'x = xx 'ex = xf.

VAGNER—-PRESTON THEOREM

Theorem 1.22 showed that every semigroup embeds into
Ty for some X. Cayley’s theorem shows that every group embeds into
Sx for some X. The Vagner—Preston theorem, to which this section is
devoted, is an analogue of these results for inverse semigroups.

Let T € Py. Recall from (1.3) that the domain of 7, denoted dom , is
the subset of X on which 7 is defined. If 7 : dom T — im 7 is a bijection,
then 7 is a partial bijection. The set of partial bijections on X is denoted
Tx. (The symbol T stands for ‘injection’) Notice that if 7,0 € Ty, then

x € dom(ro) © (3y € X)((x, y) € 10)
& 3y e X)Fz e X)((x,2) eTA(z, ) €0)
& (Jz € X)((x,2) € TAz € domo)
S (x € dom 1) A (xT € dom o)
& (x1 € im 1) A (xT € dom o)
S (xt € imTNdomo)

& x € (imTNndomo)r.

That is,

dom(zo) = (im7 Nndomo)rt. (5.5)
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FIGURE 5.1
The domain of the composition
of two partial bijections T and

0; the shaded area is dom(70).

Inverse of a partial bijection

T is an inverse semigroup

domo imo

(See Figure 5.1.) For x, y € dom 70, we have x, y € dom 7 and x7, y7 €
dom o and so

XTO = yT0 = XT = yT [since o is injective]

=>x =Y. [since 7 is injective]

Hence 70 is a bijection from dom(7o) to im(7o) and so 7o € Tx. Thus
Ty is a subsemigroup of Py.

For 7 € Ty, let 7! be the partial bijection with domain im 7 and
image dom 7 defined by (x7)7™! = x. (That is, 7 is defined by inverting
the bijection 7 : dom 7 — im 7.) Note that

vl =idy,,, and Tl =idy,,. (5.6)

PROPOSITION 5.7. Forany set X, the semigroup of partial bijections Ty
is an inverse semigroup.

Proof of 5.7. Let T € Ty. Since 777! = id4om, and 7717 = id, , by (5.6),
we have 77717 = rand 77 'r77! = 71, Hence 77! is an inverse of 7. Thus
Ty is regular.

Suppose 0 € Iy is an inverse of 7. Then 70t = 7 and o710 = 0.
Suppose, with the aim of obtaining a contradiction, that im 7 ¢ dom(o7).
So there exists t € im 7~ dom(o7); thust € im 7 but ¢t ¢ im 7N dom(o7).
Hence im 7 N dom(o1) € im 7. Therefore

dom 7 = dom(ro71)

= (im 7 N dom(o7))r ™! [by (5.5)]
¢ (im7)r !

=domT.

The strict inclusion is a contradiction; hence im 7 € dom(ot) € domo.
Similarly, from o070 = o0 we obtain domo <€ im 7. Therefore domo =
im7 = dom 7. For any x € dom o, we have x € im7 and so x = y7
for some y € X. Hence xo = yto = yrort ' = yrr7! = xv7'. Hence
o =171 So 77! is the unique inverse of 7.

Since each element of Ty has a unique inverse, Ty is an inverse
semigroup by Theorem s5.1.
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Let S be an inverse semigroup and let T be a subsemigroup of S. Then
T is an inverse subsemigroup of S if it is also an inverse semigroup, or,
equivalently, if it is closed under taking inverses in S.

VAGNER-PRESTON THEOREM 5.8. Forany inverse semigroup S, there
exists a set X and a monomorphism ¢ : S — Tx. Hence every inverse
semigroup is isomorphic to some inverse subsemigroup of Ty.

Proof of 5.8. Let X = S.For each x € §,let 7, be the partial transformation
with domain Sx™! and defined by yr, = yx. Thus 7, is simply p, (as
defined on page 19) restricted to Sx*. Note that im 7, = (dom7,)7, =
Sx~'x = Sx, by Lemma 5.6(c).

Let us prove that 7, € Ty. Let y,z € Sx™!, with y = px~! and
z = gx~'. Then

YT, = 2T, = YX =2ZX
= px_lx = qx_lx
= o lax! = gxLax!
pxX XX =gxxx
= px‘1 = qx‘l

=>y=z

So 7, is a partial bijection and so 7, € Ty.

Let us now prove that (r,)™' = 7,1. If z € domt, = Sx7', then
ZT T 1T, = Z2XX |
zx 'xx™! = zx™' = z7 1. Furthermore, dom7,1 = Sx = im7, and
imt,1 =Sx™! = dom,. Hence (1,) ! = 7,1.

Define ¢ : S — T by x¢ = 1. We first prove that ¢ is injective. Let
x, y € S. Then

XQ=Yyp =T, =T, [by definition of ¢]
= dom7, =domr,
= Sx71 =8yt [by definition of 7, and 7, ]
= Sxx' = Syy_1 [by Lemma 5.6(c)]
= xx ' =yy! [by Lemma 5.6(a)]
= xx't, = yy_lTy [since 7, = 7,]
= xx'x=yyly [by definition of 7, and 7]
= X =Y;
thus ¢ is injective.
Let x, y € S. Then
dom(z,7,) = (im 7, N dom Ty)T;I [by (5.5)]
=(Sx'xn Sy_l)‘r;1 [by definition of 7, and 7, ]
= (Sx'xnSyy ™Hr! [by Lemma 5.6(c)]
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Characterizing the relation <

= (Sx_lxyy_l)‘r;1 [by Lemma 5.6(b)

]
= (Sx_lxyy_l)rx-l [since 7! = 7,1]
=Sxlxyy Ix7! [by definition of 7,1]
=SxxTxyy a7t [by Lemma 5.6(c)]
= Sxyy_lx_lxx_1 [since idempotents commute]
=Sxyy lx!
= S(xy)(xy)”!
= S(xy)™ [by Lemma 5.6(c)]
= dom Ty [by definition of 7., ]

and for all z € dom Tyy» WE have ZT, T, = ZXY = 2T,y Hence (x¢)(yg) =
T, Ty = Ty, = (xy9). Thus ¢ is a monomorphism.

Notice that the image of S in T is an inverse subsemigroup of Ty by
Proposition 5.4. However, some subsemigroups of Ty are not inverse;
see Exercise 5.1.

THE NATURAL PARTIAL ORDER

Elements of Ty are maps, and thus relations, and thus
simply subsets of X x X. So we can apply the partial order C to Ty.
However, C can be characterized using the algebraic structure of Ty,
since

0STS0="Tl3ome
© 0 =idgomeT
e o=00"'1.
Since every inverse monoid embeds into Ty for some X by Theorem 5.8,
we can transfer this algebraic definition to arbitrary inverse semigroups
by definingx < y © x = xx"'y.
LEMMA 5.9. Forx,y €S, the following are equivalent:
a) x <X y;
b) x = ey for some e € E(S);
c) x = yf forsome f € E(S);
d) x = yx'x.
Proof of 5.9. Part 1 [a) = b)]. Suppose x < y. Then x = xx~'y, and
e = xx~! is an idempotent.

Part 2 [b) = c)]. Suppose x = ey. Let f = y~'ey. Then

fP=yleyyley=ylyy ey =yley=f;
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thus f is idempotent. Furthermore, yf = yyley =eyy 'y =ey = x.
Part 3 [c) = d)]. Suppose x = yf.Thenxf = yf*> = yf = x and so
yxlx=yxIxf = yfxlx=xx"lx = x.

Part4[d) = a)].Suppose x = yx 'x. Thenx = yy yx~1x = yxxy~ly.
Lete = yx_lxy_l, so that x = ey. Then

e? = yxxy lyxlxy ™l = yxlax Iy lyy T = px iyl =

so e is idempotent. Hence ex = ezy = ey = x, and so exx ! = xx7L.

Thus
o DI D DU DU
XXy =exx  y=XxXX ey=XxX X=X,
and so x < y by definition.

PROPOSITION 5.10. The relation X is a partial order.

Proof of 5.10. Since x = xx ' x, we have x < x for any x € S; thus x is

reflexive. If x < y and y < x, then by x = xx 'y and y = yy~'x. Hence
x=xx"yyx = yylxx"'x = yy~lx = y; thus < is anti-symmetric.
Ifx< yand y <z, thenx =eyand y = fz for somee, f € E(S), and so
x = (ef)z, and hence x < z (since ef is in the subsemigroup E(S)); thus
X is transitive.

Proposition 5.10 justifies the choice of the symbol < for this relation,
which is called the natural partial order on an inverse semigroup. Notice
that if x and y are idempotents, then by the commutativity of idempotents
this agrees with the definition of the natural partial order for idempotents
(see Proposition 1.19). We are therefore justified in using the same symbol
< for both relations.

PROPOSITION 5.11. a) The relation < is compatible (with multiplica-
tion); thatis,x < yAz <t = xz <X ytforall x, y,z,t € S.

b) The relation < is compatible with inversion; thatis,x < y = x™' < y~

forallx,y €.

1

Proof of 5.11. a) Let x, y,z,t € S. Then

(x<y)N(z<t)

= (e, f € ES))((x =ey) A (z =tf)) [by Lemma 5.9]
= (Fe, f € E(S))((xz = eyz) A (yz = ytf))

= (xz < yz) N (yz < yt) [by Lemma 5.9]
= xz X yt. [since < is transitive]

b) Let x, y € S. Then

X=Xy
= (Je € E(S))(x =ey) [by Lemma 5.9]
= (Je € ES))(x7! = yle) [by (5.2) and e™! = €]
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= (e € E©S))(x' = ylyyle)
= (Fe e E(S))(x7! = y‘leyy_l)
= 3Af e ES)(x"'=fy™h
[since y 'ey € E(S) by Lemma 5.6(d)]
=x!x y_l. [by Lemma 5.9]

The natural partial order can serve as a measure of how ‘close’ an
inverse semigroup is to being a group:

PROPOSITION 5.12. LetS be an inverse semigroup. Then S is a group if
and only if < is the identity relation on S.

Proof of 5.12. Suppose S is a group. Then
xxyox=xxyox=1gyo x=y;

thus < is the identity relation.

Now suppose that < is the identity relation. Let e, f € E(S). Then
ef < eandef < f;hencee = ef = f. Thus S contains a unique
idempotent and so S is a group by Proposition 5.3.

CLIFFORD SEMIGROUPS

Recall that a semigroup S is a Clifford semigroup if it
satisfies the conditions in (4.4). Thus S is a Clifford semigroup if it is
completely regular and, for all x, y € S,

xxtyy ™t = yytaxl, (5.7)

We are going to prove a structure theorem for Clifford semigroups,
but first we need to a stronger version of the notion of a semilattice of
semigroups, which we introduced in the previous chapter. If we know
that S is a semilattice of semigroups S,,, we know something of the coarse
structure of S: we know thatif x € S, and y € S, then xy € Sy5 (see
Figure 4.4).

The new version is stronger in that it describes precisely what products
are, rather than simply where they are in the semilattice. Suppose that we
have a semilattice Y, disjoint semigroups S, for each « € Y, and, for all
o« > f3, homomorphisms ¢, 5 : S, — Sp satisfying the conditions

(Vo € Y)(@g o = id,) (5.8)
(Vo By € V)(( = B2 y) = (9apPpy = Pay)) (5.9)

Then we can define a multiplication on § = J .y S, as follows: for each
x € S, and y € Sp, the product xy is defined to be (x¢, 4rp) (YPp arp)-
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That is, we use the homomorphisms to map x and y ‘down’ into S,z and
multiply them there; see Figure 5.2. Forany x € S, y € §g,z € S,
x(yz)
= x(( Y9, ﬁrly)(Z(Py,ﬁrly)) [by definition of multiplication]
= (x(Ptx,ocl‘lﬁl‘ly)((y(P,B,,BI‘Iy)(Z(Py,ﬁl‘ly))q)ﬁl‘ly,ocl‘lﬁl‘ly
[by definition of multiplication]
= (xq)oc,ocl‘lﬁl‘ly)(y(Pﬁ,ﬁl‘ly(pﬁl‘ly,(xl‘lﬂl‘ly)(Z(Py,ﬁﬂy¢ﬁﬂy,aﬂﬂﬂy)

[since ¢gry, anpry is @ homomorphism]

= (X(Poc,ocl‘lﬁl’ly)((y(Pﬁ,ocl‘lﬁﬂy ) (Z(Py,ocl‘lﬁﬂy)) [by (5.9)]
= ((X(Poc,ocl‘lﬁl‘ly ) (y(Pﬁ,ocI‘lﬁl‘ly ) ) (Z(Py,ocl‘lﬂl‘ly ) [by associativity in Saﬂp’ﬂy]
= (xy)z, [by similar reasoning]

and so this multiplication is associative. This semigroup S is a strong
semilattice of semigroups and is denoted S[Y;S,; ¢, g]. If every S is a
group, it is a strong semilattice of groups.

An element x of a semigroup S is central if xy = yx forall y € S.

THEOREM 5.13. The following are equivalent:

a) S is a Clifford semigroup;

b) S is a semilattice of groups;

c) S is a strong semilattice of groups;

d) Sis regular, and the idempotents of S are central;

e) S is regular, and every D-class of S contains a unique idempotent.

Proof of 5.13. Part 1 [a) = b)]. Let S be a Clifford semigroup. Then S is
completely regular and so is a semilattice of completely simple semigroups
S, by Theorem 4.17. Let e, f be idempotents. Then e = ee”'e = eee™! =
ee”! by (4.2) and similarly f = ff ! and soef = fe by (5.7). So all
idempotents of S commute. Now, S, is completely simple and so S, =
MI[G; I, A; P] for some group G, index sets I and A, and matrix P over
G.Lete, f € S, be idempotents. Then e = (i, p;}, A) and f = (j, p;},‘u),
and (i, p):}p,\jp;},y) =ef = fe = (j, p;}pmpxil,/\). Hence i = jand
A =pandsoe= f.Soeach§, contains only one idempotent. Thus, by
Proposition 4.14, S, is a group. Therefore S is a semilattice of groups.

Part2[b) = ¢)]. Let S be a semilattice of groups S, where « € Y. To prove
that S is a strong semilattice of groups, we have to define homomorphisms
@, forall a, B € Y, prove that (5.8) and (5.9) hold, and show that the
strong semilattice of groups S[Y; Sy; 9, g] is isomorphic to S.

Write 1, for the identity of the group S,. Thenfor« > fand x € S, we

have 15x € Sg. Hence we can defineamap ¢, 5 : S, — Sgby x¢p, g = 1gx.

For x,y € §,,

(xq)oc,ﬂ)(yq)oc,ﬂ)
= lgxlgy [by definition of ¢, g]
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= lﬁxy [since 1gx € Sg and thus (15x)15 = lﬁx]
= (XY)Pa,ps [by definition of ¢, g]

hence ¢, 4 is a homomorphism. Clearly ¢, , = id;_, so (5.8) holds. For
a>f >y foranyx € §,

XPo,3Pp,y
= (1px)¢g, [by definition of ¢, g]
=1,15x [by definition of ¢, ]
= (lﬁ(l’ﬁ,y)x [by definition of g, ]
=1lx [by Corollary 5.5]
= XPqys [by definition of ¢, ]

hence (5.9) holds. Finally, for any x € S, and y € Sg,

xy = lanpxy [since xy € Synp]
= lynpXlanpy [since 14npx € Syripl
= (x(P(x,ocI‘Iﬁ)(y(Pﬁ,al‘lﬁ)' [by definition Of(Poc,ocl‘l/S and q’zx,m‘lﬁ]

Therefore S is isomorphic to S[Y; Sy 94 gl-

Part 3 [c) = d)]. A strong semilattice of groups S = S[Y; Ses Papl is
certainly regular: for each x € S, let x™! be the inverse of x in the group
Ss- The idempotents of S are the identities of the groups S,. Write 1,, for
the identity of S,. Then for any 8 € Y and x € S,

I(Xx = (ltx(Pa,aﬂﬂ)(xq)ﬁ,aﬂﬁ) = laﬂﬁ(x(/)ﬁ,otl_lﬁ)
= (x(Pﬁ,aﬂﬁ) = (X(Pﬁ,(XHB)I(XI_Iﬁ = (X(Pﬁ,m—l/)))(la(l)“)m_lﬁ) = XI(X'

Thus every idempotent of S is central.

Part 4 [d) = e)]. Each D-class D, must contain at least one idempotent,
namely xx~'. Suppose e and f are idempotent and e D f. Then by
Proposition 3.21(b) there exists an element x and inverse x’ such that
xx' = eand x'x = f. Therefore

2

e=e
= xx'xx' [since xx' = e]
=xfx' [since x'x = f]
=xx'f [since f is central]
= xx'x'x [since f = x'x]
=ex'x [since xx' = €]
= x'ex [since e is central]
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= x'xx'x [since e = xx']
= f*=f. [since f = x'x]
Hence every D-class of S contains a unique idempotent.

Part 5 [e) = a)]. Since every D-class contains a unique idempotent, every
D-class consists of a single 7 -class by Proposition 3.20, and so D = H.
Furthermore, each of these H -classes is a group by Proposition 3.14, and
so every element of S lies in a subgroup and thus S is completely regular
by Theorem 4.15. Thus, by Theorem 4.17, S is a semilattice of completely
simple semigroups S,. Every element of a completely simple semigroup is
D-related, and so every S, is contained within a single D-class and is thus
a group. So S is a semilattice of groups and thus, by the second part of this

proof, a strong semilattice of groups S[Y; S,; ¢, gl. Hence for x € S, and

y € Sg, we have xxtyy ™t = 1,1g = 1onp = 1g1, = yy txxl. 5.13

In particular, Theorem 5.13(d) implies that in a Clifford semigroup,
idempotents commute; hence, by Theorem 5.1, Clifford semigroups are
inverse semigroups. Notice that this is not obvious from the conditions

(4.3) and (4.4).
Let S be a Clifford semigroup. By Theorem 5.13, S is isomorphic to a
strong semilattice of groups S[Y; G,; ¢4,5]- Let x € G, and y € Gg. Then

x<yox=(xx1)y
o x=1,y
& x = (1494,4np) (YPp.arp)
& (x = (14Pa) (YPpa)) A (@ B = )
& (x= y<pﬁ,m-|ﬁ) A(x < ).

Thus the natural partial order < precisely corresponds to the homomor-
phisms ¢, g and the order of the semilattice (Y, <). In particular, we have

1“<lﬁ(@l“:lﬁ(pﬁ,a/\(ocS[J’)(:)OCSﬁ.

Since the identities of the groups G, are precisely the idempotents of
S, we see that (E(S), <) and (Y, <) are isomorphic. In particular, every
semilattice (Y, <) is a Clifford semigroup S[Y; G, ¢, 3] where the groups
G, are all trivial.

FREE INVERSE SEMIGROUPS

Let A be an alphabet. Let A™! be a set of new symbols
bijection with A under the map a — a™'. Extend this map to an involution
of AU A™! by defining (a™!)™! = a. For any word a,a, ---a, € (AU
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Free inverse semigroup

A™N)*, define (aya, ---a,)”! =a,' ---a;'a;’. Let FInvS(A) be semigroup
presented by Sg(A U A™! | p), where

p={w uu):ue(AUA™)"}

U{@u oo oo luw™) s uve (AUA™HT )L

PROPOSITION 5.14. The semigroup FInvS(A) is an inverse semigroup,
where the inverse of[u]p# € FInvS(A) is [u_l]P#.
Proof of 5.14. Define ([u]p# ) = [u‘l]p#. We aim to prove that the con-
ditions (5.1)-(5.4) are satisfied. First of all, it is necessary to check that
the operation ~! is well-defined on FInvS(A). Suppose [u] ot = [v] e

Then there is a sequence of elementary p-transitions u = wy, <, w; <,

. ©, w, = v. Apply ! (as an operation on (A U A™)*) to every
term in this sequence. This yields a sequence of elementary p-transitions

ul = wy! o, wy! O, o, w,' = v7!; hence [u_l]P# = [v_l]P#.

Now let u, v € FInvS(A). It is immediate from the definition of ! that
(™ = () e = [l
and

[uol i = (o)™ = 7w

= [ e [ e = [Vl [ul s

thus (5.1) and (5.2) hold. Furthermore,

(] e [ (4] e = [ e [0 ] i [1a]

= [uu'u] [by definition of p]

pt
= [u]

and

o V10 [u] e [u] 35

[
= [uu‘lvv_l]p#
= [vv ' uu™'] ot [by definition of p]
=[v p# [Uﬁl]P# [u]P# [ufl]P#

[

thus (5.3) and (5.4) hold. Hence FInvS(A) is an inverse semigroup.

Let F be an inverse semigroup, let A be an alphabet, andlet;: A — F
be an embedding of A into F. Then the inverse semigroup F is a free inverse
semigroup on A if, for any inverse semigroup S and map ¢ : A — §, there
is a unique homomorphism ¢ : F — S that extends ¢ (that is, with

104 @ Inverse semigroups



1p = ¢). Using diagrams, this definition says that F is a free inverse
semigroup on A if

At S F

for all \ with S inverse, there exists
¢

S At F = (5.10)
a unique homomorphism @ such that \ F .
¢
S

This definition is analogous to the definition of the free semigroup on A
(see pages 38-39). In Chapter 8, we will see definitions of ‘free objects’
in a much more general setting. Like the free semigroup on A, the free
inverse semigroup on A is unique up to isomorphism:

PROPOSITION 5.15. Let A be an alphabet and let F be an inverse semi-
group. Then F is a free inverse semigroup on A if and only if F = FInvS(A).

Proof of 5.15. Let 1 : A — FInvS(A) be the natural map a: = [a]p#. LetS
be a inverse semigroup and ¢ : A — S a map. Extend ¢ to a map ¢’ :
AUA™ — Sbydefininga™'¢’ = (ap) ' fora™ € A™!. Since (AUA™")* is
the free semigroup on A, the map ¢’ extends to a unique homomorphism
" 1 (AUA™HY - Swith (a1a, - a,)9" = (a,9")(a,¢") -+ (a,9")s
where a; € AU A™!. Since S is an inverse semigroup,
(uu )" = (uep")(wu'¢")(ugp") [since ¢” is a homomorphism]
= (ug")(up™) " (uep") [by definition of ¢]

— u(P"

and

(uuflvvfl)(p" — (u(Pu)(ufl(PI/)(U(P//)(UA(PH)
= (ugp") (") (vp")(ve") ™!
= (v(p")(v(p”)_1 (u(p")(u(p")_l [since S is inverse]
= (uu v )"
for all u,v € (AU A™")*. Thus p C ker ¢" and so there is a well-defined
homomorphism @ : FInvS(A) — S with [u] #® = ug". That is, the
following diagram commutes:

A « d FInvS(A)

N -

AUAT —— (AuA™HF

=

® S
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It remains to prove that ¢ is the unique homomorphism such that
1p = ¢. So let y : FInvS(A) — S be such that iy = . Then for alla € A,
we have [a] ,+y = ary = ap and

[a™! ]P#l// = ([a]p# )711V [by definition of ™! in FInvS(A)]
= ([a] v)™! [by Proposition 5.4]
= (any)™!
= (ap)™
=alo. [by Proposition 5.4]

Hence for anya; € AUA™,

([ayay -+ an]p#)W = ([al]p# [az]p# [an]p#)ll’
= (@] y)(as] oy) - (la,] o )y)
= (a19)(a,9) -+~ (a,9)
= (a]p9)([as] v9) - ([a,] 1))

= ([alaz an]p# )¢

Thus y = . Therefore FInvS(A) is a free inverse semigroup on A.

Now let F be a free inverse semigroup on A. Let1; : A — FInvS(A)
and 1, : A — F be the embedding maps. Following the same argument
as for free semigroups on A (see the proof of Proposition 2.1), this leads
to1, : FInvS(A) — F and1i; : F — FInvS(A) being mutually inverse
isomorphisms.

We could repeat the discussion above for monoids instead of sem-
igroups. The monoid FInvM(A) is presented by Mon{A U A | p). A
monoid F is a free inverse monoid on A if, for any inverse monoid S and
map ¢ : A — §, there is a unique monoid homomorphismg : F — S
extending ¢; that is, with /¢ = ¢. One can prove an analogy of Proposi-
tion 5.15 for monoids, showing that an inverse monoid F is a free inverse
monoid on A if and only if F = FInvM(A). Notice that because there is
no defining relation in p that has the empty word ¢ as one of its two sides,
there is no non-empty word that is equal to € in FInvM(A). Therefore
FInvM(A) = (FInvS(A))".

Since free inverse semigroups and monoids are such fundamental
objects, we would like to be able to solve the word problem: given two
words in (AUA™")" (respectively, (AUA™)*), do they represent the same
element of FInvS(A) (respectively, FInvM(A))? This appears difficult: for
example,

aaa'alatabbab 'bcaa 'cc7!

(5.11)

_ 1 331 -1 -1 _ -1 -13-17 -1
=FInvs(a) @ abb™ aaa” caa” cc” ¢ b ba " ac, }
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but this not obvious. However, we now introduce a representation of
elements of FInvM(A) that makes it easy to answer this question.

Let T be a finite non-empty directed tree with edges labelled by sym- Tree with edge
bols in A. Extend the set of labels to A U A™! by adopting the following labels from AU A™
convention: for all a € A and vertices 3 and y,

-1
o«? o meansthesameas o2 e (5.12)

B B

Denote the set of vertices of T' by V(T'). By definition, [V(T)| > 1. Let
B,y € V(T). If B and y are adjacent, then By will denote the edge from f
toy. A (f,y)-walk on T is a sequence 3 = §,,9;, ...,0,, = ysuch that§;_,;
and §; are adjacent fori = 1,...,n. A (3, y)-walk 8 = §y,6,,...,0, =y
spans T if every vertex of T appears at least once among the 6;. The (3, y)-
path on T, denoted 72(f3, y), is the unique (B, y)-walk 8 = §,,9;, ...,6, =
y such that no vertex of T occurs more than once among the §;; the integer
n is the length of (3, y). Notice that there is a trivial path at 3, namely
(3, B), which has length 0.

Fora (B, y)-walko = (8 =6, ...,0,, = y),definew(o) = x;x, - x,,,,
where x; € AUA™! isthelabel on the edge §;_, 6, fori = 1, ... ,m (recalling
the convention (5.12)). Note that w(rr(S3, 8)) = e.

A word tree over A is a finite non-empty directed tree T with edges Word tree, Munn tree
labelled elements of A (using the convention (5.12)), and where there is
no vertex that has two distinct incoming edges with the same label or two
distinct outgoing edges with the same label. That is,

a word tree does not contain subgraphs

> <’ (5.13)
or

A Munn tree over A is a word tree T with two distinguished vertices ot
and wr (not necessarily distinct).

Figure 5.3 gives an example of a Munn tree. Notice it satisfies the con- FIGURE 5.3
dition (5.13). Furthermore, both words in (5.11) label spanning (ar, wr)- MZU”_’; tree T _f‘l” the_l""o_rfs
walks in this Munn tree. This is how Munn trees allow us to solve the znz abs‘lzli)b‘?(;?z—l;a‘
word problem for FInvM(A): we will prove that two words represent the cc2b~"ba—Lac.
same element of FInvM(A) if and only if they have isomorphic Munn
trees.

To be precise, an isomorphism between two word trees T} and T, is a
bijection ¢ : V(T;) — V(T;) such that there is an edge vv' labelled by a
in T, ifand only if there is an edge (vg)(v'¢) labelled by a in T,,. If T} and
T, are Munn trees, then such a map is an isomorphism if, in addition,
ar ¢ = ar, and wr ¢ = wr.

Suppose we have a word u = x;x, -+- x,,, where x; € AU A™!. Let us Constructing a Munn
describe how to construct a Munn tree T with a spanning («r, wr)-walk o tree from a word
such that w(o) = u. We will initially construct a tree T with distinguished

1
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vertices ar and wr such that there is a spanning (ar, wr)-walk o on T
such that w(o) = u. This tree may not satisfy (5.13). We will then modify
T to turn it into a Munn tree.

To begin, let T be the graph with n + 1 vertices §,,6,,9,,...,8,_1,65,
with edges §;_;6; having label x; for i = 1,...,n (recall the convention
(5.12)). Notice that this tree is simply a path. Let o = §, and wr = J,,.
Note that T is a tree with distinguished vertices o and wy. Let o be unique
path from a; to wy. Then w(o) = u. (The graph at the top of Figure 5.4 is
the result of this construction for u = a’?a=2abb'ab 'bcaa ' cc™'.) Note
that T satisfies all the conditions we want except possibly (5.13). Now let
us modify T.

If T satisfies (5.13), then it is a word tree and so a Munn tree and we
are finished. So suppose T does not satisfy (5.13). Then by the convention
(5.12), T contains a subgraph

for some x € AU AL,

Fix such a subgraph. Modify T by folding the (identically-labelled)
edges 6,0, and 9;0, together and merging the vertices 6; and J;. If we
merge o (respectively, wy) with some vertex, the resulting merged vertex
is still i (respectively, wr). Then T is still a tree and the walk ¢ (which is,
after all, simply a sequence of vertices) is still a spanning (ar, wy)-walk
for T. However, T now contains one vertex fewer than before.

Repeat this process. Since each such modification reduces the number
of vertices of T, then process must halt with a tree T satisfying (5.13), which
is the desired Munn tree. (Figure 5.4 illustrates this process for the word
u=a*a>abblab 'bcaatcc7l))

We now establish four lemmata that lead up to the main result. For
brevity, we write F for FInvM(A). First, we must make some more defini-
tions.

Leto = (B = 8yp,...,0,, = p)and 7 = (y = #p,...,%, = () be,
respectively, a (3, 7)- and a (y, {)-walk on T. Define a (3, {)-walk o1 by

oT = (ﬁ :80,...,8’,”,1,'}/,171)---’7771 ZC)

Clearly one can extend this to products of three or more walks and this
product is associative (whenever it is defined). We also define o~! to be

the (y, B)-walk (y = 8,,,...,8, = B). If o is a (3, §)-walk, then o* has the
obvious meaning for all k € IN.

LEMMA 5.16. Let o be a (3, y)-walk and 7 a (y, {)-walk on a word tree
T. Then:

a) w(ot) = w(o) w(1);

108 @ Inverse semigroups



o o O g @ o a . a _ a b b , a b .10
1 2 3 4 5 6 7 8 9
émergingle’w?:; 46; 68; 9¢11; 12¢+14; 14w b

11
7 13 c
bT aT 12
o9 sl a aQ c 1o a
e :
2 5 10 15 a
%mergingaeﬁ%} c 14
7 13 15
1.y c
1 a a 9 ¢ w s

(04

a a
2 5
*7 22 213

(04
1
al bl c
5 10 15

b) = o7 ifand only if w(z) = (w(0))™".

10 15

émerging 1¢9

Proof of 5.16. Part a) and the forward implication in part b) are immediate

from the definition. It remains to prove the reverse implication in part b).

So suppose w(r) = (w(0))™! = x; --- x,,, (where x; € AUA™). Then o
and 7 both contain m + 1 vertices, witho = (8 = §,,...,d,, = y) and
T=(y="p ...
We already know that §,, = y = #,; this is the base of the induction. For
the induction step, suppose thatd,,_; = ;. Now, §,,,_;0,,_;_; and njn;,,
both have label x;. So, since T satisfies (5.13), § = 7];4,- This proves

the induction step. S0 §,,_; = forall j = 1,...,m. Hence T = o’l. [56

m—j—1

The next lemma essentially says that each Munn tree is associated
with a unique element of FInvM(A):

LEMMA 5.17. If o and T are spanning (o, wr)-walks on a Munn tree T,
then w(o) =g w(T).

Proof of 5.17. If [V(T)| = 1, then o and 7 consist of the single vertex in
V(T) and so w(o) = € = w(T).

In the remaining cases, we use induction on |[V(T')| > 2 to prove the
following statement: If o and 7 are spanning (3, y)-walks on a word tree
T, then w(o) = w(1).
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»Mm = ¢). We will prove that §,,,_; = #; by induction on j.

FIGURE 5.4

Folding a linear graph to pro-
duce a Munn tree for the word
a*a3abb'ab 'beaa ecL.



For the base of the induction, let [V(T)| = 2. Let { be the unique
vertexin T ~ {B}, let 7 = (3, {) and let x = w(7r). Note that x € AU A™!
since  has length 1, because there are only two vertices in T. We now
consider the cases y = S and y = ( separately:

ey =p.Theno = (rr ¥ and 7 = (zr)? for some k, £ € IN U {0}

and so, by Lemma 5.16 and the defining relations in p,

w(o) = (xx 1)k = xx! =r (xx )t = w(7).
e y={_Theno = (mr " )*rand v = (m~')"x for some k, £ € N U {0}
and so, by Lemma 5.16 and the defining relations in p,
w(o) = (xx Hkx = x =p (xx7H% = w(1).
In either case, the result holds for [V (T)| = 2.
For the inductive step, let n > 2. Suppose that if o and T are spanning

(B, y) walks on a tree T such that |V(T)| < n, then w(3) = w(7).

cLAIM. If g, is a (§,&)-walk on a subtree T of T such that [V(T)| < n,
then (W(Oo))z :F W(O-()).

Proof of Claim. Let T, be the subtree of T spanned by a,. Then we have
[V(Ty)| < |V(T)| < nand both g, and o are spanning (&, &)-walks on T.
Thus, by the induction hypothesis, w(o,) =f w(og) = (w(op))>.

Now let o and 7 be spanning (3, y)-walks on T. We consider separately
the case where f3 is an endpoint of T and the case where f is not an
endpoint of T'.

¢ Bis an endpoint (or leaf vertex) of T. Let £ be the unique vertex of
T adjacent to B and let T be the subtree of T obtained by deleting 3
and the edge €. Let m = (3, &) and let x = w(7r). Now we consider
the sub-cases § = y and 3 # y separately.

= y = f. Then for some (&, &)-walks 07,0, ...,0, on T and some
k; e NU {0} (wherei=0,...,h),

o= ﬂ(ﬂ_lﬂ)koal (71_17r)klc72 O'h(ﬂ_lﬂ)khﬂ'_l.

Letu; = w(o;) fori = 1,...,h. By Lemma 5.16,
w(o) = x(x ) R0uy (x xRy -y (x L)

However, u? = (w(0;))* = w(0;) = u; by the Claim. That is, each
u; is idempotent. Hence, since x ' x is also an idempotent, and
idempotents commute,

1

+k1+.“+khu1u2 s th_l =F xﬁx_ 5

w(0) = x(x " x)ko
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where U = u,u, --- u;,. Furthermore, we have i = w(c), where
0 = 0,0, --- 03,. Note that ¢ is a (§, §)-walk. Moreover, since o
spans T, it follows that & spans T.

Similarly, w(t) = xvx ™!, where 0 = w(7) for some spanning
(¢,8)-walk T of T. But |[V(T)| = n— 1 and so « = U by the
inductive hypothesis. Hence

w(o) =¢ xux ! = xUx ! =r W(7).

= y # 3. Then y is a vertex of T. Therefore, for some (&, §)-walks
01,0, ...,0, and a (§,y)-walk o, on T and some k; € N U {0}
(wherei=0,...,h),

o= ﬂ(ﬂ_lﬂ)kodl (rr_lrr)klor2 O’h(ﬂ_lﬂ)khO'OO.

Letu; = w(o;) fori=1,...,hand u,, = w(o,,). By Lemma 5.16,
w(o) = x(x_lx)koul(x_lx)k1 Uy -+- uh(x_lx)khuoo

By the Claim, u} =p u; is idempotent fori = 1, ..., h. Hence

w(0) =p x(ac x)korkit ety g = X,
where & = u,u, -+ uyu,,. Furthermore, we have u = w(c), where
G = 0,0, 0,0, is a (& y)-walk that spans T since ¢ spans
T. Similarly, w(t) =¢ xU, where v = w(T) for some spanning
(&,&)-walk T of T. By the inductive hypothesis, Z =z U and so
w(o) = w(T).
+ Bisnotan endpoint of T. Then we can split T into two subtrees T, and
T, such that |V(T,)| < nand |V(T,)| < n,and V(T,) N V(T,) = {B}.
Interchanging T, and T, if necessary, assume that y € V(T,). Then

o= 01(72 "'Gh,

where his even, the 0,03, 05, ..., 0;,_; are (3, B)-walks (possibly trivi-
al) on the subtree T', the 05, 04, 0, ... , 0y,_, are (3, B)-walks (possibly
trivial) on the subtree T,, and gy, is a (3, y)-walk (possibly trivial) on
the subtree T,. Let u; = w(o;) fori = 1,...,h. Thenfori = 1,...,h—1,
by the Claim we have u} = u; and so u; is an idempotent. Hence

wW(0) = Uy uyUzUy - Uy Uy,
=F WUz o Uy Uply - Uy
= Uy,
where 1, = w(o,) and u, = w(0,), and 0} = 0,05 - 03,_, and 0, =

0,04 - 0y,. Note that 7, is a (B, B)-walk on T, and 0, is a (B, y)-walk
on T,. Since o spans T, it follows that o, spans T'; and @, spans T',.
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Similarly, we can show that w(t) =5 v, 0,, where 0, = w(7,) and

U, = w(7,) for some spanning (B, )-walk T, of T; and spanning

(B, y)-walk T, of T,, respectively. Thus, by the inductive hypothesis,

w(0o,) =p w(T,) andw(c,) = w(T,). Hence w(o) = u,u, = 0,0, =p
w(T).

This completes the inductive step and so the result holds.

Now we want to show each element of FInvM(A) is associated to a
unique Munn tree. As a first step, the next lemma shows that each element
of (AU A™1)* is associated to a unique Munn tree.

LEMMA 5.18. Let T and T be Munn trees. Let o be a spanning (evr, wr)-
walk in T and t a spanning (o, wg)-walk in T such that w(o) = w(7).
Then T and T are isomorphic.

Proof of 5.18. Let x,x, -+ x,,, = w(o) = w(r) and suppose
o= (ar=90p...,0,, =wy) and 7= (ar =7y ...,H,, = W),

where x; is the label on §;_;8; and #;_,#; fori = 1,... ,m. Let T; and T, be
the subtrees of T and T spanned by the walks (8, ..., ;) and (1o, ... , #;)s
respectively, fori = 0, ..., m. Notice that T = T,,, and T = T,,, since o and
7 span T and T, respectively.

Clearly the map ¢, : T, — T, defined by 8,9, = #, is trivially an
isomorphism of word trees.

Suppose that we have an isomorphism ¢, ; : T;_; — T,_; such that

89,y = njfor j = 0,...,i — 1. We show that this can be extended to

an isomorphism ¢, : T; — T;. We consider the cases §; € V(T,_,) and
0; ¢ V(T;_,) separately.
¢ 6; € V(T,_)). Then T; = T,_,. Since 6, is adjacent to §,_; and J,_,J;
has label x;, there exists { € V(T,_;) such that { = §;¢; ; and ( is
adjacent to #;_, with the edge #,_,( having label x;. However, #; is
adjacent to #;_; in T and #;_,#; has label x;. Since T satisfies (5.13),
f; = ¢ =09 1. ThusT; = T; ;. So define ¢; : T; — T by ¢; = ¢; ;5
then 8;¢; = n; for j = 0,...,iand so ¢; is an isomorphism of word
trees.
¢ 6; ¢ V(T,_,). Suppose with the aim of obtaining a contradiction that
n; € T;_;.Since#; is adjacent to#;_; and #7;_, #; has label x;, there exists
& € V(T;_;) such that & = #,¢;}; and & is adjacent to §;_; with the
edge 0;_,& having label x;. Since §; is adjacent to §;_; in T and 6;_,J;
has label x;, and T satisfies (5.13), we have §; = & € (V(T,_;))g;}| =
V(T,_,), which is a contradiction. Hence #; ¢ T;_;.
Thus we can extend ¢, ; to an isomorphism of word trees ¢; :

T; — T, by defining 8,¢; = 1;.

1

By induction on i, there exists an isomorphism ¢, : T,, — T,,. Note that

arg, = 009, = NP, = &7, and similarly wr¢, = wr¢,. So ¢, is an
isomorphism of Munn trees.
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The next result strengthens the previous one, showing that each ele-
ment of FInvM(A) is associated to a unique Munn tree.

LEMMA 5.19. Let T and T be Munn trees. Leto be a spanning (ar, wr)-
walk in T an_d T a spanning (o, wg)-walk in T such that w(o) =p w(7).
Then T and T are isomorphic.

Proof of 5.19. Tt is sufficient to prove the result when w(o) and w(r) differ
by a single elementary p-transition.

+ w(o) = pugand w(t) = puu'uq for p,u,q € (AUA™)* withu # e.
So there exist (ar, 8)-, (5, y)-, and (y, wr)-walks 0}, 05,and 05 on T
such that 0 = 0,0,03, where w(o,) = p, w(o,) = u, and w(o3) = q.
Let v be the (e, wy)-walk 0,0,0; ' 0,0;. Since o spans T, so does v.
By Lemma 5.16, w(v) = puu~'uq = w(r). Therefore, by Lemma 5.18,
the Munn trees T and T are isomorphic.

e w(0) = puutvv'qand w(r) = pvv'uu! for p,u,v,q € (AU

A™)* with u, v # €. So there exist (g, B)-, (B, ¥)-» (B, 8)- and (B, wr)-
walks 0}, 0,, 03, and 0, on T such that ¢ = 0,0,0;'0;0; ' 0,, where
w(o,) = p,w(0,) = u,w(o3) = vand w(o,) = q. Let v be the (o, wr)-
walk 0,030;'0,05"0,. Since o spans T, so does v. By Lemma 5.16,

w(v) = pvv;luu_lq = w(7). Therefore, by Lemma 5.18, the Munn
trees T and T are isomorphic.

THEOREM 5.20. Let T and T be Munn trees, and let o be a spanning
(ap, wp)-walk on T, and let T be a spanning (o7, wp) walk on T. Then
w(o) =p w(t) if and only if T and T are isomorphic.

Proof of 5.20. If w(c) = w(t), then T and T are isomorphic by Lemma
5.19.

On the other hand, suppose ¢ : T —>_T is an isomorphism. Then ¢
maps o to a spanning (a7, wy)-walk @ of T. Note that w(o) = w(o). Then
by Lemma 5.17, w(0) = w(7) and so w(o) = w(7).

We can use Munn trees to compute multiplications in FInvM(A).
Suppose we have two Munn trees T; and T,. Pick a spanning (o , wr, )-
walk o on T and a spanning (e, , wr, )-walk oy with elements. Merge the
the vertices wy and ar, to obtainatree T, and let ay = a7, and wp = wy,.
Let 0 = 0,0,. Then o is a spanning (&, w)-walk on T It remains to fold
edges together until (5.13) is satisfied, as we did to construct Munn trees
initially. Figure 5.5 illustrates the process.

EXERCISES

[See pages 223231 for the solutions.]
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FIGURE 5.5
Multiplying  using  Munn
trees: from Munn trees for
atabbla’a'b7b and
caatec b ba ac, we
compute a Munn tree for the
product by merging the ‘w’
of the first tree with the ‘a’ of
the second and then folding
edges.

*6
merging
wy, & ap %
o
1 8 25 B 2 3 e
a g o
’ a\ ¢ ’ o~ ’ a ’ c ’
ar wr r
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x5.1 Let X = {1, 2}. Find a subsemigroup of Ty that contains only two
elements and which is not an inverse subsemigroup.

5.2 Let G be a group and let S be the set of isomorphisms between sub-
groups of G. Prove that S is an inverse subsemigroup of .

5.3 Let X be a set and let 0, 7 € Tx. Prove the following:
a) 0 LT & imo =imT;
b) 0 Rt & domo = dom7;
oo Dte 071 e |domo| =|domT|.

x5.4 Let X ={1,...,n}withn>3.Lett=(12)and{=(12 ... n—1n).
As remarked in Exercise 1.11, from elementary group theory, we know
that Sy = (1,{).Fork =1,...,n,let

Jy={0 € Iy : |domt| =k}.

(Notice that J,, = Sx.) Fix an element S of J,,_;.

a) Lety € J,_, andlet 7 : domy — dom f8 be a bijection. Prove
that there exists p € Sy such that n78p = y. Deduce that J,,_;

(r.0, B).
b) Prove that J, < Ji,,J,.; for k
Ix = (1.0, B)-

5.5 Let X be an infinite set.

0,1,...,n — 2. Deduce that

a) Let 7 € Ty be such thatdom7 = X andim7 ¢ X.(Sorisa
bijection from X to a proper subset of itself.) Prove that (r,77!)
is isomorphic to the bicyclic monoid.

b) Let I bean abstractindex set with |I| > 2andlet{r; :i eI} < Ty
be a collection of partial bijections such that dom 7; = X and all
the images im 7; are disjoint. (So the 7; are bijections from X to
disjoint subsets of X.) Prove that ({7;,7;! : i € I'}) is an inverse
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monoid isomorphic to the monoid
Mon(z, b;, c; for i € I|(b;c;, €), (b,-cj, z),
(b;z, 2), (zb;, 2),
(¢;z,2), (z¢;, 2), (22, 2)
fori,j e I'withi # j).

(5.14)

[These monoids are called the polycyclic monoids.]
*5.6 A semigroup is orthodox if it is regular and its set of idempotents form
a subsemigroup.

a) Prove that a Clifford semigroup is orthodox.

b) Prove that a semigroup is completely simple and orthodox if and
only if it is isomorphic to the direct product of a rectangular band
and a group.

5.7 Prove that a completely 0-simple semigroup is inverse if and only if it
is isomorphic to M, [G; I, I; P] where P is a diagonal I x I matrix.

x5.8 Let S be a cancellative semigroup. An element 7 of Tg is a partial
right translation if dom 7 is a left ideal of ' and for any x € dom
and y € §', we have (yx)t = y(x1).

a) Prove thatif 7 € Tg is a partial right translation, then im 7 is a
left ideal of S'.

b) Note that for each x € S,themap p, : §' — §' (wheretp, = tx)is
injective and so liesin Tg.Let : S — T be the homomorphism
defined by x — p,. Let T be the inverse subsemigroup of T
generated by im ¢. Prove that the set of partial right translations
in Tg is an inverse subsemigroup of of Iy and contains T

5.9 Prove that the bicyclic monoid B = Mon(b, ¢ | (bc, €)) is an inverse
semigroup. [Hint: use the characterization of idempotents in Exercise
2.10(a).]

x5.10 Let S be an inverse semigroup, and let x € S and e € E(S). Prove that
x <e= x € E(S).
5.1 Prove that the FInvM({a}) is isomorphic to the set

K={(p.q1): poqr€Z,p<0,r20,p<q<r}
with the operation
(P) B r)(P’, ql, r,) = (mln{p, p’ + q}) q+ q” max{r, q+ T’}).

[Hint: each element of FInvM({a}) corresponds to a Munn tree T of
the form

View vertices along this path as having an ‘x-coordinate’ relative to
ar. Let p, g, and r be, respectively, the x-coordinates of the leftmost
endpoint, the vertex wy, and the rightmost endpoint.]
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5.12 Using Exercise 5.11 and the map
¢ : K — BXxB; (p, g, 1) = (cTPb7P*, c"p%),

prove that FInvM({a}) is a subdirect product of two copies of the
bicyclic monoid.

Bruck-Reilly extensions 5.13 Let M be a monoid presented by Mon(A | p). Let ¢ : M — M be an
endomorphism. The Bruck-Reilly extension of M with respect to ¢,
denoted BR(M, ¢), is the monoid presented by

Mon( A U {b,c}| } (5.19)
1
pU{(be,€), (ba, (a@)b), (ac,c(ag)) : a € A}), |

where we view a¢ in the defining relations as some word in A* rep-
resenting that element of M.
a) Prove that every element of BR(M¢) is represented by a word of

the form c'wbF, where y, B € N U {0} and w € A*.
b) i) Provethatify =y’,and f = 8/, and w =y; w', then we have

cwbP =BR(M,p) ' w'bF
ii) Let
X =(INU{0}) x M x (N U{0})
={(pw,B):y,pe NU{0},we M}.

Define

(y,w, B)z, = (y, w(ag), B) for each a € A;
(y’ w, /B)Tb = (% w, ﬁ + 1),

|y +Lwe,0) ifB=0,
(y’w’ﬁ)‘rc—{(y,w,ﬁ—l) it > 0.

Prove that the map v : A — Ty given by xy = 1, for
all x € AU {b, c} extends to a well-defined homomorphism
y : BR(M,¢9) — Ty. Prove that the homomorphism v is
injective. Deduce that if ¢’ wbf =pp M) 'w'b?  theny = y/,
B=pandw = w'.
[Note that, since y is injective, BR(M, ¢) is isomorphic
to a particular subsemigroup of Ty. Since this subsemigroup
is independent of the choice of the presentation Mon(A | p)
for M, the Bruck—Reilly extension BR(M, ¢) is also is inde-
pendent of the choice of the presentation for M.]
¢) Deduce that M embeds into BR(M, ¢).
5.14 Let M be a monoid and let ¢ : M — M be defined by x¢ = 1 for
all x € M. Prove that BR(M, ¢) is simple. [Thus, as a consequence

of Exercise 5.13, every semigroup S embeds into a simple semigroup
BR(S, ¢).]
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NOTES

The exposition of the Vagner—Preston representation theorem
is based on Clifford & Preston, The Algebraic Theory of Semigroups, § 1.9 and
Howie, Fundamentals of Semigroup Theory, § 5.1. The discussion of Clifford
semigroups is based on Howie, Fundamentals of Semigroup Theory, §§ 4.1-2.
+ The introduction of free inverse semigroups follows Lawson, Inverse Semi-
groups, ch. 6; the explanation of Munn trees follows closely Munn, ‘Free Inverse
Semigroups’ (which is a model of clarity) except that we consider free inverse
monoids rather than free inverse semigroups. ¢ See Clifford ¢ Preston, The
Algebraic Theory of Semigroups, p. 28 for the quotation in the introduction. «
The Vagner—Preston theorem (Theorem 5.8), and much of the basic theory of in-
verse semigroups, is found in Vagner, ‘Generalized groups’ and Preston, ‘Inverse
semi-groups with minimal right ideals’; Preston, ‘Representations of inverse
semi-groups’. The structure theorem for Clifford semigroups is due to Clifford,
‘Semigroups admitting relative inverses’, though the terminology is later. « For
further reading, the standard text on inverse semigroups remains Petrich, In-
verse Semigroups, but Lawson, Inverse Semigroups provides a geometric and
topological perspective.
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Commutative semigroups

The two operations, suicide and going to MIT, didn’t commute
— Murray Gell-Mann, ‘The Making of a Physicist'.

3% Abelian groups (that is, commutative groups) have a
simpler structure and are better understood than general groups, espe-
cially in the finitely generated case. It is therefore unsurprising that com-
mutative semigroups also have a well-developed theory. However, there
are still many more commutative semigroups than abelian groups. For
instance, there are three essentially different (non-isomorphic) abelian
groups with 8 elements (the cyclic group Cq and the direct products
C, x C, and C, x C, x C,), but there are 221 805 non-isomorphic com-
mutative semigroups with 8 elements.

A large theory of commutative semigroups has developed, and we
will sample only two areas: first, in structure theory, how cancellative
commutative semigroups are group-embeddable; second, free commut-
ative semigroups and their congruences, leading to the result that finitely
generated semigroups are always finitely presented.

CANCELLATIVE
COMMUTATIVE SEMIGROUPS

Example 2.14 showed that a cancellative semigroup is not
necessarily group-embeddable. However, in this section we will see that
a cancellative commutative semigroup is always group-embeddable. The
method used to construct the group from the cancellative semigroup
is essentially the same as that used to construct a field from an integral
domain (for example, to construct (Q, +,-) from (Z, +,-)).

THEOREM 6.1. Let S be a cancellative commutative semigroup. Then
S embeds into a group G via a monomorphism ¢ : S — G such that

G= (S(p)(S(p)_1 = {xy_1 tx,y€Sh

Proof of 6.1. First of all, note that S embeds into S' and that if G = SS7!,
then G = S'(S")™!, and so we assume without loss of generality that S is a
monoid.

Define a relation o on S x S by (x, y) 0 (z,t) © xt = zy. It is trivial
to prove o is reflexive and symmetric since S is commutative, and o is
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transitive since

(x,y) 0 (2,8) A (2, ) 0 (P, q)
= xt=2zyNzq=pt
= xtzq = zypt
= xq = py [since S is cancellative and commutative]

= (x,¥) 0 (p,q).

Thus o is an equivalence relation. Furthermore,

(x%,y) 0 (z,t) AN(x!,y") o (2/,1)
= xt=zyAx't' =2'y’
= xtx't' = zyz'y'
= xx'tt' = zz'yy' [since S is commutative]

= (xx', yy') o (22, tt").

Thus o is a congruence.

Let G = (Sx S)/o. Let [(x, y)], € G; then (1gx)y = (1gy)x since S is
commutative. Hence (15x, 15y) o (x, ¥) and thus [(1s, 15)],[(x, ¥)], =
[(1gx, Igy)], = [(x, ¥)],. Similarly, [(x, ¥)],[(1s, 15)], = [(x, ¥)],. So G
is a monoid with identity [(1g, 1g)],-

Furthermore, 15(xy) = (yx)1g, since S is commutative, and therefore
(xy, yx) o (15, Lg). Hence [(x, y)],[(y, 0)]; = [(xy, yx)]; = [(15, 15)]s
and similarly [(y, x)],[(x, ¥)], = [(1g, 15)],. Thus [(y, x)], is a left and
right inverse for [(x, y)],. So G is a group.

Let ¢ : S — G be defined by s¢p = [(s, Ig)],. It is clear that ¢ is a
homomorphism. Furthermore, ¢ is injective since

'X(P = y‘P = [(X, IS)]U = [(% IS)]G
= 515 = tlS
= s=1.

Therefore S embeds into G. Finally, note that

[, ]y = [, 1)1 [(1g, W]y = (x9) (y9) ™" € (Sp)(Sp) ™3
hence G = (Sg)(Sp)~".

Let S be a commutative cancellative semigroup. By Theorem 6.1, there
is a monomorphism ¢ from § into a group G such that G = (Sg)(Sg) .
We can therefore identify S with a subsemigroup of G such that G = S§7*.
For any commutative cancellative semigroup S, denote by G(S) some fixed
group containing S as a subsemigroup, such that G(S) = SS™*. (Actually,
one can prove that G(S) is unique up to isomorphism, but we will not
need this result.)
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FREE COMMUTATIVE SEMIGROUPS

Let A be an alphabet. Let FCommS(A) be semigroup
presented by Sg(A | p), where

p={(ab,ba) :a,bec A}.
The following result is essentially immediate:

PROPOSITION 6.2. FCommS(A) is a commutative semigroup.

Let F be a commutative semigroup, let A be an alphabet, and let :

A — F be an embedding of A into F. Then the commutative semigroup F

is the free commutative semigroup on A if, for any commutative semigroup

Sand map ¢ : A — §, there is a unique homomorphism ¢ : F — S that

extends ¢ (that is, with i@ = ¢). Using diagrams, this definition says that

F is a free commutative semigroup on A if
A——>F

for all \ with S commutative, there exists
%

S A 1 F - (6‘1)
a unique homomorphism @ such that \ F .
¢
S

This definition is analogous to the definition of the free semigroup on A
(see pages 38-39) and free inverse semigroup on A (see pages 104-105).
As already noted, in Chapter 8, we will see definitions of ‘free objects’ in
a much more general setting.

Reasoning analogous to the proof of Proposition 5.15 establishes the
following result:

PROPOSITION 6.3. Let A be an alphabet and let F be a commutative
semigroup. Then F is a free commutative semigroup on A if and only if
F = FCommS(A).

As in the discussions of ‘free’ and ‘free inverse), we could repeat the
reasoning above, but for monoids instead of semigroups. The monoid
FCommM(A) is presented by Mon{A U A™! | p). A monoid F is a free
commutative monoid on A if, for any commutative monoid S and map
@ : A — §, there is a unique monoid homomorphism¢ : F — §
extending ¢, with ip = ¢. A commutative monoid F is a free commutative
monoid on A if and only if F = FCommM(A). We have FCommM(A) =
(FCommS(A))".

PROPOSITION 6.4. Let A be a finite alphabet. Then FCommM(A) =
(N u{oh~.
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(Recall the notation for cartesian and direct products from page 4.)

Proof of 6.4. Following Method 2.9, we aim to prove that Mon(A | p)
presents (N U {0})?. Define a map p:A— (NU {04, where ag is
such that (a)(ap) = 1 and (x)(ap) = 0 for x # a. (That is, ag is the
tuple whose a-th component is 1 and all other components 0.) Clearly
(N U {0})# satisfies the defining relations in p with respect to ¢. Suppose
A={ay,...,a,}and let

N={ala . .ab Kk, ky .k, e NU{O} ).

It is obvious that every word in A* can be transformed to one in N by
applying defining relations from p. Finally, since (ai)((alflalz<2 - akn)g),
we see that ¢| is injective. So Mon(A | p) presents (IN U {0})4.

Proposition 6.4 does not hold if A is infinite. The tuples a¢ as defined

@ in the proof do not generate (IN U {0})* when A is infinite, because no
(finite) product of these tuples is equal to (for example) the tuple with
all components 1.

PROPOSITION 6.5. Let S be a finite generated commutative semigroup
(respectively, commutative monoid), let ¢ : A — S be an assignment
of generators (with A finite), and let ¢ : FCommS(A) — S (respectively,
¢ : FCommM(A) — S) be the homomorphism extending ¢. Suppose there
is a finite set o C ker @ such that o¥ = ker . Then S is finitely presented.

Proof of 6.5. We prove the result for semigroups; the reasoning for mon-
oids is similar. Let 9" : A" — S be the homomorphism extending ¢. For
brevity, let 1 be the natural homomorphism (p* )' . A — FCommS(A),
where ay = a(p#)" = [a] +. Note that ker y = ker(p¥)" p*. The following
diagram commutes:

(A

Aty ar V=P rCommS(A)
|+

xs =

To show that S is finitely presented, we must find a finite subset of B+
that generates ker ™.

For each (x, y) € o, fixw, € x((p*)")™" and w, € y((p*)H! and
leto = {(w,, wy) : (x, y) € 0) }. Note that ¢ is finite since o is finite. We
will prove that (G U p)¥# = ker(yp) = ker ¢*.

Make the following definition: for any 7 € By, let ty™! = {(s,t) €
SxS:(sy,ty) et}

Let (u,v) € (6%)y ™. So (uy, vy) € 6. So by Proposition 1.27, there
exist p,q € FCommS(A) and (x, y) € o such that uy = pxq and
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vy = pyq. Let p',q' € S be such that p'y = p and q'y = q. Then
(p'wiq" )y = uy and (p'w,q")y = vy. Therefore (u, p'w,q') € kery =
p# and (p'wyq,v) € kery = p#. Since (p'w.q', p'w,q') € 6%, we have

up* p'w.g' & p'w,q' p* v,

and so (u,v) € (G U p)*. Thus (6“)y™! < (G U p)¥. Since (6 U p)* is
symmetric, (6“)y ' U (6) 'yt € (G U p)*.
Now let u,v € A*. Then

(u,v) € ker(yo)
= (uy,vy) € o
= (uy = vy) V (uy, vy) € U2, (6 U (691"
[by Proposition 1.26(f)]
= (In e NU {0})(Fw,, ..., w, € FCommS(A))
[y = wy) A (w, = vy)
A (Vi) (w;, wyy) € 0 U (09)™1)]
= (In e NU{0})(Fwy, ..., w,, € A")
[(uy = wiy) A (why = vy)
A (V) ((whwhy) € oy U (09 )]
[since v is surjective]
= (In e NU{0})(Twy, ..., w,, € AT)
[(uy = wiy) A (why = vy)
A (Vi)(wiy, wi,) € (' U p)¥)]
[since (¢“)y ™' U (6“) 'yt € (G U p)#]
= (u,v) € (o' U p)¥)].

Therefore ker(y@) € (o' U p)*.

On the other hand, if (u,v) € o/, then (uy,vy) € o C kerg, so
uy@ = vy and so (u,v) € ker(y). If (u,v) € p C kery, then uy = vy,
so uy@ = vy and so (u,v) € ker(y@). Thus ¢’ U p C ker(y) and hence
(o’ U p)* € ker(y) since ker(y) is a congruence.

Therefore (o’ U p)# = ker(y@) = ker ¢* and so S is defined by the
finite presentation Sg(A | o’ U p).

REDEI'S THEOREM

When the alphabet A has n elements, we write write F,, =
FCommM(A) for brevity and (by Proposition 6.4) we view elements of
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Dickson’s theorem

FCommM(A) as n-tuples of non-negative integers from IN U {0}. Define
a relation < on F, by

(X5 X)) S (Vs oo p,) © (Vie {1, ...,nP)(x; < ;).

It is easy to see that < is a partial order on F,. Notice that there are no
infinite <-decreasing sequences in F,,.

THEOREM 6.6. Every antichain in F, is finite.

Proof of 6.6. The proof is by induction on . For the base of the induction,
let Y be an antichain in N U {0} = F,. Since < is a total order on IN U {0},
every pair of elements is comparable and thus Y contains at most one
element. Thus the result holds for n = 1.

Now suppose the result holds for all n < k; we aim to prove it for
n=k.LetY c (NU{0})r = F, be an antichain. For each t € N U {0} and
foreachi e {1,...,k}, let

}fl‘,t:{(‘xl}---)xk)eY:xi:t}.
The set
{(Xl,... > Xi—1> Xjg1o oot »xk) : (xl,... ’xi—l’t>xi+1,xk) € Yi,t }

is an antichain (possibly empty) of F,_; and therefore finite by the induc-
tion hypothesis. Hence each set Y} is finite.

Fixsome y € Y, with y = (y;, ..., ¥). Letz = (z1,...,2,) € Y ~ {y}.
Since Y is an antichain, y ¢ z. Hence y; > z; for some j € {i,...,k}.
Hence

YZ{)/}UU{(le--)Zk) €Y :z; <y}
i=1

n yi—1

:{y}UU U{(Zl,...,Zk)EYIZi:t}

i=1 t=0

n Y
vy

i=1

-1
J Y
=0
Each set Y;, is finite, and so Y itself is finite. Since Y was an arbitrary
antichain in F, this establishes the induction step and so proves the

result.

PROPOSITION 6.7. Let o be a congruence on F,,. Then there is a finite set
p € o such that p* = o.

Proof of 6.7. Define the lexicographic order C on F, by

(X155 X,) T (V> ees ¥,) © (Fk e {1,...,n})
(% < e A (V) < k)(x; = Vi))-
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Then C is a total order on F, and is compatible. (Thatis,x E y = xz C yz
for all x, y,z € F,.) Furthermore, C is a well-order (that is, every non-
empty subset of F,, has a C-minimum element). In particular, every o-class
[x], has a C-minimum element g, .. Let

Q={gq,:xeF}={yeF,:(VxeF)(yox=yCLx)}

So Q consists of the C-minimal elements of all the o-classes. Let R be the
complement of Q in F,; that is,

R={x:q,Cx}={x€eF,:(AyeFE)yoxNyLCx)}

Then R consists of the non-C-minimal elements of all the o-classes. Fur-
thermore,

(xeRN(z€F,)=(q,Cx)AN(z€S)=q,zCxz=xz€R,;

hence R is an ideal of F,,. Let M be the set of <-minimal elements of R.
Then M is an antichain and so finite by Theorem 6.6. Let

p=1{(q,,»m)  meM}.

Notice that p is finite because M is finite.

The aim is now to show that p# = ¢. Since g,,, 0 m for each m € M,
it is immediate that p € o and so p# ¢ 0.

To prove that 0 € p*, the first step is to prove that g, p* x for all
x € F,.

Suppose, with the aim of obtaining a contradiction, that (g, x) ¢ p*
for some x € F,.Then, since C is a well-order, there is a C-minimum s € F,
such that (g,,s) ¢ p*. This element s cannot be in Q, since otherwise
g = sand so (g, s) € p”. Furthermore, s cannot be in M, since otherwise
(gs»5) € p by definition and hence (g,,s) € p#. Thus s € R~ M and so
s > m for some m € M. Therefore s = mt for somet € F,.

Let u = g,,t. Since (g,,,m) € p# and (q,,>m) € o, we have (u,s) =
(g.t-mt) € p* and so (u,s) € o. Notice that (u,s) € o implies g, =
q,. Furthermore, u C s since g,, C m and C is compatible. Since s is
C-minimum with (g,,s) ¢ p?, it follows that (q,,u) € p”. Therefore
s p* u p? g, = g,. Thus (q,, s) € p*, which is a contradiction, and hence
(g,»x) € p* forall x € F,.

Finally, let (x, y) € o.Then g, = q,. By the previous paragraph,
(4., x) and (q,, y) are in p*. Thus x p# q, = q, p* y; hence (x, y) € p*.
That is, o € p#, and therefore o = p*.

The following result is immediate from Propositions 6.5 and Proposi-
tion 6.7:

REDEI'S THEOREM 6.8. Every finitely generated commutative monoid

is finitely presented.
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EXERCISES

[See pages 232235 for the solutions. ]

x6.1 Let S be a commutative semigroup. Let G and G’ be abelian groups
suchthat G = SS™' and G’ = SS™1. Prove that there is an isomorphism
v : G — G’ such that y|g maps SC Gto S € G

x6.2 Let S be a commutative semigroup. Let I be an ideal of S, and let G
be an abelian group. Let ¢ : I — G be a homomorphism. Prove that
there is a unique extension of ¢ to a homomorphism ¢ : S — G.

6.3 Let S be a non-trivial subsemigroup of (IN U {0}, +). Prove that there
exists d € IN U {0} such that S € dIN and dIN \ S is finite.

6.4 Let S be a subsemigroup of (Z, +). Prove that either every element
of § is non-negative, or every element of S is non-positive, or Sis a
subgroup.

Right- and left-reversibility ~ # 6.5 A semigroup S is right-reversible (respectively, left-reversible) if every
two elements of S have a common left (respectively, right) multiple;
that is, if for all x, y € S, there exist z,¢ € §' such that zx = ty
(respectively, xz = yt).

Ore’s theorem Let S be a cancellative right-reversible semigroup; the aim of this
exercise is to prove that S is group-embeddable; this is Ore’s theorem,
and generalizes Theorem 6.1. Let ¢ : S — T be the homomorphism
defined by x — p,.. Let T be the inverse subsemigroup of T gener-
ated by im ¢. By Exercise 5.8(b), every element of T is a partial right
translation. Define a relation ~ on T by

a~Be@eT)(6ca)n(dcp)
for all «, B € T. Notice that
d ca e ((domd € doma) A (Vx € dom 8)(x8 = xa)).

a) Prove that ~ is an congruence.
b) Let G = T/~. Prove that G is a group.

c) Let a, B € T. Prove that « o 8 is not the empty relation, and so
deduce that T does not contain the empty relation.

d) Lety = ¢ o ~! (that is, xy = [x¢]_). Prove that ¥ is a monomor-
phism and so deduce that S is group-embeddable.

x6.6 Let S = (N U {0}) x (N U {0}) and define a multiplication on S by

(m,n)(p,q) = (m+ p,2Pn +q)

Check that this multiplication is associative, so that S is a semigroup.
Prove that S is left reversible but not right reversible.
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NOTES

The number of commutative semigroups of with 8 elements is
from Grillet, Commutative Semigroups, p. 1. « Rédei’s theorem (Theorem 6.8) was
first proved by Rédei, The Theory of Finitely Generated Commutative Semigroups;
see also Clifford & Preston, The Algebraic Theory of Semigroups, § 9.3. The
proof given here is from Grillet, ‘A short proof of Rédei’s theorem’. ¢ Ore’s
theorem (Exercise 6.5) is contained in a theorem about rings proved, using
different terminology, in Ore, ‘Linear equations in non-commutative fields’;
the proof here is due to Rees, ‘On the group of a set of partial transformations’.
+ For further reading, Grillet, Commutative Semigroups is a comprehensive
monograph, but with a very terse style, and Rosales ¢ Garcia-Sanchez, Finitely
Generated Commutative Monoids is an accessible introduction to structural and
computational aspects.
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Finite semigroups

The known is finite, the unknown infinite; intellectually we stand on
an islet in the midst of an illimitable ocean of inexplicability.

— T.H. Huxley,
‘On the Reception of the ‘Origin of Species”, p. 204.

3% In this chapter, we begin the detailed study of finite
semigroups. Although Green’s relations will play a role, other techniques
are used to understand finite semigroups. In particular we will introduce
the notion of divisibility, where one semigroup is a homomorphic image
of a subsemigroup of another. The goal of this chapter is to prove the
Krohn-Rhodes theorem, which says that every finite semigroup divides
a wreath product of finite groups and finite aperiodic semigroups, which,
as we shall see, are finite semigroups where all subgroups are trivial. This
leads naturally into the classification of finite semigroups by means of
pseudovarieties, which is the topic of next chapter.

GREEN’S RELATIONS AND IDEALS

As a consequence of Proposition 3.3, we know that the
Green’s relations D and 7 coincide for finite semigroups.

PROPOSITION 7.1. Let M be a finite monoid with identity 1. Then H, =
L, = Ry = D, = ],. Furthermore, H, is the group of units of M, and
M ~ H, is either empty or an ideal of M.

Proof of 7.1. Let x € R,. Then there exists y € M' = M such that xy = 1.
Since M is finite, x** = x™ for some m, k € N. Then x* = xm+kym =
x™y™ = 1,and so yx = 1yx = x¥yx = x*'x = x* = 1 Hence x H 1.
Therefore R, € H,. The opposite inclusion is obvious, so R; = H,.
Similarly L, = H,. So D, contains only one Z-class and only one R-class
and so D, = H,. Finally, J; = H, since D = 7.

This reasoning also shows that H, is contained in the group of units of
M. On the other hand, all elements of group of units of M are H -related
to 1, so the group of units of S is H;.

Forany y € M~H; = M~J;,wehave ], <], by (3.2).So M~H, =
I(1)={yeS: J, <] }, which is either empty or an ideal by Lemma

3.9.
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Aperiodic semigroups

Characterization of
aperiodic finite semigroups

PROPOSITION 7.2. Let S and S' be finite semigroups and let ¢ : S — §'
be a surjective homomorphism. Let G’ be a maximal subgroup of S'. Then
there is a maximal subgroup G of S such that Gp = G'.

Proof of 7.2. Let G' be a maximal subgroup of S’. Then T = G'¢ ' is a
subsemigroup of S and T = G'. Since T is finite, it has a kernel; let
K = K(S), which is a simple ideal of T by Proposition 3.10. Since ¢ is
surjective, K¢ is an ideal of the group G’ and so K¢ = G'. Since K is
finite it is also completely simple by Proposition 4.10. So, by Theorem 4.11,
K = MIG;I, A; P] for some group G, index sets I and A, and matrix
P over G. View ¢| as a surjective homomorphism from M|[G; I, A; P]
to G'. Foreachi € I and A € A, let G;) be the subset {i} x G x {1} of
MIG; 1, A; P]. Then M[G; I, A; P] is the union of the various G;,, and
GixGju € Gj,- In particular, every G, is a subgroup of T.

L]:t Gy = Gj¢. Then each Gj) is a subgroup of G', and G}, G', € G,

In particular, G, G € Gij,, which implies G}) = 15:G) € Gj,. Similarly
ir € Gj,. Thus all the Gj) are equal. Since ¢ is surjective, G' is the union
of the G/, and thus equal to any one of the G},. Hence G' = G;, ¢ for any

ieland A € A

PROPOSITION 7.3. Let S be a finite semigroup and let x, y € S.If x H y,
then y € xG for some subgroup G of S.

Proof of 7.3. Let H be an ‘H -class of S. Apply Proposition 7.2 to the natural
surjective homomorphism O'IH_I : Stab(H) — I'(H) to see that H = GGIH_I
for some subgroup G of Stab(H). By Proposition 3.24, we see that y €
x-I'(H) =xGforall x,y € H.

A semigroup S is aperiodic if for every x € S, there exists n € IN such
that x" = x"*1.

@ Notice that aperiodic semigroup are actually periodic. For example, any
semigroup of idempotents (such as a semilattice) satisfies x = x* and
so is aperiodic.

PROPOSITION 7.4. Let S be a finite semigroup. The following are equi-
valent:

a) S is aperiodic.
b) all subgroups of S are trivial;
C) _7{ = lds,

Proof of 7.4. Part 1 [a) = b)]. Suppose S is aperiodic. Let G be a subgroup
of Sand let x € G. Then x™ = x™*! for some m € N. Hence x = 1 by
cancellativity in G. So G is trivial. Thus all subgroups of S are trivial.

Part 2 [b) = ¢)]. Suppose that all subgroups of S are trivial. Let H be an
H-class of S. Then I'(H), which is a homomorphic image of a subgroup
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of Stab(H), is trivial. Since |H| = |I'(H)|, it follows that H is trivial by
Proposition 7.3. Hence H = idy.

Part 3 [c) = a)]. Suppose that H = idg. Let x € S. Since S is finite,
x™ = x™** for some m, k € IN. The set of elements {x™, x™*!, ..., x"* "1}
is a subgroup and so all its elements are H -related. Since H = idg, this set
thus contains only one element, which implies k = 1. Hence x™ = x™*1,

Thus S is aperiodic.

We end this section by proving the following two results, although
we will not use them until Chapter o:

LEMMA 7.5. Let S be a finite semigroup and let n > |S|. Then S = SE(S)S.

Proof of 7.5. Let e € E(S). Then SeS = Se” %S € S". Thus SE(S)S € S".
Let x € §". Then x = x, -* x,,, where x; € S. Suppose first that all
the products x; --- x; for k < n are distinct. Then every element of S is
equal to some product x; --- x;.. Hence, since S, being finite, contains at
least one idempotent, some product e = x; --- x; is idempotent. Hence
X = eXpy X, = €Xg, X, € SeS C SE(S)S. Now suppose that
Xp o Xp = Xp -+ X, for some k < €. Then x; «++ x;. = x; - X (Xppq *+- Xp)'
for alli € N. Let i be such that e = (x;,; -+~ x,)" is idempotent. Then
Xy Xy = Xp o Xp@Xpaq X, = X - Xpe> € SeS € SE(S)S. Thus §” €
SE(S)S.

LEMMA 7.6. Let S be a finite semigroup and let x, y € S.
a) If x D xy, then x R xy.
b) If x D yx, then x L yx.

Proof of 7.6. We prove only part a); dual reasoning gives part b).
Suppose x D xy. Since D = J by Proposition 3.3, there exist p,q € S'
such that pxyq = x. Thus p"x(yq)" for all n € IN. Since S is finite,
there exists k € IN such that e = p* is idempotent. Thus, in particular,
ex(yq)k = x, and also ex = eex(yq)k = ex(yq)k = x. Combining these
gives x(yq)* = x. So x R xy.

SEMIDIRECT AND WREATH PRODUCTS

Let S and T be semigroups and let T act on S from the
left by endomorphisms; let ¢ : T — End(S) be the anti-homomorphism
corresponding to this left action. To avoid having to write extra brackets,
we will write ’s instead of t - s. The semidirect product of S and T with
respect to ¢ is denoted S X, T and is the cartesian product § x T with
multiplication defined by

(s1,11) (52, 15) = (51 115, 11 1,). (7.1)
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Wreath product

This multiplication is associative (see Exercise 7.6) and so S x,, T'is a
semigroup. Notice that S X T has cardinality |S||T|.

Notice that for any semigroups S and T, we can take the trivial left
action, wheret -s = s = sfort € T and s € S; this corresponds to
the trivial anti-homomorphism ¢ : T — End(S), with y¢ = idg for all
y € T.In this case, (s;,1,)(sy, 1) = (5;5,,t;t,). Thus the direct product is
a special case of the semidirect product.

Recall from page 4 that ST is the direct product of copies of the set S
indexed by T, or formally the set of maps from T to S. Define a left action
of T on ST byletting y- f = »f be such that (x) ’f = (xy) f. This satisfies
the definition of a left action: forall y,z € T,wehavez-(y- f) =zy- f
since, forall x € T,

W)z (- ) = O CF) = (x2)f = (xzp)f = () Vf =z2y-f.

Let ¢ be the anti-homomorphism that corresponds to this action. The
wreath product of S and T, denoted St T, is the semidirect product S” X, T.
Thus the productin S : T is

(fit)(fas t2) = (fL o 1))

Since this multiplication is derived from the multiplication in direct and
semidirect products, we know it is associative. Hence S T is a semigroup.
Notice that S 2 T has cardinality |S I"T|T).

Let S, T, U be finite semigroups. Then

|(S:T) 2 U| = STV U| = (1SIT )Y Nu| = 18TV 7o)
and
IS (T2 U)| = STV T 2 U = |8V T V),

Therefore the wreath product, as an operation on semigroups, is not
associative.

PROPOSITION 7.7. If M and N are monoids, then MN is a monoid with
identity (e, 1), wheree : N — M is the constant map with (x)e = 1, for
all x € N.

Proof of 7.7. Suppose M and N are monoids. Let . Then for any (f,n) €
M ¥ N, we have

(e, 1n)(f>7)
= (e"f, 1yn)
= (f,n) [since (x)e 'Vf = (x)e(x1y) f = 1y (x) f = (x) f]
and
(f;m)(e 1)
= (f"e,nly)
= (f,n); [since (x) f"e = (x) f(xn)"e = (x) f1j; = (x) f]
hence (e, 1) is an identity for the monoid M : N.
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DIVISION

A semigroup S divides a semigroup T, denoted S < T,
if S is a homomorphic image of a subsemigroup of T. Notice that the
divisibility relation < is reflexive.

Although the divisibility relation is reflexive, most texts use the notation
S < T instead of S < T.

PROPOSITION 7.8. The divisibility relation < is transitive.

Proof of 7.8. Let S, T, U be semigroups with § < T and T < U. Then
there are subsemigroups T’ of T and U’ of U and surjective homomor-
phisms ¢ : T' — Sandy : U’ — T.LetU" = T'y"'. Since T’ is a
subsemigroup of T, it follows that U” is a subsemigroup of U’ and thus
of U. Furthermore, y|;: o ¢ : U"” — S is a surjective homomorphism. So
SxU.

The relation of divisibility seems rather ‘artificial” here, but it is arises
very naturally through the connection between semigroups and finite
automata, which we will study in Chapter 9.

PROPOSITION 7.9. Let S and T be semigroups. Then S and T and their
direct product S x T divide their wreath product S T.

Proof of 7.9. Since S and T are homomorphic images of S x T' under the
projection maps 7ty : SXT — Sand 7wy : SXT — T,wehave S SxT
and T < S x T. Since < is transitive (by Proposition 7.8), it suffices to
prove that Sx T < S T.

For each s € S, let f, € ST have all components equal to s. Define a
mapy : SXT — ST by (s,t)y = (f,,t). Then

(s D9)(s", )y
= (fs’ t)(f;“ t,)
= (f,fo,tt")
= (feott')
[since (x)(f;'f,)) = (x) fi(xt) f,, = ss' = (x) f,, forall x € T]
= (ss',tt" )y
= (s £)(s, )y
So y is a homomorphism. Furthermore,
(s, )y = (s",thy = (f, 1) = (fo t))
=>s=s'At=t
= (s,t) = (s/,t');
thus v is injective. Thus v : Sx T — imy € ST is an isomorphism,

and so y ! is an surjective homomorphism from the subsemigroup im y
of S T to the semigroup S x T.So Sx T < S T.
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PROPOSITION 7.10. Let M be a monoid and let E be an ideal extension
of MbyT.Then E<T M.

Proof of 7.10. By Proposition 1.34, E is a subdirect product of T and M.
That is, E is a subsemigroup of T' x M and hence E divides T' x M. The
result follows from Propositions 7.8 and 7.9. 7.10

PROPOSITION 7.11. If§' < SandT' < T, thenS' : T' < S:T.

Proof of 7.11. The strategy is to prove this in two cases: when S’ and T’ are
subsemigroups of S and T, and when S’ and T are homomorphic images
of S and T. The general result follows immediately.

a) Suppose S’ and T' are subsemigroups of S and T Let
U={(f,t) eS:T:T'fcSAteT'}.

The immediate aim is to prove that U is a subsemigroup of S : T. Let

(fi-t1), (f5o15) € U.So (f1, 1)) (fo. 15) = (fi "'fy, t1t,). First, tt, € T
since T' is a subsemigroup of T. Furthermore, for all x € T’,

(O ") = () () fo) € (T YT ) € 8

since §' is a subsemigroup of S. Hence ( f, ''f,,t,t,) € U. Thus U is a
subsemigroup of S T.
Define g : U — S : T' by (f, 1) = (flp,t). Itis clear that g is a
surjective homomorphism and so 8’ : T’ < S T.
b) Suppose ¢ : S —» S"and y : T — T’ are surjective homomorphisms.
Let

U={(f,t) e StT : kery < ker(fo)}. (7.2)

As in part a), the first task is to prove that U is a subsemigroup of
S T. First, note that U is non-empty, because any map f € ST with
ker v C ker f satisfies the condition in (7.2). Nowlet (f;,£,), (f,,1,) €
U.Let x, y € T with xy = yy. Then (x) f, = (y) f,¢ since kery €
ker( f,¢). Furthermore, (xt,)y = (xy)(t,v) = (yy)(t,¥) = (yt))y
and so (xt;) L, = (yt,) f,¢ since ker ¢ C ker( f,¢). Hence

(X)L "o = (x) fip(xt) 9 = ) frieyt) fr9 = (W) f1 1 fr 0.

Thus kery € ker f; “'f, @, and so (f1,£)(foot,) = (fy''fy, 111,) € U.
So U is a subsemigroup of S : T..

For anymap f : T — S such that kery C ker(fg), there is a
unique map f' : T' — §' such thaty f' = f¢.Defined : U — §': T’
by (f,1)9 = (f', ty). Notice that since y is surjective, for any map
f' € 8" thereisamap f € ST with y f' = fo; hence 9 is surjective.
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Let (fl) tl)) (f2) t2) € U’ then (fl) tl)(fZ’ tl) = (fl tlfz, t1t2)' Further,
(fi.t1)9(fo. )9 = (A, 1 w)(A tw) = ('Y, (415,)y). Now

) fi' "V
= (yw) A" (Gw)E ) ! [by def. of the product and action]
= A Ot S, [since ¥ is a homomorphism]
= () fielyt)) fLe [by definition of f;’ and f,']
= ((y)f1 (yt; )fz)(p [since ¢ is a homomorphism]
= ((}’) fi h 1, )(P, [by def. of the product and action]
and so
(fi 1, 115)9 = (fi' "Y1 (i t)w). (7.3)
Hence
((fi-t)(fr512))9
= (f1"fy, t11,)9 [multiplication in S 2 T
= (fl ! fﬂ//le’ (t; tz)V/) [by (7.3)]
= (f1,aw(frty) [factoring in S’ : T']
= (f1)t1)‘9(f2) tz)S)
and thus 9 is a homomorphism. Therefore S’ : T’ < S T.

Let S be a semigroup. Let S’ be a set in bijection with S under x - x'.
Define a multiplication on SUS’ as follows: multiplication in S is as before
(so that S is a subsemigroup of SU §’), and for all x, y € S,

xyl — xlyl — yl, xly — (xy)/ (74)

It is easy but tedious to prove that this multiplication is associative (see Ex-
ercise 7.9). The set SU S’ is thus a semigroup, called the constant extension
of S and denoted C(S).

PROPOSITION 7.12. If S X T, then C(S) < C(T).

Proof of 7.12. If S is a subsemigroup of T, then C(S) is a subsemigroup of
C(T).

Suppose S is a homomorphic image of T. Then there exists some
surjective homomorphism ¢ : T — S. Define ¢ : C(T) — C(S) by
x¢ = x¢p and x'® = (x¢)’. Checking the various cases in (7.4) shows that
¢ is a homomorphism. It is clearly surjective. So C(S) is a homomorphic
image of C(T).

Hence S < T implies C(S) < C(T). 7.12

PROPOSITION 7.13. Let M be a monoid and S a semigroup. Then C(S
M) < C(SYM 1 C(M).
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In place of this result, several textbooks claim incorrectly that C(S: M) <
C(S) : C(M).

Proof of 7.13. Define amap v : C(S* M) — C(OM :C(M) by

(where () foxt € C(S)M is defined by
L) fexe] = (xp) f

(forall x € M and y € C(M);

(where (9) f con € C(S)M is defined by

([ fcon] = (X))’
(forall x € M and y € C(M).

A

(f’ H’I)l[/ = (fext)m)a

A

(fsm)'y = (fcon>m"),

Notice that (x)[(¥) f con] does not depend on y. That s, f,, is a constant
map from C(M) to C(S)M.

The maps f oy and f ., are maps from C(M) to C(S)M. That is, () f ext
@and (») f con are maps from M to C(S) for all y € C(M). Notice in

particular that f_,, is a constant map from C(M) to C(S)™, but for

y € C(M), the map (y) f .on s in general not constant.

We are going to prove that v is a monomorphism. Let us first prove
that y is injective. To begin, observe that (f,m)y = (g,n)'y implies
(f ext>m) = (heop»>n'), which can never happen sincem € M andn’ € M'.
Thus to prove that y is injective, we only have to check that no two distinct
elements of St M are mapped to the same element and that no two distinct
elements (S * M)’ are mapped to the same element:

a) Suppose (f,m)y = (g,m)y. Then f . = gexr and m = n, and hence
(¥) fext = (V) fext forall y € M, or, equivalently, (xy) f = (xy)g for
all x, y € M. In particular, putting x = 1 shows that (y) f = (y)g for
all y e M and so f = g; hence (f,m) = (g, m).

b) Suppose (f,m)'y = (g,n)'y. Then (f.on,M') = (Geon>1') and so

Feon = Geamandm’ = .80 (9))' = () f con] = (O geon] =
((x)g)’, and thus (x) f = (x)g for all x € M. Hence f = g and so
(f,m)'=(gn).

Therefore y is injective.

Next, we have to prove that v is a homomorphism. There are four
cases to consider, depending on whether each multiplicand lies in § : M
or (St M)'. We explain one case in full here and outline the others; the
details are left to Exercise 7.11.

a) Let (f,m),(g,n) € S M. We first have to prove:

(f mg)ext = fext mgext' (75)

Since both sides of (7.5) are maps from C(M) to C(S)™, we must
prove that (¥)(f "'g)ext = (V) fext "'Jext for all y € C(M); since both
sides of this equality are maps from M to C(S), we must prove that
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DS P ext] = (V) fext "Fext ] for all x € M and y € C(M).
We proceed as follows:

(S ") ext]
=(xy)f™g [by definition of 4]
= (xy) f(xym)g [by def. of the product and action]
= ()[(Y) fext] (D) "Gext ] [by definition of ]
= ()W) fext(V) "Gext > [by multiplication in C(S)M]
= (X)) fext "Gext 5 [by multiplication in (C($)M)¢()]

this proves (7.5). Now we have:

((f,m)(g.m)y = (f"g,mn)y
= ((f ") ext>mn)
= (fext "Gext>mn) [by (7.5)]
= (f extr ™) (Gex> 1)
= (f,my(g,n)y.

b) Let (f,m)’ € (St M)" and (g,n) € S M. By Exercise 7.11,

(f mg)con = fcon m’gext' (7-6)

Now we have:
((f,m)(g:m)y = (f"g,mn)'y
= ((f9) con> (mn)")
= (feon " Gext>m'n) [by (7.6)]
= (feon-m')(g's1)
= (f,m)y(g,n)y.

c) Let (f,m) e St M and (g,n)' € (S M)'. By Exercise 7.11,

Yecon = fext mgcon' (7-7)
Now we have:
((f,m)(g.m)" )y = (g:m)'y
= (gcon’ n')
= (fext mgcon > mn,) [by (7'7)]

= (fext> m)(gcon’ n')
= (f,my(g,n)'y.

d) Let (f,m)’,(g,n)" € (S M)'. By Exercise 7.1,

gCOIl = fCOIl mgCOI’l' (7'8)
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TABLE 7.1
Multiplication table of Us.

Now we have:

((fsm)(g.m) )y = (g.n)y
= (Geon>1")
= (fcon "Gcon>m'n’) [by (7.8)]
= (feon> ™M) (Geon>1")
= (frm)y(g.n)'y.

Hence v is a homomorphism and thus a monomorphism. Therefore v~
is a surjective homomorphism from the subsemigroup im y of C(S)M »
C(M) to C(S M), and so C(S : M) < C(S)M + C(M). 7.13

COROLLARY 7.14. Let M be a finite monoid and S a semigroup. Then
C(S : M) divides a wreath product of copies of C(S) and C(M).

Proof of 7.14. By Proposition 7.13, let M be a monoid and S a semigroup.
Then C(S : M) < C(S)M : C(M). But C(S)M is a direct product of |M|
copies of C(S) and so C(S)M : C(M) divides a wreath product of copies
of C(S) and C(M) by Propositions 7.9 and 7.11. The result follows by the
transitivity of <. 7.14

KROHN-RHODES
DECOMPOSITION THEOREM

Let U; be the monoid obtained by adjoining an identity
to a two-element right zero semigroup {a, b}. So U; has elements {1, a, b}
and is multiplication table is as shown in Table 7.1. Notice that x* = x for
all x € Us, and so Uj is aperiodic.

The Krohn-Rhodes theorem is often stated in the form ‘every finite
semigroup divides a wreath product of finite groups and finite aperiodic
semigroups. We will prove a stronger form by showing that every finite
semigroup divides a wreath product of its own subgroups and copies of
Us;. We first of all note that it suffices to prove the theorem for monoids
since S < §'. The proof is by induction on the number of elements in
the monoid. The core of the induction is Lemma 7.16, which shows that
a monoid S is either a group, a left simple semigroup with an identity
adjoined, monogenic, or can be decomposed as S = LU T, where Lis a
left ideal and T is a submonoid and L' and T have fewer elements than
S. The theorem is trivial for groups, and we will prove it for left simple
semigroups with identities adjoined (Lemma 7.18) and for monogenic
semigroups (Lemma 7.19); these cases form the base of the induction. The
fourth possibility, of decomposition as S = L U T, supplies the induction
step. The reader may wish to look ahead to Figure 7.1 on page 145 to keep
track of the roles of the various lemmata.

We need the following auxiliary result before we prove Lemma 7.16:
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LEMMA 7.15. Let S be a finite semigroup. Then at least one of the following
is true:

a) Sis trivial;

b) S is left simple;

c) S is monogenic;

d) S = LUT, where L is a proper left ideal of S and T is a proper subsemi-
group of S.

Proof of 7.15. Suppose that none of the properties a), b), or ¢) is true; we
aim to prove d). Since S is not left simple, it contains proper left ideals.
Since it is finite, it has a maximal proper left ideal K.

Let x € S~ K. Then K U S'x is a left ideal that strictly contains K.
Since K is maximal, KU S'x = S. If S'x # S, thenlet L= Kand T = S'x
and the proof is complete.

So assume S'x = S. Then S == Sx U {x} € Sx U (x).IfS # Sx, then
let L = Sx and T' = (x) and the proof is complete since T # S because S
is not monogenic.

Soassume S = Sx.Let M = {y € S : yx € K}. Then M non-empty
(since Mx = K) and is a left ideal of S. Furthermore, it is a proper left
ideal because K is a proper left ideal and Sx = S. If M ¢ K, then M UK
is a left ideal of S strictly containing the maximal left ideal K and so
MUK =S;set L= M and T = K and the proof is complete.

So assume M < K; that is,

yx e K= yeK. (7.9)

Repeat the reasoning above for all x € S \ K. Either some such x allows
us to complete the proof, or (7.9) holds for all x € S~ K. In the former
case, the proof is finished. In the latter case, take the contrapositive to
seethat y € SN\ K = yx € SN K forall x € S~ K. Therefore S~ Kis a
subsemigroup. Solet L = K and T = S \ K the proof is complete. [715

LEMMA 7.16. Let S be a finite monoid. Then at least one of the following
is true:

a) Sis a group;

b) S is a left simple with an identity adjoined;

c) S is monogenic;

d) S = LUT, where L is a left ideal of S and T is a submonoid of S, and
L' and T both have fewer elements than S.

Proof of 7.16. Suppose that none of the properties a), b), and c) is true;
we aim to prove d). Let G be the group of units of S. Consider two cases:
a) G is trivial. Then S ~ G = S ~ {1} is an ideal by Proposition 7.1 and
thus a subsemigroup of S. Since S is not left simple with an identity
adjoined, we know that S ~ {1} is not left simple. Apply Lemma 7.15
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to S~ {1} to see that S~ {1} = L U Q, where L is a proper left ideal of
S~ {1} and Qs a proper subsemigroup of S~ {1}. Since L # S~{1}, we
know that LU {1} # S.Let T = QU {1}; then T is a proper submonoid
ofSandS=LUT.

b) G is non-trivial. Thenlet L = S~ GandletT = G.ThenS = LUT.
Since G is non-trivial, L U {1} # S, and since S is not a group, T # S.
In both cases, S = L U T, where L is a left ideal of S and T is a submonoid
of S. Furthermore, in both cases L' and T both have fewer elements than
the original monoid S. 716

Now we turn to proving the cases forming the base of the induction;
that is, monoids consisting of a left simple semigroup with an identity
adjoined, and monogenic monoids. To prove the former case in Lemma
7.18, we will need the following lemma, which essentially shows that the
theorem holds for left zero semigroups:

LEMMA 7.17. Every finite left zero semigroup divides a wreath product of
copies of Us.

Proof of 7.17. Let L,, be a left zero semigroup with n elements. The strategy
is to proceed by induction and show that L}, < L},_; ¢ L. The base of the
induction is proved by observing that the semigroup L} = {0,1} is a
homomorphic image of U;.

Foreach x € L},_,,define f, : L} — L}_; by (1) f, = xand (0) f, = 1.
Let

K={(f,,0):x€eLl ;}

Furthermore, (f,,0)(f,,0) = (f Ofy, 0) = (f,,0), since for all z € L},

)£ fy = @ f(20)f, = () £ (0)f, = @) f1 = (2) e

Hence K is a left zero subsemigroup of L},_; ¢ L]. Notice thatn = |L],_| =
|K|. Furthermore, the wreath product L},_, :L} is a monoid by Proposition
7.7. Therefore K U {1} is a subsemigroup of L;,_, : L} isomorphic to L},.
Hence L), < L), ¢ L}.

By Proposition 7.11, L), divides a wreath product of n copies of Us;
thus L,, also divides a wreath product of n copies of U; by the transitivity
of divisibility. 717

LEMMA 7.18. Let S be a finite left simple semigroup. Then S' divides the
wreath product of a subgroup of S and copies of Us.

Proof of 7.18. Since S is finite, it contains an idempotent. Thus by Theorem
4.19, we see that S is isomorphic to Z x G, where Z is a left zero semigroup
and G is a subgroup of S. By Lemma 7.17, Z divides a wreath product
of copies of Us. So by Propositions 7.9 and 7.11, Z x G divides a wreath
product of G and copies of Us. 718
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We now turn to proving the remaining case in the base of the induc-
tion, namely monogenic monoids:

LEMMA 7.19. Let S be a finite monogenic monoid. Then S divides the
wreath product of a subgroup of S and copies of Us.

Proof of 7.19. The monogenic monoid S = {1, x, ..., xk, L 1 (with

xF™ = x*) is an ideal extension of the subgroup G = {xk, ... xkm1)
by the monogenic monoid Cy, = {1, x, ..., x*} (with x* = x* + 1).

We proceed by induction on k and show that C;. divides a subsemi-
group of C;_; ¢ C,. The base case of the induction is proven by observing
that C, = {1, x} (with x* = x) divides Uj, since it is isomorphic to the
subsemigroup {1, a} of U;.

Fori € N, define f; : C;, - C,_; by (1) f; = x'! and 0)f; = x'. Let

U={1}U{(f,0):ie N}<C, :C,.
Let (fz,O)(_f],O) eU. Then (ﬁ)o)(f]>0) = (ﬁ ij,O) = (fH_],O) Since

0)£:°f; = (0)f(0) f; = x'x/ = x™T = (0) fi,,
W £ f; = WAFO)f; = xx = (1) fiy.

Hence U is a submonoid of C;._; ? C;. In particular, (f;,0) = (f;, 0§ for
all i € IN, and so U is the monogenic submonoid of C;_; : C; generated
by ( f;,0). Finally, note that

(1, 0" = (fie1,0) = (f10) = (f1, 0)%,
(f1,00% = (f, 0) # (fr_1,0) = (1, 0%

and so

U ={1,(f,,0), (f1,0)% ..., (f,, 0)F}.

Hence U is isomorphic to Cy, and therefore C, < C;_; 2 C;.

Thus every C, divides a wreath product of U; by Propositions 7.9 and
7.11. So S, being an ideal extension of G and Cy, divides a wreath product
of G and copies of U; by Proposition 7.10. 719

Finally, we are ready to being proving the induction step, in the case
where the monoid has been decomposed as the union of a left ideal and a
subsemigroup. We require the following four lemmata, and then we can
quickly prove the theorem.

LEMMA 7.20. Let S be a semigroup and suppose S = LU T, where L is a
left ideal of S and T is a subsemigroup of S. Then S < L' : C(T"),
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Proof of 7.20. Leti : C(T") — L' be the constant map defined by (¢)i =
(t")i = 1forallt € T'. For each x € L, let f, : C(T') — L' be the right
translation defined by (t) f, = (t') f,, = tx forallt € T". Notice that tx € L
since L is a left ideal.

Let

V={Gt):teTU{(fut) :xeLteT}

We aim to show V is a subsemigroup of L' : C(T") and that S is a homo-
morphic image of V. We have four cases to consider:

a) Let (i,t), (i,u) € V. Then (i,t)(i,u) = (i%i, tu) = (i, tu) since
()i = (s)i(st)i =1 = (s)i,
(sNili = (sNi(s")i=1 = (s")i
foralls e T'.
b) Let (i, 1), (f,,u') € V. Then (i, t)(f,, u') = (itfy,tu’) = (fiy»u'), since
(9)i'f, = (9)i(st) f, = sty = () fry»
(s"Ni'f, = ($Ni(s') f, = 1s'ty = () f,,

foralls e T'.
c) Let (f,,t"),(i,u) € V. Then (f,t")G,u) = (f, Ui t'y) = (f (tu)")

since
() fe ' = (8) fu(st)i = (5) fie 1 = (8) fon
(") fli = () fo(s't)i = (s") fiel = (s) £

foralls € T".

d) Let (f,.t"), (fy,u’) € V. Then

(fot(fyp i) = (fe fyot't) = (fagy ),

since
[ fy = ) fiulstf, = () [t f, = sxty = (5) fry
(S,)fx t’fy = (S’)fx(slt,)fy = (S’)fx(t,)fy = SXty = (s,)fxty

foralls e T'.

Hence V is a subsemigroup of L' : C(T"). Definea map ¢ : V. — S by
(i,t) = t and (f,,t")p = xt. Then, using the four cases above,

(G, )G, u)e = (i, tu)p = tu = (i,t)p(i, u)e,
((l’ t)(fy) l/l,))(P = (ftya u')(P = tyu = (1’ t)‘P(fy) u,)(P>
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((foo G w)e = (fe, ) ) = xtu = (f, t")e(i, ),
((fx’ t,)(fy’u,))(/) = (fxty’ u)p = xtyu = (f,, t,)q)(fy’ u')g;

hence ¢ is a homomorphism. Finally, note that T' € im ¢ since (i,t)p = ¢t
forallt € T and L < im¢ since (f,,1)¢ = x for all x € L. Hence
S=LUT = img and so ¢ is a surjective homomorphism. Thus S <
L' C(T). 7.20

The following result is essentially a more precise version of Lemma
7.20 that holds when we decompose a monoid into the union of its group
of units and the set of remaining elements:

LEMMA 7.21. Let S be a monoid and let G be its group of units. Then
[=S~Gisanidealof Sand S < I' : G.

Proof of 7.21. First, notice that S\G is an ideal by Proposition 7.1. For each

x € I',defineamap f, : G — I' by (g) f, = gxg~" forall g € G. Notice

that (9)f; =gg ' = 1forallge G.LetV = {(f,.g) : x € I',g € G}.
Let (f,> 9) (fy, h) € V. Then for any k € G,

(K) £ 7fy = (k) fc(kg) £,
= kxk'kgyg k™!
= k(xgyg k™!
= (k) frgyqt-

Therefore
For @) Fyoh) = (£ 9,2 1) = (Frgyg - gh): (7:10)

Notice that xgyg™ € I' since x is in I' and I is an ideal. Thus V is a
subsemigroup of I' : G.

Defineamap ¢ : V. — Sby (£, g)¢ = xg. This map ¢ is well-defined
since f, = f, = (1) f, = (1) f, = x = y. Furthermore,

((fx’ g)(fy’h))(P = (fxgyg‘l’gh)(l) [by (7.10)]
= xgyg ' gh
= xgyh

= (o 99 f; D).

So ¢ is a homomorphism. Finally, G € im ¢ since (f;,g)¢ = g for all
g € Gand I' € im ¢ since (f,, 1)¢ = x for all x € S. So ¢ is surjective
andso S< I":G.

The following lemma shows that the result holds for right zero semi-
groups, but we only use it to prove the next lemma.
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Krohn-Rhodes theorem

LEMMA 7.22. Every finite right zero semigroup, and every finite right zero
semigroup with an identity adjoined, divides a wreath product of copies of
U,.

Proof of 7.22. Let R, denote the right zero semigroup with k elements.
Notice that Ry is a subsemigroup of R, and R} is a submonoid of R}
for k < €. The direct product of n copies of U; contains subsemigroups
isomorphic to R,» and Rj», so for any k the direct product of sufficiently
many copies of Uy contains R, and Rj.. So R, and R}, divide a wreath
product of copies of U; by Proposition 7.9. 722

LEMMA 7.23. Let S be a finite semigroup. If S divides a wreath product of
groups and copies of Us, then C(S) divides a wreath product of copies of
those same groups and copies of Us.

Proof of 7.23. Supppose that S divides a wreath product of groups G; and
copies of Us;. By Propositions 7.11, 7.12, and 7.14, C(S) divides a wreath
product of the monoids C(G;) and copies of C(U;). Now, the semigroup
C(Ujy) is a right zero semigroup with an identity adjoined, which divides
a wreath product of copies of U; by Lemma 7.22. The group of units
of C(G;) is G; and L = C(G;) \ G; is an ideal of C(G;) by Proposition
7.1. Furthermore, L is a right zero semigroup by (7.4). So C(G;) divides
L' : G, by Lemma 7.21. Since L' is a right zero semigroup with an identity
adjoined, it divides the wreath product of copies of U; by Lemma 7.22. So
L' G; divides a wreath product of G; and copies of U by Proposition 7.11.
So S divides a wreath product of the groups G; and copies of U;.  [7.23

Finally, using these lemmata, we can proof the Krohn-Rhodes Theo-
rem. To keep track of the roles of the various lemmata, see Figure 7.1.

KROHN-RHODES THEOREM 7.24. Let S be a finite semigroup. Then S
divides a wreath product of subgroups of S and copies of Us.

Proof of 7.24. Let S be a semigroup; we will show that S divides a wreath
product of its subgroups and copies of U;. Since S < S', we can assume S
is a monoid.

The strategy is induction on the number of elements in S. The base
case of the induction is when S has one element. In this case, S is trivial,
and so S is a group and the result holds immediately.

So assume the result holds for all monoids with fewer elements than S.
As already noted, the result clearly holds if S is a group and in particular
if S is trivial. It also holds by Lemma 7.18 if S is a left simple semigroup
with an identity adjoined, and if S is monogenic by Lemma 7.19.

So assume § is not trivial, not a group, not a left simple semigroup
with an identity adjoined, and not monogenic. By Lemma 7.16,S = LU T,
where L is a left ideal and T is a submonoid of S and both L' and T have
fewer elements than S. So by the induction hypothesis, L' divides a wreath
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product of subgroups of L' (which are also subgroups of S) and copies of
Us, and similarly T' divides a wreath product of subgroups of T' (which are
also subgroups of S) and copies of U;. By Lemma 7.23, C(T') also divides
a wreath product of subgroups of S and copies of U;. By Proposition 7.11,
S thus divides a wreath product of subgroups of S and copies of Us.

Thus, by induction, the result holds for all monoids S. 7.24

EXERCISES

[See pages 235-239 for the solutions.]
7.1 Let M be a finite monoid. Prove that M is a group if and only if

MxM = M for all x € M.
7.2 Let S be a finite semigroup. Let ], be a nontrivial J-class of S. Prove
that there is a regular J-class J y such that J, <] e

7.3 a) Prove that a finite nilsemigroup is nilpotent.
b) Give an example of an infinite nilsemigroup that is not nilpotent.

7.4 Let S and §' be finite semigroups and let ¢ : S — S’ be a surjective
homomorphism.
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a) Let J be a J-class of S. Prove that there is a J-class J' of S’ such
that Jo € J'.
b) Let J' be a J-class of §’. Prove that there is a J-class J of S such
that Jo € J'. If ] is minimal such that J¢ € J', then Jo = J'.
7.5 Prove that if S is a finite semigroup in which # is the equality relation
and T < §, then in T the relation H is also the equality relation. Give
an example to show that this is may not be true when S is infinite.

7.6 Prove that the multiplication defined for semidirect products (7.1) is
associative.

7.7 Prove that if M and N are groups, M ¢ N is a group.
7.8 Suppose that S and T are cancellative semigroups. Must S ¢ T be
cancellative?

7.9 Prove that the product defined by (7.4) for the constant extension is
associative.

7.10 Let M be a non-trivial monoid. For each x € M, let p,, € T,; and
7, € T; be defined by yp, = yx and y7, = x. Prove that C(M) is
isomorphic to the subset { p,., 7, : x € M} of T),.

x7.11 Using a technique similar to the proof of (7.5), prove (7.6), (7.7), (7.8)

NOTES

The Krohn-Rhodes theorem was first stated and proved for
automata in Krohn ¢ Rhodes, ‘Algebraic theory of machines I'. # The proofin
this chapter is due to Lallement, Semigroups and Combinatorial Applications,
and incorporates the correction published in Lallement, Augmentations and
wreath products of monoids’. ¢ Rhodes & Steinberg, The q-theory of Finite
Semigroups is the most comprehensive monograph on finite semigroup theory,
but is decidedly non-elementary.

%0
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Varieties
¢» pseudovarieties

Variety of opinion is necessary for objective knowledge.
And a method that encourages variety is also the only
method that is compatible with a humanitarian outlook.

— Paul Feyerabend, Against Method, p. 32.

3 The aim of this chapter is to introduce varieties and
pseudovarieties of semigroups and monoids. These are classes of that are
well-behaved and can, in particular, be defined using sets of equations.
For instance, the class of all commutative semigroups forms a variety, and
the class of all finite commutative semigroups forms a pseudovariety, and
both are defined by the equation xy = yx. We will formalize these notions
later in the chapter, and we will see how varieties and pseudovarieties
can be defined and manipulated in different ways.

Pseudovarieties are important in the study of finite semigroups for
the following reason: there are many finite semigroups of a given size,
but most of them are boring. Of the 3 684 030 417 non-isomorphic semi-
groups with 8 elements, 3 661522 792 of them are nilpotent semigroups
S satisfying S> = {0}. (Essentially, the reason there are so many of these
semigroups is that any multiplication in which all products of length 3
are equal to 0 is trivially associative.) Pseudovarieties allow us to isolate
the more interesting classes.

The concepts of varieties and pseudovarieties are actually broader
than semigroups: varieties make sense for any type of algebraic structure,
and pseudovarieties make sense for any type of finite algebraic structure.
Therefore we will begin by discussing varieties in terms of universal
algebra.

VARIETIES

An algebra is a set S equipped with some operations { f; :
i € I1}. An operation f; on S is simply a map f; : $/% — § for some
fie € N U{0}. This f;« is called the arity of f;. For instance, if S is a
semigroup, the multiplication operation o is a map o : §* — S and
so has arity 2. If S is a inverse semigroup, the inverse operation ' is a
map 1. § - Sand so has arity 1. If S is a monoid, we can view the
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Types

Subalgebras

Homomorphisms

Congruences

identity element 15 as an operation, or as a map 1g : S — S (where
S° = @); the operation 1 has arity 0. Operations of arity 1 are called
unary; operations of arity 2 are called binary; operations of arity 0 are
called constants. Notice that we haveamapa : { f; :i € I} - IN U {0}.

Atype T of an algebra is a set of operations symbols{ f; : i € I} and a
map« : { f; : i € I} = N U {0} determining the arity of each operations.
We can write the type simply by listing the pairs in the map « (viewed as
a set). A semigroup has type {(°, 2)}, a monoid has type {(e, 2), (1, 0)} (the
identity operation 1 is constant), and a lattice has type {(, 2), (L}, 2)}. An
algebra of type T is called a T-algebra.

Notice that some structures can be viewed as algebras in more than
one way, and thus have more than one type. Let G be a group. Then
G, viewed as a group, is a {(c,2), (15, 0), ("}, 1)}-algebra; G, viewed as a
monoid, isa {(e, 2), (15, 0)}-algebra; G, viewed as a semigroup, is a {(, 2)}-
algebra.

Strictly speaking, we should distinguish a symbol f; from the oper-
ation f;: for instance, we use the same symbol o to refer to the different
multiplications in different semigroups. We will want to use the same
symbol to discuss operations of the same arity in different structures.

Let T = {(f;, fia) : i € I} be a type. We are now going to give
the definition of subalgebras, homomorphisms, congruences, and direct
products of T -algebras. These definitions are straightforward generaliza-
tions of the definitions for semigroups.

Let Sbe a T-algebra. A subset S’ of S is a subalgebra of S if §" is closed
under all the operations in T: that is, for each i € I, we have

XpseworXfg €8 = (X150, Xp0) f; €S (8.1)

In particular, this means that f; € S’ whenever fa = 0. Let X C S.
The subalgebra generated by X is defined to be the intersection of all
subalgebras that contain X. It is easy to prove (cf. Proposition 1.11) that
the subalgebra generated by X consists of all elements that can be obtained
by starting from X and applying the operations f;.

Let Sand T be T-algebras. Then ¢ : S — T is a homomorphism if for
each i € I, we have

(Ceps s X£0) i) = (X190, -, X140 ) e (8.2)

(Notice that on the left-hand side of (8.2), f; is an operation on S, while on
the right-hand side, it is an operation on T'.) An injective homomorphism
is a monomorphism, and a bijective homomorphism is an isomorphism.
If ¢ : S = T is a surjective homomorphism, T is a homomorphic image
of S.

Let S be a T-algebra. A binary relation p on S is a congruence if for
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eachi €I,

(Vxl’yl""’xf,-(x’yf,-(x)
(xl PYLA ... /\xfioc pxﬁoc
= (X X ) fi P D15 Vi) fi)-

Let S ={S; : j € ]} beacollection of T-algebras. The direct product
of the T-algebras in § is their cartesian product [ | jer Si with the opera-
tions performed componentwise:

(D155 8¢ fi = ((sys -5 (G)sg) £

Let A be a non-empty set and let F(A) be the smallest set of all
formal expressions (that is, words) over AU{ f; :i e I} U{(JU{D}U{}
satistying the following two conditions:

A € F(A);
Ups oo Ufg € Fr(A) = (uy, ... ,uﬁ_a)fi € F1(A).

For instance, if T is {(f,2),( ' ,1)} and A = {a,b, c}, then the words
(a,(((c, b)), e) f) f and (((b)', ((b,a) f,(c)") f) f are elements of F;(A).
The set F+(A) is obviously a T-algebra and is called the free T-algebra
or absolutely free T-algebra. Notice that F1(A) is generated by A.

Let:: A — F;(A) be the inclusion map. For any T-algebra S and
map ¢ : A — §, there is a unique extension of ¢ to a homomorphism
¢ : F1(A) — S. That s, 19 = ¢, or, equivalently, the following diagram
commutes:

A —— F;(A)
¢ l@ (8.3)
S

This property is reminiscent of some definitions we have already seen:
free semigroups and monoids (see pages 38-39), free inverse semigroups
and monoids (see pages 104-105), and free commutative semigroups (see
page 121), and we shall say more about it later.

Let X be a non-empty class of T-algebras. Let HX denote the class
of all T-algebras that are homomorphic images of the algebras in XX. Let
SX denote the class of all T-algebras that are subalgebras of algebras in
X. Let PX denote the class of all T-algebras that are direct products of
the T-algebras in X. That is,

HX = {S : (3T € X)(S is a homomorphic image of T) };
SX ={S: (AT € X)(Sis a subalgebra of T) };
PX={S: (3T :iel}cX)(S=].,T)}
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Variety

Thus H, S, and PP are unary operators on classes of algebras. Notice that
X is contained in HX, $X, and PX.

A non-empty class of T-algebras is a variety of T-algebras ifit is closed
under the operations H, S, and IP. That is, X is a variety if HXUSXUPX <
X.

EXAMPLE 8.1. a) Let 1 be the class containing only the trivial semi-
group E = {e}. Then 1is a variety, since the only subsemigroup of E is
E itself, the only homomorphic image of E is E itself, and any direct
product of copies of E is isomorphic to E.

b) Let S be the class of all semigroups (viewed as {(, 2)}-algebras). Any
homomorphic image of a semigroup is itself a semigroup, so S is
closed under H. Subalgebras are subsemigroups, and so S is closed
under S. A direct product of semigroups is a semigroup, so S is closed
under P. Therefore S is a variety.

c) Let M be the class of all monoids (viewed as {(, 2), (1, 0)}-algebras).
A homomorphic image of a monoid is again a monoid, so M is closed
under H. Subalgebras are submonoids because the subalgebra must be
closed under the ‘operation’ 1: that is, they must contain the constant
1. So M is closed under S. A direct product of monoids is itself a
monoid. Therefore M is a variety.

d) Let Com be the class of all commutative semigroups (viewed, like
members of S, as {(, 2)}-algebras). Since any subalgebra or homo-
morphic image of a commutative semigroup is itself a commutative
semigroup, and a direct product of commutative semigroups is com-
mutative, Com is a variety.

e) Let G be the class of all groups, viewed as {(c,2), (15,0), ("}, 1)}-al-
gebras. Then subalgebras are closed under multiplication and taking
inverses; thus subalgebras are subgroups. Since any subalgebra or ho-
momorphic image of a group is also a group, and any direct product
of groups is also a group, G is a variety.

Notice that the class of all groups G viewed as {(e, 2)}-algebras is
not a variety, because in this case subalgebras are subsemigroups and
so G is not closed under taking subalgebras; for example, G contains
Z but not its subsemigroup IN.

f) Let Inv be the class of inverse semigroups, viewed as {(c, 2), ("}, 1)}-
algebras. Then Inv is a variety.

LetVbeavariety of T-algebras and let A be a non-emptyset. LetS € V.
Let ¢ € S*. We know there is a unique extension of ¢ to a homomorphism
¢ : F1(A) — S. Now, im § is a subalgebra of S and so im @ € V since V is
closed under forming subalgebras. Let

p= ﬂ{ker(ﬁ cpeStSev)
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Then p, being an intersection of congruences on F1(A), is also a congru-
ence. Furthermore, p C ker ¢ for any ¢ € S, Hence for each S € V and
@ € S4, there exists a unique homomorphism @ : F+(A)/p — S such
that p"p = . Thus @ : F1(A)/p — S is the unique homomorphism such
that ¢ = 1§ = 1p", and the following diagram commutes:

i
A s Fr(A) —2 Fr(A)/p

kT

S

By a result for T-algebras analogous to Proposition 1.33, F+(A)/pisa
subdirect product of { F;(A)/ker ¢ : ¢ € $4,S € V5. Now, each algebra
F1(A)/ ker ¢ is a subalgebra of an element of V and therefore is itself a
member of V (since SV = V). Hence F+(A)/p € SPV = V.

The T-algebra F(A)/p is called the V-free algebra, and is denoted
F,(A). Notice that thereisamap 9 : A — F,(A) given by x9 = xzpu =
[x], such that the universal property holds: for any § € V and map
¢ : A — §, there is a unique homomorphism ¢ : F,,(A) — S such that
99 = ¢, or, in diagrammatic terms:

A -2 FyA)
¢ lg—o (8.4)
S

Notice that if V is the variety of all T-algebras, F,,(A) = F;(A) and we
recover diagram (8.3).

Let us apply this definition to some concrete varieties. Let V be the
variety of all semigroups S. Then the definition of a S-free algebra coincides
with the definition of a free semigroup, and the diagram (8.4) becomes
identical to the second diagram in (2.1). Since F(A) € S, we see that
F¢(A) = A" by Proposition 2.1.

Similarly, if we apply the definition to the variety of inverse semi-
groups Inv, the diagram (8.4) becomes identical to the second diagram in
(5.10) and we see that F,,(A) = FInvS(A) by Proposition 5.15. With the
variety of commutative semigroups Com, the diagram (8.4) becomes
identical to the second diagram in (6.1) and we see that Fr,,(A) =
FCommS(A) by Proposition 6.3.

Thus for any variety V of T-algebras we have (for each set A) a T-
algebra F\,(A) € Vandamap 9 : A — F,(A) with the universal property.
This indicates that varieties have some of the nice properties of the classes
of semigroups, inverse semigroups, and commutative semigroups. But
varieties also have another very useful property: they are precisely those
collections of algebras that can be defined using sets of equations called
laws.
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Laws

Equational classes

Birkhoff’s theorem

For T-algebras, a law over an alphabet A is a pair of elements u and
v of F1(A), normally written as a formal equality u = v. A T-algebra S
satisfies the law u = v if, for every map ¢ : A — §, we have u¢p = v
(where @ is the homomorphism in diagram (8.3)). Informally, S satisfies
u = v if we every possible substitution of elements of S for letters of A in
the words u and v gives elements that are equal. For instance, commutat-
ive semigroups, viewed as {(o, 2)}-algebras, satisfy the law x o y = y o x.
Semigroups of idempotents satisfy the law x o x = x. All semigroups
satisfy the law x o (y o z) = (x o y) o z, and all monoids satisty the laws
xol=xandlox = x.

Alaw over A is sometimes called an identity or identical relation over

A, but we will avoid this potentially confusing terminology.

Let € be a class of T-algebras. Suppose there is a set L of laws over an
alphabet A such that S € £ if and only if S satisfies every law in L. Then &£
is the equational class defined by L.

BIRKHOFF'S THEOREM 8.2. Let T be a type. Then a class of T-algebras
is a variety if and only if it is an equational class.

Proof of 8.2. Part 1. Suppose X is an equational class. Then there is a set of
laws L over an alphabet A such that S € X if and only if S satisfies every
law in L. To prove that X is a variety, we must show that it is closed under
H, S, and P.

Let S € X, and let T be a T-algebra and v : S — T a surjective
homomorphism. Letu = vbealawin L. Let ¢ : A — T be a map. Define
amap 9 : A — Sbyletting ad € S be such that ady = ag (such an ad
exists because v is surjective). Notice that Sy and @ are homomorphisms
from F1(A) to S extending 9y = ¢ and so, by the uniqueness of such
homomorphisms, 9y = §. Since S satisfies L, we have u9 = v9; hence
u® = udy = v9y = v@. So T satisfies u = v. Hence T satisfies every law
in Land so T € X. Thus X is closed under H.

Let S € X and let T be a subalgebra of S. Let u = v be alaw in L. Then
ifp : A — T, then ¢ is also a map from A to S and so u¢ = vy since S
satisfies u = v. Hence T also satisfies u = v. So T satisfies every law in L
and so T' € X. Thus X is closed under S.

Let{S; : j € J} € X and suppose T is the direct product of {S; : j €
J}.Letu=vbealawin L. Let ¢ : A — T be a map. For each j € ], let
¢; = ¢mj, where 7t; : T — §; is the projection homomorphism. So ¢; is
amap from A to S;, and §; satisfies u = v, and thus u@; = v@;. The map
Yy : Fr(A) — T with (j)(xy) = x@;isa homomorphism extending ¢, so,
by the uniqueness condition, y = @. Since u@; = v@; for each j, we have
u® = uy = vy = vP; hence T satisfies u = v. So T satisfies every law in L
and so T € X. Thus X is closed under PP.

So X is closed under H, S, and PP, and so is a variety.

Part 2. Suppose now that V is a variety. Let A be an infinite alphabet.
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Recall that F\(A) = F+(A)/p, where
p= ﬂ{ker@ cpeSASevh

We aim to show that V is the equational class defined by p, viewing the
set of pairs p € Fr(A) x F£(A) as a set of laws.

LetS € V. Let (4, v) € p; notice that u,v € F1(A). Then (u,v) € ker
and thus u® = v for any ¢ € S*. So S satisfies the law u = v. Thus every
S € V satisfies the law u = v for any (u, v) € p.

Conversely, suppose that S satisfies the law u = v for every (u,v) € p.
Let B be an alphabet with cardinality greater than or equal to both S and
A. Let F,/(B) be the V-free algebra generated by B; then F\(B) = F(B)/m
for some congruence 7 on F;(B).

Since B has cardinality greater than or equal to S, there is a surjective
homomorphism y : F+(B) — S. We are going to prove that 7  kery,
which will imply that we have a well-defined surjective homomorphism
9 : F(B) — Swith [x],9 = xy, which will in turn imply S € V.

So let (4, v) € 7. Let By, be the subset of B containing the letters that
appear in u or v; notice that By is finite. Let A, be a finite subset of A
such that there is a bijection §; : A; — B,. Since B has cardinality greater
than or equal to A, there is an injection £ : A — B extending &. Since
¢ is injective, there is a right inverse 57 : B — A of & (that is, &y = idy).
Then & extends to a monomorphism f : F£(A) — F1(B), and 5 extends
to a homomorphism 77 : F(B) — F1(A). Since £ is injective, there are
uniquely determined u, v, € F;(A) such that uog = u and vof = w.
Notice that uy = u, and vy = v,,.

Consider the map #p" : F;(B) — F,(A). Since F,(B) lies in the
variety V, we must have 7 < #p". In particular, unp' = vrp' and so
(uy,vy) € p. Thus S satisfies the law u, = v,. Therefore, since ny :
F1(B) — Sisahomomorphism, uyny = vyny and so uy = vy.

Hence m < kery and so we have a well-defined homomorphism
9 : Fy(B) — Swith [x],9 = xy. Therefore S is a homomorphic image of
F\/(B) € V and so lies in the variety V.

Thus we have proved that S € V if and only if S satisfies every law
u = vin p. Therefore V is an equational class.

Theorem 8.2 shows that every variety can be defined by a set of laws.
However, in general an infinite set of laws is required. This is true even
for varieties of semigroups. However, in some cases, a finite set of laws
suffice. Such varieties are said to be finitely based.

Let T be the type {(o, 2)}. The variety consisting of all semigroups S is
defined by the law x o (y 0 2) = (x o y) o z. We use this type when working
with varieties of semigroups, and we will always implicitly assume this
law and write xy for x o y. Examples are summarized in Table 8.1.

Let T be the type {(o, 2), (1,0)}. The variety consisting of all monoids
M is defined by the laws x(yz) = (xy)z, 1x = x, and x1 = x. When
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TABLE 8.1
Varieties of semigroups. The
law x(yz) = (xy)zisimplicitly
assumed.

TABLE 8.2
Varieties of monoids, viewed
as {(,2), (1, 0)}-algebras. The
laws x(yz) = (xy)z, x1 = x,

and 1x = x are implicitly as-

sumed.

Variety generated by X

Variety Symbol Defining laws
Semigroups S —
Null semigroups Z xy =zt
Left zero semigroups LZ Xy =x
Right zero semigroups RZ xXy=y
Variety Symbol Defining laws
Monoids M —
Trivial monoid 1 x=1
Commutative monoids Com Xy = yx

TS x* = x,
Semilattices with identities Sl

Xy =yx

working with varieties of monoids we will use this type and implicitly
assume these laws. Examples are summarized in Table 8.2.

Finally let T be the type {(c,2), (", 1)}. We will use this type when
working with semigroups equipped with an inverse operation !, such as
regular and inverse semigroup. In this context, we will assume the laws
(xy)z = x(yz), xx'x = x and (x!)"! = x. Examples are summarized
in Table 8.3.

Another way to define a variety of T-algebras is to use a specified
set of T-algebras to generate a variety. Let X be a set of T-algebras. The
intersection of all varieties of T-algebras containing X is itself a variety,
called the variety of T-algebras generated by X, or simply the variety
generated by X. It is easy to prove that the variety generated by X consists
of all X-algebras that can be obtained from X by repeatedly forming
subsemigroups, homomorphic images, and direct products. That is, the
variety generated by X is

{0,0,:-0,X :neN,O, € {H,S,P} }. (8:5)
LEMMA 8.3. For any non-empty class of T-algebras X, we have

SHX ¢ HSX;
PHX < HPX;
PSX < SPPX.

Proof of 8.3. Let S € SHX. Then there is T-algebra T € X and a surjective
homomorphism ¢ : T — U such that S is a subalgebra of U. Let T' =
Sp~! ={t €T :tpeS} Then T isasubalgebra of T and ¢|y : T/ — S
is a surjective homomorphism. So § € HSX.

Let S € PHX. Then there is a collection of T-algebras {T; : i € I} C

X and a collection of surjective homomorphisms @ = {¢; : T; - U; :
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Variety Symbol Defining laws

Completely regular sgrps CR xxt=x"1x
1 _ 1,1
Inverse semigroups Inv {(x)i)l __ly * _)1 -1
XX = XX
Yy yy
-1 _ -1
Clifford semigroups d {xx_l - 9_c1 > 11
XX yy =Yy oxx
Groups G xxt=yy!

i € I'} suchthat S =[], _; U;. Define a homomorphism y : [[., T; — S
by (i)(xy) = ((i)x)¢;. Then v is surjective since each ¢; is surjective. So
S € HPX.

Let S € PSX. Then thereis a collection of T-algebras {T; : i e I} ¢ X
and a subalgebras U; of T; such that S = []._; U;. Then S is a subalgebra

of [[,.; T;- So S € SPX.

As an immediate consequence of Lemma 8.3 and (8.5), and the fact
that the operators IH, S, and P are idempotent, we obtain the following
result:

PROPOSITION 8.4. Let X be a class of T-algebras. The variety generated
by X is HSPX.

PSEUDOVARIETIES

Varieties are not useful for studying and classifying finite
algebras, for the simple reason that every non-trivial variety contains
infinite algebras: if a variety contains an algebra S with two elements,
then it contains the direct product of infinitely many copies of S, which
is of course infinite.

Clearly, if we take a class X of finite T-algebras, then IHX and SX also
contain only finite T -algebras. The problem, therefore, is the operator
IP. To modify the notion of variety in order to study finite algebras, we
therefore introduce a new operator on classes of T -algebras.

Let P5, X denote the class of all T-algebras that are finitary direct
products of the algebras in X. That is,

Pe X ={S: (HT,....T,} cX)(S=T, xT, x...xT,) }.
A non-empty class of finite T-algebras is a pseudovariety of T-algebras if it

is closed under the operations H, S, and P¢,,. That is, X is a pseudovariety
if HX U SX U P5, X € X.
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Pseudovariety
generated by X

EXAMPLE 8.5. a) Let 1be the class containing only the trivial semi-
group (or monoid) E = {e}. Then 1is a pseudovariety both when we
view E as a {(o,2)}-algebra and when we view E as a {(o, 2),(1,0)}-
algebra, since the only subalgebra of E is E itself, the only homomor-
phic image of E is E itself, and any finitary direct product of copies of
E is isomorphic to E.

b) Let S be the class of all finite semigroups. Then S is a pseudovariety.

c) Let M be the class of all finite monoids (viewed as {(e, 2), (1, 0)}-algeb-
ras. Then S is a pseudovariety.

d) Let Com be the class of all finite commutative monoids (viewed as
{(>,2), (1,0)}-algebras). Then Com is a pseudovariety.

e) Let G be the class of all finite groups, which we view as {(c, 2), (15, 0),
("1, 1)}-algebras; then G is a pseudovariety.

In contrast with varieties, that the class of all finite groups viewed
as {(e, 2)}-algebras is a pseudovariety, because in this case subalgebras
are subgroups (since for elements x of a group with n elements, x" = 1
and x7! = x™1).

f) Let Inv be the class of all finite inverse semigroups, which we view as
{(o,2), (7!, 1)}-algebras. Then Inv is a pseudovariety.

g) Let N be the class of all finite nilpotent semigroups. Then N is a pseu-
dovariety. (See Exercise 8.2(a).)

h) Let A be the class of all finite aperiodic monoids, viewed as {(c, 2),
(1, 0)}-algebras. Then A is a pseudovariety. Notice that N € A.

Notice that we are using the same symbols for certain varieties and
pseudovarieties: for instance, Com is used to denote both the variety
of commutative monoids and the pseudovariety of finite commutative
monoids. This will not cause confusion, because from now on we will
only use them to denote pseudovarieties.

Just as with varieties, we have the idea of generating a pseudovariety
of finite T-algebras. Let X be a set of finite T-algebras. The intersection
of all pseudovarieties of T-algebras containing X is itself a pseudovariety,
called the pseudovariety of finite T-algebras generated by X, or simply the
pseudovariety generated by X, and is denoted V. (X) It is easy to prove that
V1 (X) consists of all (necessarily finite) X-algebras that can be obtained
from X by repeatedly forming subalgebras, homomorphic images, and
finitary direct products. That is,

Vi(X) ={0,0,:-O,X : ne N,O, € {H,S, Pg,} }. (8.6)
We have the following analogue of Proposition 8.4:

PROPOSITION 8.6. Let X be a class of finite T-algebras. Then V.7 (X) =
HSP, X.
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Proof of 8.6. For any non-empty class of finite T-algebras X, we have

SHX < HSX;
Ps, HX € HP; X;
Ps, SX < SP;,X;

to see this, follow the reasoning in the proof of Lemma 8.3, restricting
the index sets I in the direct products to be finite. The result follows

immediately.

Let Vand W be pseudovarieties of T -algebras. The class of pseudova-
rieties of T-algebras is ordered by the usual inclusion order C. Then it is
easy to see that

VUW =V (VU W),
and, since V N W is a variety,
VOW=VnNnW.

So the class of T-algebras is a lattice. Furthermore, if we consider only
subpseudovarieties of a fixed pseudovariety V (such as S or M), then the
class of such subpseudovarieties forms a sublattice.

PSEUDOVARIETIES OF
SEMIGROUPS AND MONOIDS

From this point onwards, we will consider only pseudo-
varieties of semigroups and pseudovarieties of monoids. These pseudo-
varieties have different types: pseudovarieties of semigroups have type
S = {(,2)} and pseudovarieties of monoids have type M = {(e, 2), (1, 0)}.

In pseudovarieties of semigroups, the homomorphisms are the usual
semigroup homomorphisms and the subalgebras are subsemigroups. In
pseudovarieties of monoids, the homomorphisms are monoid homomor-
phisms, and the subalgebras are submonoids that contain the identity of
the original monoid. In previous chapters, by ‘submonoid’ we meant ‘any
subsemigroup that forms a monoid’ But such a submonoid may not be
a subalgebra: For example, let S = {1, 0} be the two-element semilattice
with 1 > 0. Then S is a monoid with identity 1, and contains the sub-
monoid T' = {0}. However, T is not an M-subalgebra of S, because an M-
subalgebra must include the constant 1. For brevity, we call a submonoid
that contains the identity of the original monoid an M-submonoid.

We will use the term S-pseudovarieties for pseudovarieties of semi-
groups, and M-pseudovarieties for pseudovarieties of monoids. The reas-
oning for the two types often runs in parallel, but there are important
differences.
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Notice that S-pseudovarieties are closed under division: if V is an S-
pseudovariety, T € V, and S < T, then by definition there is an surjective
homomorphism ¢ : T' — S, where T' is a subsemigroup of T’; hence
S € HSV = V. In fact, M-pseudovarieties are also closed under division,
as a consequence of the following result:

PROPOSITION 8.7. Let S be a semigroup and M a monoid and suppose
S < M. Then there is an M-submonoid M' of M and a surjective monoid
homomorphism ¢ : M' — S'. Consequently, if N is a monoid, then N < M
if and only if there is an M-submonoid M' of M and a surjective monoid
homomorphism ¢ : M' — N.

Proof of 8.7. Suppose S < M. Then there is a subsemigroup T of M and
a surjective homomorphism v : T — S. Let M’ = T U {1),} and extend
y to a monoid homomorphism ¢ : M' — S by defining 1,,¢ = 1g and
x¢ = xy for all x € T. (Notice that ¢ is well-defined, since if 1;; € T,

then (zy)(1,v) = (z1))y = zy and (1),y)(zy) = (1y2)y = zy and so
S is a monoid with identity 1,,v¥ because y is surjective.)

We now introduce two operators that allow us to connect S-pseudo-
varieties of semigroups and M-pseudovarieties of monoids.
For any M-pseudovariety of monoids V, let

So to obtain Vg, from V we simply treat the monoids in V as semigroups,
form all finite direct products, then all subsemigroups, and then all (sem-
igroup) homomorphic images. From Proposition 8.7, we see that

SeVg, &S eV, (8.7)
For any S-pseudovariety of semigroups, let
Vton = 1S € V¢ Sisa monoid }.

That is Vy,, consists of the monoids that, when viewed as semigroups,
belong to V. It is easy to see that Vy,,, is an M-pseudovariety of monoids.

LEMMA 8.8. For any M-pseudovariety of monoids V, we have (Vgg)yon =
V.

Proof of 8.8. Let S be a finite monoid. Then

Se (VSg)Mon

© § is a monoid that belongs to Vg,

eSev [by (8.7)]
o SeV. [since S = S']
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PROPOSITION 8.9. The operator g, is an embedding of the lattice of M-
pseudovarieties of monoids into the lattice of of the S-pseudovarieties of
semigroups.

Proof of 8.9. It is immediate from (8.7) that g is a lattice homomorphism.
By Lemma 8.8,

VSg = WSg = (VSg)Mon = (WSg)Mon =>V=W,

SO gg 1s injective.

An S-pseudovariety of semigroups W is monoidal it W = Vg, for some
M-pseudovariety of monoids.

EXAMPLE 8.10. a) The S-pseudovariety of all finite semigroups S is
monoidal, because S = Mg, by (8.7), where M is the M-pseudovariety
of all finite monoids.

b) The S-pseudovariety of all finite nilpotent semigroups N is not mon-
oidal. To see this, suppose, with the aim of obtaining a contradiction,
that N = Vg, for some M-pseudovariety of all finite monoids V. Then
Nyon = V by (8.8). Let M € N be a monoid. Then 13; = 0, for
some n € N, since M is nilpotent, which implies that M is trivial.
Hence Npjo, = 1, and so N = Vg, = (Npjop)sg = 1sg = 1, which is a
contradiction.

FREE OBJECTS FOR PSEUDOVARIETIES

If we want to follow the same path for pseudovarieties as
for varieties, our next step should be to construct a ‘free V-semigroup’ for
each S-pseudovariety V and a ‘free W-monoid’ for each M-pseudovariety
W, and then to devise an analogue of laws and prove an analogue of Birk-
hoft’s theorem. However, this is much more difficult for pseudovarieties
than for varieties. We will outline the problems and describe the solution
in this section and the next two sections. To simplify the explanation,
we will only discuss S-pseudovarieties, but every result and construction
in these sections has a parallel for M-pseudovarieties, replacing semi-
groups with monoids, homomorphisms with monoid homomorphisms,
and subsemigroups with M-submonoids as appropriate.

The basic problem in finding free objects for pseudovarieties is very
simple: free objects are usually infinite, and members of a pseudovariety
are always finite. Consider the S-pseudovariety N of finite nilpotent semi-
groups. For any finite alphabet Aandn € N,letI, = {w € A" : |w| > n}.
Then A"/I,, is a nilpotent semigroup; thus A™/I,, € N. The semigroup
A"/I,, contains at least n elements (and indeed contains |A|” elements if
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|A| > 2). Thus, by taking # to be arbitrarily large, we see that N contains
arbitrarily large A-generated semigroups. Since an A-generated free ob-
ject for N must map surjectively to each of these semigroups, it is clear
that no semigroup in N is free.

If we try to approach the idea of a free object through laws, we en-
counter another problem. It is clear that A*/I, satisfies no law in at most
|A| variables where the two sides of the law have length less than n. So if
we try to base our free objects on laws, all S-pseudovarieties containing
N will have the same free object.

Let us look at free objects from another direction. The idea is that a
free A-generated object for a class X should be just general enough to
be more general than any A-generated object in X. Suppose we take two
semigroups S; and S, in an S-pseudovariety V. Let ¢, : A — S, and ¢, :
A — §, be functions such that im ¢, generates S; and im ¢, generates S,.
Let T be the subsemigroup of S; x S, generated by { (ap,,a¢,) : a € A}.
Then T is A-generated and lies in V, since V is closed under P4, and S.
Furthermore, the following diagram commutes:

A
N
S 5T —— S

Thus T is more general than both S; and S, asan A-generated member
of V. Furthermore, T is the smallest such member of V. We could iterate
this process, but, as our discussion of N shows, we will never find an
element of V that is more general than all other members of V. A limiting
process is needed.

PROJECTIVE LIMITS

A partially ordered set (I, <) is a directed set if every pair
of elements of I have an upper bound. [ Notice that a directed set is not
necessarily a join semilattice, because some pairs of elements might not
have least upper bounds.]

A topological semigroup is a semigroup equipped with a topology
such that the multiplication operation is a continuous mapping. Any
semigroup can be equipped with the discrete topology and thus becomes
a topological semigroup. Notice that finite semigroups are compact. For
any alphabet A, an A-generated topological semigroup is a pair (S, @),
where S is a topological semigroup and ¢ : A — S is a map such that
im ¢ generates a dense subsemigroup of S. We will often denote such an
A-generated topological semigroup by the map ¢ : A — S. A homomor-
phism between A-generated topological semigroups ¢, : A — S, and
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@, : A — S, is a continuous homomorphism y : S; — S, such that
1Y = ¢,

A projective system is a collection of A-generated topological sem-
igroups {¢; : A — §; : i € I}, where I is a directed set, such that
foralli, j € I withi > j there is a connecting homomorphism A; ; from
¢ A— S;tog; 1 A— §; satistying the following properties: for each
i € I, the homomorphism A;; is the identity map; for all 4, j, k € I with
i> j >k wehave A; ;A = Ay

The projective limit of this projective system is an A-generated topo-
logical semigroup @ : A — § equipped with homomorphisms @; from
®:A—Stog; : A— S, such that the following properties hold:

1) Foralli, j € I withi > j, we have ®;A; ; = ®;.

2) If there is another A-generated topological semigroup ¥ : A —» T
and homomorphisms ¥, from¥ : A — Ttog; : A — Ssuch
that for all 4, j € I with i > j, we have %A ; = ¥}, then there exists
a homomorphism © from¥ : A - Tto® : A — S such that

O; = ¥,. That is, the diagram in Figure 8.1 commutes.

Let us first show that the projective limit is unique (up to isomor-
phism); we will then show that it exists. Suppose ® : A — § and
@' : A — §' are both projective limits of the projective system {¢; :
A — §; : i € I}. By property 2) above, there are homomorphisms ©
from®: A —->Stod' : A - S and O from®' : A > S'tod: A - S.
Thus we have @O0’ = ® and @'O’'OG = @'; hence O®O'|,,, = id ¢ and
O'O|,p = id e Hence OO’ restricted to the subsemigroup generated
by A® is the identity map; since this subsemigroup is dense in S and
© and @' are continuous, we have ®@' = idg. Similarly 'O = idg. So
© and @' are mutually inverse isomorphisms between @ : A — S and
Q' :A-S.

In order to construct the projective limit, we proceed as follows. Let

S={se[[S:(vijeDizj= ()N =()s)}.
iel

Notice that

s,t €S
= (Vi,j e D(i = j= (())A;; = (s A (DDA = ()
= (Vi,j € D(i 2 j = (D)) (DDA, ; = (Ds())t)
= (Vi,j € D(i 2 j = (()(s1))A;; = (j)(st))
= stesS;
thus S is a subsemigroup of [ [.; S;. Furthermore, S is equipped with the
induced topology from the product topology on [].., S;. Let ® : A — S

be defined by (i)(a®) = ag;. For each i € I, let ®; be the projection
homomorphism from S to §;.
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PROPOSITION 8.11. @ : A — Sisan A-generated topological semigroup
and satisfies the properties 1) and 2) above. Hence @ : A — S is a projective
limit.

Proof of 8.11. We first have to show that A® generates a dense subsemi-
group of S. Since the topology of S is induced by the product topology
on [[,; S;, we can work with the product topology instead. Let s € S. Let
K be a neighbourhood of s. Assume without loss that K is an open set
(in the product topology). Thus K = []..; K;, where each K; € S; is open
and K; = §; for all but finitely many i € I. Leti; € I (where j=1,...,n)
be the indices for which K; #8;.

Let h be an upper bound for {i; : j = 1,...,n}; such an h exists
because I is a directed set. Let L = [}, Kijkz}ij C S, Notice that
(h)s € ((ij)s))tﬁ’lij forall j = 1,...,n,s0 L contains (h)s and is thus non-
empty. Furthermore, L is an intersection of open sets because each A, ;
is continuous and each K; is open; hence L is itself open. Since Ag;,
generates a dense subset of Sy, the set there is a word w € A" such that
we, € L. Lett = w®. Thus (i)t = we; foralli € I.For j = 1,...,n, we
have

(l])t = w(Pij = U.)(PkA,k’lJ € LA’k,l'j g Kij'

Hence w® =t € K. Therefore AD generates a dense subset of S.
Since S consists of elements s € []._; S; with ((i)s))ti,j = (j)s, itis
immediate that @;A; ; = @;; hence @ : A — § satisfies property 1).
Now let ¥ : A — T be an A-generated topological semigroup as
described in property 2). Define ® : T — S by (i)(t®) = t¥;. (Note that
tO € Ssince ¥jA; ; = ¥;.) Then this map is a continuous homomorphism
since each ¥, is continuous. Finally, ®®; = Om; = ¥,.So® : A — S

satisfies property 2).

Notice that if all of the S; are compact, so is [[,; S; by Tychonoff’s
theorem. Furthermore, since each A; i is continuous and the condition
((D)s)A;, j= (j)s involves only two components of the product, S is closed
in the [[..; S;. Hence if all the S; are compact, S is also compact.

A profinite semigroup is a projective limit of a projective system of
finite semigroups for some suitable choice of generators. Notice that any
finite semigroup is [isomorphic to] a profinite semigroup. To see this, let
S be a finite semigroup, and take I = {1} and §; = S. It is easy to see that
the projective limit of this projective system is isomorphic to S.

PRO-V SEMIGROUPS

Let V be an S-pseudovariety. A profinite semigroup S is
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pro-V if it is a projective limit of a projective system containing only
semigroups from V.

Let us return of the problem of finding a free object for V. For a
generating set A, the idea is to take the projective limit of the projective
system containing every A-generated semigroup in V. Strictly speaking,
we take one semigroup from every isomorphism class in V, and let the
connecting homomorphisms be the unique homomorphisms that respect
the generating set A. The projective limit of this system is denoted Q4 V. If
the A-generated semigroupsinVare{¢; : A — §; : i € I}, then there is
anatural map 1 : A — Q,V given by (i)(at) = ag;. (This is the map @ in
the discussion of the projective limit above.) Denote by (0, V the [dense]
subsemigroup of O,V generated by A..

The following result essentially says that the profinite semigroup Q,V
is a free object for A-generated pro-V semigroups:

PROPOSITION 8.12. For any pro-V semigroup S and map 9 : A — §,
there is a unique continuous homomorphism 9 : Q.V — S such that
19 = 9; that is, such that the following diagram commutes:

N

S

Proof of 8.12. Since pro-V semigroups are subdirect products of members
of V, it is sufficient to consider the case when S lies in V. Without loss
of generality, assume S is generated by A9. Then S is [isomorphic to]
an A-generated semigroup in V; that is, S is [isomorphic to] one of the
A-generated semigroups ¢ A— §in the projective system whose
projective limit is 4 V.

Let O be the projection 7 Qv — §; =S. Finally, we have to show
that 9 is the unigue continuous homomorphism with this property. Let
v : 4V — S be some continuous homomorphism with iy = 9. Since
19 = 9, we see that y|,, = 9|,, and hence, since A generates )V, we
have y/| v = Ilq,v- Since 4V is dense in Q4V and v is continuous, we
have y = 9. 8.12

In light of Proposition 8.12, for any S-pseudovariety V, we call Q,V
the free pro-V semigroup on A.

PROPOSITION 8.13. LetV be an S-pseudovariety that is not the trivial
S-pseudovariety 1. Then the map 1 : A — Q,V is injective.

Proof of 8.13. Since V # 1, there are arbitrarily large semigroups in V.
Hence for any a,b € A with a # b, there is some ¢; : A — §; such that
ag; + be,. Therefore, (i)(ar) = ap; #+ by; = (i)(br), and so ar # bi. Thus 1
is injective.
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Proposition 8.13 means that, when we consider any non-trivial S-
pseudovariety V, we can identify A with the subset Ar of Q,V. From now
on, assume that V is a non-trivial S-pseudovariety.

LEMMA 8.14. LetSbea pro-V semigroup and let K C S. Then the following
conditions are equivalent:

a) there exists a continuous homomorphism ¢ : S — F such that F € V
and K = Kog™!;
b) K is a clopen subset of S.

Proof of 8.14. Suppose that condition a) holds. Then since F is finite and
has the discrete topology, K¢ is clopen in F. Since ¢ is a continuous
homomorphism, K is clopen since it is the pre-image under ¢ of the K¢.
Thus condition b) holds.

Now suppose that condition b) holds and K is a clopen subset of S.
Now, S be a subdirect product of semigroups in V. That is, S is a subsemi-
group of [ [, T; for some T; € V. Then K = SN (K, U ... UK,), where
each K, is a product of the form ], X,; with X;; € S; and X,; = §; for
all but finitely many indices. Let

J={iel:(3e{l,....n})(T,; # S) };

notice that J is finite. Let ¢ : S — ]_[1.6]
Then ¢ is continuous, [ ], S; is finite, and K = K @¢~'. Thus condition a)
holds.

PROPOSITION 8.15. LetS be pro-V and let T be profinite. Letg : S —» T
be a continuous homomorphism. Then im ¢ is pro-V and belongs to V if it
is finite.

S; be the natural projection.

Proof of 8.15. Since T is a subdirect product of finite semigroups, it is
sufficient to consider the case where T is finite and ¢ is surjective and
show that T € V.

For eacht € T,let K, = tgp~'. Then every K, is a pre-image of a
clopen set under the continuous homomorphism ¢ and so is clopen.
By Lemma 8.14, there is, for each t € T, a continuous homomorphism
¥, : S — F, with F, € Vsuch that K,y,y; ' = K,.Let F =[], F;; notice
that F € Vsince T is finite. Let y : S — F be defined by (f)(xy) = xv,.
Then ker y C ker ¢. Hence there is a homomorphism 9 : imy — T given
by (xy)9 = x¢. Since ¢ is surjective, 9 is a surjective homomorphism
from the subsemigroup im y of F to the semigroup T. Hence T' < F and

soT € V.

Propositions 8.12, 8.13, and 8.15 together show that O,V is a very
good analogue for pseudovarieties of free algebras for varieties: maps
from A can be extended to homomorphisms from Q,V, the ‘basis’ A
(usually) embeds in Q,V, and, finally, the only finite semigroups that are
homomorphic images of O,V are the semigroups in V.
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PSEUDOIDENTITIES

Earlier in this chapter, we saw how varieties of T -algebras,
and in particular varieties of semigroups, can be defined using laws. Recall
that a law in a variety V of T-algebras is a pair u,v € F;(A), usually
written as a formal equality u = v, and that a T-algebra S satisfies this
law if up = v@ for all homomorphisms ¢ : F1(A) — S extending maps
¢ : A — S. Now that we have free objects for S-pseudovarieties available,
we can the study the analogue of laws for finite semigroups.

Let V be an S-pseudovariety. A V-pseudoidentity is a pair u,v € Q,V,
usually written as a formal equality u = v. A pro-V semigroup S satisfies
this pseudoidentity if, for every continuous homomorphism 9 : Q,V — S
we have u9 = v9.

Now let V be an M-pseudovariety. Then O,V also exists, with the
corresponding properties, and is a monoid. So we also have V-pseudo-
identities u = v in this case, where u,v € Q,V, and here u or v may be the
identity of Q4 V. In this context, a pro-V monoid M satisfies this pseudo-
identity if, for every continuous monoid homomorphism 9 : Q,V — M
we have u9 = v9.

LEMMA 8.16. LetV and W be S-pseudovarieties (respectively, M-pseu-
dovarieties) with W € V and let m : Qv — QuW be the natural pro-
jection homomorphism (respectively, monoid homomorphism). Then for
any u,v € Q,V, every semigroup in W satisfies u = v if and only if

U = UTL.

Let X be a set of V-pseudoidentities. Let [ 2], denote the class of all
S €V that satisfy all the V-pseudoidentities in X.

REITERMAN’S THEOREM 8.17. Let W be a subclass of a S-pseudova-
riety (respectively, M-pseudovariety) V. Then W is an S-pseudovariety
(respectively, M-pseudovariety) if and only if W = [ 2], for some set X of
V-pseudoidentities.

Proof of 8.17. We prove the result for S-pseudovarieties; the same reason-
ing works for M-pseudovarieties with the standard modifications.

Part 1. Suppose W = [Z]),. By reasoning parallel to the proof of Theo-
rem 8.2, we see that W is closed under H, S, and Pg, and is thus an S-
pseudovariety.

Part 2. Suppose W is an S-pseudovariety. Fix a countably infinite alpha-
bet A. Let X be the set of all V-pseudoidentities u = v satisfied by all
semigroups in W, where u,v € OV and B € A. Clearly W ¢ [X],; we
aim to prove equality.

Let X = [X], and let S € X. Then since A is infinite and S is finite,
there exists some B € A and a surjective continuous homomorphism
¢ : QX — S. Letw : QzX — QW be the natural projection.

Pseudoidentities o 165

Pseudoidentities

Reiterman’s theorem



Bases of pseudoidentities

Notation for
pseudoidentities

Suppose u,v € QgX are such that ur = vmr. Then by Lemma 8.16,
every semigroup in W satisfies u = v. Thus u = v is a V-pseudoidentity
in X; and thus S satisfies u = v. In particular, ug = ve. This shows that
ker 7 C ker ¢.

Therefore the map y : QW — S defined by (x7m)y = x¢ is a well-
defined surjective homomorphism.

For any subset K of S, the subset Ko ™! of QX is closed because ¢
is continuous. The map 7 maps closed sets to closed sets because it is a
projection of compact spaces. Hence Ky~ = K¢~ ' is closed. Thus v is
continuous.

By Proposition 8.15, S € W. Therefore [X], = X € W. 817

IfVis an S-pseudovariety (respectively M-pseudovariety) and X is a
set of S-pseudoidentities (respectively, M-pseudoidentities) such that vV =
[2]s (respectively, V = [X],,), then X is called a basis of pseudoidentities
for V. If there is a finite set of pseudoidentities X such that V = [X]
(respectively, [X],), then V is finitely based.

In order to actually write down useful pseudoidentities, we introduce
some new concepts and notation. Let T be a finite semigroup, x € T,
and i € Z. Consider the sequence (x™*"),. This sequence is eventually
constant: for all n > max{[i|, |T|}, all terms x™*' are equal. More generally,
let T be a profinite semigroup. Then the sequence (x™ '), converges to a
limit, which we denote x“*". In particular, this holds when T is S and
x € A.

Let S be finite and let 9 : Q4S — S be a continuous homomor-
phism, the powers of x9 are not all distinct: we have (x9)™k = (x9)™
for some m,k € IN. Let (x9)" be the identity of the cyclic group C =
{(x9)™, ..., (x9)™* 1} Since (x9)" = (x9)™ = x™9 for all m > n, we
have (x“)9 = (x9)". That is, (x*)9 is the unique idempotent power of x9.
Furthermore, x“~'9 is the inverse of x**'9 in C.

We can interpret this notation in S by define new operations “*' on
finite semigroups. For any finite semigroup S, the operation® : § — S
takes any element y to its unique idempotent power y“. For any k € NN,
the operation “** : § — S takes any element y to y*y*,and “* : § — §
takes y to the inverse of y*** in the [finite] cyclic subgroup {y*, y©*!, ...}.

We can now give explicit examples of pseudoidentities defining par-
ticular pseudovarieties of finite semigroups and monoids. See Tables 8.4
and 8.5 for a summary.

EXAMPLE 8.18. a) The S-pseudovariety of all finite aperiodic semi-
groups A is defined by the pseudoidentity x**! = x.

b) The S-pseudovariety of finite nilpotent semigroups N is defined by the
pseudoidentities yx® = x“ and x“y = x®. These pseudoidentities
essentially say that x“ 9 is a zero, and so we abbreviate them by x“ = 0.

c) The S-pseudovariety of finite groups G is defined by the S-pseudoiden-
tities yx“ = yand x“y = y. Since these S-pseudoidentities essentially
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Pseudovariety Symbol Pseudoidentities See also
Semigroups S —
Trivial semigroup 1 x=y
Null semigroups z xy =zt
Nilpotent semigroups N x?=0 Exa. 8.18(b)
Left zero semigroups LZ Xy=x
Right zero semigroups  RZ xXy=y
Rectangular bands RB Xyx =x Exer. 8.4
Comp. simple sgrps CS xOt = x Exer. 8.8
Comp. regular sgrps CR (xy)x =x Exer. 8.9
Left simple sgrps LS xy¥ =x Exer. 8.10
Right simple sgrps RS Y% = x Exer. 8.10
Left-trivial sgrps K xy =x® pp- 190-192
Right-trivial sgrps D yx© = x¢ pp- 190-192
Pseudovariety Symbol Pseudoidentities See also
Monoids M —
Trivial monoid 1 x=1
Commutative monoids  Com Xy = yx
x?=x
Semilattices with ident. ~ SI { ’
Xy = yx
Aperiodic monoids A X9t = x¢ Exa. 8.18(a)
7 -trivial monoids L y(xpy)? = (xp)® Pr. 8.20(a)
R-trivial monoids R (xy)“x = (xp)® Pr. 8.20(b)
w — w
J-trivial monoids J {(xy fo = Gey)s Pr. 8.20(c)
y(xy)? = (xy)®
Comp. regular monoids CR (xy)?x =x Exer. 8.9
Groups G x? =1 Exa. 8.18(¢)
Abelian groups Ab <|i3: - f ®

say that x*9 (where 9 : ,4S — S is a homomorphism) is an identity,
we abbreviate them by x“ = 1. If we consider the M-pseudovariety
of finite groups instead, then x“ = 1 is a genuine M-pseudoidentity.

We now have two different ways to define pseudovarieties: we can
specify a set of S- or M-pseudoidentities and consider the S-or M-pseu-
dovarieties of semigroups or monoids they define, or we can specify a set
of finite semigroups or monoids and consider the S- or M-pseudovariety
they generate. These ways of defining pseudovarieties interact with the
lattices of pseudovarieties in different but complementary ways.
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TABLE 8.4

S-pseudovarieties of semi-
groups. The pseudoidentity
x(yz) = (xy)z is implicitly
assumed in every case.

TABLE 8.5
M-pseudovarieties of mon-
oids. The pseudoidentities
x(yz) = (xy)z,x1 = 1,and
1x = x are implicitly assumed
in every case.



If ¥ and T are sets of S-pseudoidentities, then
(21, n [T]s = [ZUT]s, (8.8)

and similarly for M-pseudoidentities. For example, the M-pseudovariety
of finite Abelian groups is

Ab =[xy = yx],, N [x* = 1], = [xy = yx, x* = 1],.
On the other hand, for any classes X and 1" of finite semigroups,

and similarly for finite monoids.

Furthermore, the operators g, and y,,, interact with pseudoidentities
in a pleasant way. Let 2 be a set of M-pseudoidentities. Let Zg, be the
set of S-pseudoidentities that can be obtained from X as follows:

1) by substituting 1 for some of the variables;

2) replacing pseudoidentities of the form u = 1, where u is not the
identity, by ux = x and xu = x, where x is a new symbol not in u;

3) deleting the pseudoidentity 1 = 1 if it is present.

PROPOSITION 8.19. a) Let X be a set of S-pseudoidentities. Then

121, = (215 yron-

b) Let X be a set of M-pseudoidentities. Then
[55g], = (I21,),

Proof of 8.19. a) Let S be a finite monoid. Then

Se ],
& S is a monoid that satisfies all the
S-pseudoidentities in 2
& § is a monoid that belongs to [X]
& S € ([Z1)mon-

b) For brevity, let V = [X],,. It is clear that V = [[ZSg]]M, and so Vgg €
[2']s. Conversely, if S satisfies all the S-pseudoidentities in Zgg, then
§' satisfies all the M-pseudoidentities in Xg,. Thus S € [Zsg ] implies
§' € V, which implies S € Sg, by (8.7). Hence [Z'] € Vg, 819

Proposition 8.19 allows us to switch from M-pseudoidentities for an
M-pseudovariety of monoids V to S-pseudoidentities for corresponding
monoidal S-pseudovariety of semigroups Vg,.
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Asemigroup Sis H -trivial (respectively, 7-trivial, R-trivial, D-trivial,
J-trivial) if H (respectively, Z, R, D, J) is the identity relation idg. A finite
semigroup is H -trivial if and only if it is aperiodic by Proposition 7.4, and
is D-trivial if and only if it is J-trivial by Proposition 3.3. In particular,
therefore, the class of H -trivial finite monoids is the M-pseudovariety A.
LetL, R, and J be, respectively, the classes of 7-, R-, and J-trivial monoids.

PROPOSITION 8.20. a) The class L is an M-pseudovariety of monoids,
and

L= [y(xy)” = (xy)*1,,-

b) The class R is an M-pseudovariety of monoids, and
R=[(xy)*x = (xy)“],,

c) The class ) is an M-pseudovariety of monoids, and

J=LNR=[ylxp)® = (xp)* (xy)“x = (x)“],,
= [[(x)/)w = ()’x)w,xw = xw+1]]M'

Proof of 8.20. a) Let S € L; that is, S is a finite Z-trivial monoid. Then S
is H -trivial and so aperiodic, and therefore z® = z**! forall z € S.
Let x, y € S. Then x(y(xy)“) = (xy)® and so y(xy)* L (xy)* and
so ¥(xy)? = (xy)® since L = idg. So every finite Z-trivial monoid
satisfies the pseudoidentity y(xy)® = (xy)“.

On the other hand, let S be a finite monoid satisfying the pseudo-
identity y(xy)® = (xy)“.Letz,t € Sbesuchthatz Z t.Then there ex-
ist p,q € Ssuch that pz = tand gt = z. Thent = (pq)t = (pg)*t = ...
and so t = (pg)“t. Similarly z = gt = q(pq)t = q(pq)*t = ... and so
z = q(pq)®t. Substitute p for x and g for y in the pseudoidentity to
see thatt = (pq)“t = q(pq)“t = z.So L = idg. Thus S is Z-trivial and
soS €L

Thus the class of finite Z-trivial monoids L is a pseudovariety, and
L=[y(xy)” = (xy)“I.

b) The reasoning is dual to part a).

¢) A monoid is D-trivial if and only if it is both Z-trivial and R-trivial,
and a finite monoid is J-trivial if and only if it is D-trivial. Thus
J=LNRandLNR=[y(xy)* = (xy)*, (xy)*x = (xy)*],, by (8.8).

Suppose § € [y(xy)* = (xy)”, (xy)“x = (xy)*],,. Putting x =
y in the first pseudoidentity shows that x(x?)® = (x?)“. Since x* =
(x?)?, it follows that x“ = x“*! forall x € S. Let x, y € S and let n be
large enough that (xy)® = (xy)" and (yx)® = (yx)". Then (yx)*y =
(yx)'y = y(xy)* = y(xy)®. So S satisfies the pseudoidentity (x y)* =
(yx)®. Hence S € [(xy)* = (yx)*,x* = x“’“]]M.

Now suppose S € [(xy)” = (yx)*, x* = x‘”“]]M. Letx, y € S. Us-
ing both pseudoidentities, we see that (xy)® = (xy)**! = (yx)“*! =
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Local submonoid, locally v

Semidirect product
of pseudovarieties

y(xy)“x. Hence (xy)° = y*(xy)°x* = y*(xy)x®> = ... and so
(x)° = y°(xy)°x® =y (x)*x® = y(xy)*. Similarly, (xy)* =
(xy)“x. Therefore S € [y(xy)* = (xy)“, (xy)“x = (xy)w]]s_ Thus

[y(ep) = (xp)”, (xy)*x = (xy)“1,

= [[(x)/)w = ()’x)waxw = xw+1]]M. 8.20

We now define another operator that connects M-pseudovarieties of
monoids with S-pseudovarieties of semigroups. For any M-pseudovariety
of monoids V, let

LV={SesS: (VeecE®S))(eSeecV)}

For any semigroup S and e € E(S), the subset eSe forms a submonoid
whose identity is e, called the local submonoid of S at e. Thus a semigroup
in LV is said to be locally V.

Let X be a basis of M-pseudoidentities for a M-pseudovariety of mon-
oids V. Let z be a new symbol that does not appear in X. Let 2’ be the
set of S-pseudovarieties obtained by substituting zxz* for x in every M-
pseudoidentity in X, for every symbol x that appears in X, and substitut-
ing z for 1 in every M-pseudoidentity in 2. Then LV = [2'], and so LV
is an S-pseudovariety of semigroups.

In particular, the variety of locally trivial semigroups is

L1 = [2%xz" = z°];

we will study these further in the next chapter.

SEMIDIRECT PRODUCT
OF PSEUDOVARIETIES

The semidirect product of two S-pseudovarieties V and
W, denoted V x W, is the S-pseudovariety generated by all semidirect
products S X, T, where S € V, T € W,and ¢ : T — End(S) is an
anti-homomorphism. We will not explore semidirect products of pseu-
dovarieties in detail; we mention only the following result, which allows
us to re-state the Krohn-Rhodes theorem in a more elegant form:

PROPOSITION 8.21. The semidirect product of S-pseudovarieties is asso-
ciative.

Proof of 8.21. [Technical, and omitted.]

g% Notice that it is the semidirect product of S-pseudovarieties that is associ-
ative. There is no natural definition for the associativity of the semidirect
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product of semigroups: by the definition of semidirect products (see
pages 131-132), the expression (S X T) 3, U only makes sense if the
map v is an anti-homomorphism from U to End(S x ¢T'), whereas the
expression § X, (T x,, U) only makes sense if the map y is an anti-
homomorphism from U to End(T).

The Krohn-Rhodes theorem shows that every finite semigroup is a
wreath product of its subgroups and copies of the aperiodic semigroup Us.
Now, if V and W are S-pseudovarieties and S € Vand T € W, then ST € v
(since V is closed under finitary direct products); hence S: T € V x W.
Notice furthermore that V € VxW since every pseudovariety contains the
trivial semigroup. Therefore the Krohn-Rhodes theorem can be restated
in terms of S-pseudovarieties as

‘X A X G appears k times

S=UG><1A><16><1---><1A>46.
keINU{0}

EXERCISES

[See pages 239-246 for the solutions.]

8.1 Let S be cancellative semigroup that satisfies a law u = v where
u,v € A" and u and v are not equal words. Without loss of generality,
assume |u| < |v]. Let w € A" be the longest common suffix of u and v.
(That is, u = u'w and v = v'w, where 1’ and v’ do not end with the
same letter.) Prove that

a) if u = w, then S is a group;
b) if u # w then S is group-embeddable.

x8.2 a) Prove, directly from the definition, that the class of finite nilpotent
semigroups is a pseudovariety.

b) Prove that the class all nilpotent semigroups is not a variety.

8.3 Recall that a semigroup is orthodox if it is regular and its idempotents
form a subsemigroup. Prove that the class of orthodox completely
regular semigroups forms a variety and that it is defined by the laws
xx~' = x"'xand xyy_lx_lxy =Xy

8.4 Let RB be the class of rectangular bands.
a) Prove, directly from the definition, that RB is a variety.
b) Prove that RB is defined by the law xyx = x.
c) Prove that RB is also defined by the laws x* = x and xyz = xz.

d) Give an example of a semigroup that satisfies x yz = xz but is not
a rectangular band.
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8.5 Let X be the class of semigroups isomorphic to a direct product of a
group and a rectangular band. Prove that X is a variety and is defined
by the laws xx™! = x 'xand x 'yy'x = x7'x.

8.6 Let T be atype,andlet{V; : i € I} be a collection of pseudovarieties
of T-algebras. Prove that )., V; is a pseudovariety.

8.7 Prove that (Vjen)sg € V for any S-pseudovariety of semigroups V.
Give an example to show that the inclusion may be strict.

8.8 Prove that the pseudovariety of finite completely regular semigroups
CRis [x“*! = xJ.

x8.9 Prove that the pseudovariety of finite completely simple semigroups
CSis [(xy)“x = x].

8.10 Prove that [xy® = x] is the class of finite left simple semigroups.
[Dual reasoning shows that [y“x = x] is the class of finite right
simple semigroups.]

NOTES

The number of non-isomorphic nilpotent semigroups of or-
der 8 is from Distler, ‘Classification and Enumeration of Finite Semigroups’,
Table A.4. « The section on varieties follows Howie, Fundamentals of Semigroup
Theory, § 4.3 in outline, but in a universal algebraic context instead of the re-
stricted context of {(o, 2), (!, 1)}-algebras. ¢ The exposition of pseudovarieties
contains elements from Almeida, Finite Semigroups and Universal Algebra, §§ 3.1,
5.1, ¢ 7.1. ¢ The discussion of free objects for pseudovarieties, profinite semi-
groups, pro-V semigroups, and pseudoidentities is based on Almeida, ‘Profinite
semigroups and applications’ and Almeida, Finite Semigroups and Universal
Algebra, ch. 3. « For a proof of Proposition 8.21, see Almeida, Finite Semigroups
and Universal Algebra, § 10.1. ¢ For further reading, Almeida, Finite Semigroups
and Universal Algebra is the more accessible text, and Rhodes ¢ Steinberg, The
q-theory of Finite Semigroups the more recent and comprehensive monograph.
Pin, Varieties of Formal Languages, ch. 2 and Eilenberg, Automata, Languages,
and Machines (Vol. B), ch. v give rather different treatments.

%6
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Automata
¢ finite semigroups

We do not praise automatons for accurately producing
all the movements they were designed to perform,
because the production of these movements occurs
necessarily. It is the designer who is praised

— René Descartes,
Principles of Philosophy, pt 1, § 37
(trans. John Cottingham).

i+ This chapter explores the connection between finite
semigroups and rational languages. Rational languages are sets of words
that are recognized by finite automata, which are mathematical models
of simple computers. After discussing the necessary background on the
theory of languages and automata, we will explore its connection to the
theory of finite semigroups. The goal is the Eilenberg correspondence,
which associates pseudovarieties of finite semigroups to certain classes
of rational languages. We will then study some consequences of this
correspondence.

FINITE AUTOMATA AND
RATIONAL LANGUAGES

Let A be an alphabet. A language over A is a subset of
A*. So alanguage over A is a set of words with letters in A. We will be
interested in a particular class of languages over A called the rational
languages. To motivate the definition of this class, we first introduce finite
automata.

A finite automaton is a mathematical model of a computer with a very
simple form of operation: it reads an input word (a sequence of symbols
over an alphabet) one symbol at a time, and either accepts or rejects this
input. The automaton can be in one of a finite number of internal states
at any point. As it reads a symbol, it changes its state to a new one that is
dependent on its current state and the symbol it reads. If can start in one
of a given set of initial states, read an input word symbol-by-symbol, and
end up in one of a given set of accept states, it accepts this input.

It is easier to start with an example of a finite automaton rather than
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An example of a finite auto-

maton.

FIGURE 9.1

Finite automaton

b b
£
O=0
a,b

a formal definition. The directed graph in Figure 9.1 represents a finite
automaton. The vertices of the graph represent he states of the automaton.
The state g, is marked with an incoming arrow ‘from nowhere’: this
indicates that it is an initial state. The state q; has a double outline: this
indicates that it is an accept state. (In this example, there is only one
initial state and one accept state; generally there may be more than one
of each, and it is possible for a state to be both an initial and an accept
state.) The edges and their labels indicate how the automaton behaves:
for example,

« the edge from g to g, labelled by a says that if the automaton is in
state g, and reads the symbol g, it can change to state g;;

« the edge from g to g, labelled by the empty word ¢ says that if the
automaton is in state g, it can change to state g, without reading any
symbols (that is, it can ‘spontaneously’ change from state g, to state

9o)-

Notice that if the automaton is in state q; and reads a symbol b, it can
either change to state g, or return to state g,. That is, the automaton
is non-deterministic: there is an element of choice in how it functions.
Thus the automaton is said to accept a word w € {a, b}" if there is some
sequence of choices it can make so that it starts in the initial state gy,
reads w, and finishes in the accept state g;. In terms of the graph, this is
equivalent to saying that the automaton accepts w if there is a directed
path in the graph starting at g, and ending at q;, labelled by w. (The
label on a path is the concatenation of the labels on its edges.) Hence this
automaton accepts baa, since this word labels the path

@b@a@s@a@
T <F

On the other hand, it does not accept the word b, because the only path
with label b starting at g, is the path

el ¢ F

which does not end at g;.

Formally, a finite automaton, or simply an automaton, A is formally
a quintuple (Q, A, 6, I, F), where Q is a finite set of states, A is a finite
alphabet, 6 : Q x (A U {e}) — PQ is a map called the transition function,

174 @ Automata & finite semigroups



I € Qis a set of distinguished states called the initial states or start states,
and F C Qs a distinguished set of states called accept states or final states.

We think of an automaton as a directed graph with labelled edges,
with vertices being the states, and, for each g € Qanda € A, and
for each q' € (g, a)d, an edge labelled by a from g to g'. We can thus
represent an automaton in a diagrammatic form, with the states being
nodes connected by arrows. Initial states are marked with an incoming
arrow ‘from nowhere’ Accept states have double borders. For each g € Q
and a € A, there is an arrow labelled by a € A from g to each element of
(g>a)é. The label on a path in such a graph is the product of the labels on
the edges in that path.

For example, let A be automaton in Figure 9.1. Then A has state set
Q = {q¢,q;}- The set of initial states is I = {g,}, the set of final states is
F = {q,}, and the transition function § : Q x (A U {e}) — PQ is as given
in Table 9.1.

We say that an automaton A = (Q, A, 6, I, F) accepts aword w € A”
if there is a directed path in the diagram starting at an initial state in I
and ending at an accept state in F, and labelled by w.

The idea is that the automaton is a model of a computer that can start
in any state in I. While in state g, it can read a letter a from an input tape
and change to any state in (g, a)d, or it can change to any state in (g, €)d
without reading any input. The automaton accepts its input if, when it
has finished reading all the input letters, it is in a state in F.

The set of all words accepted by an automaton A is denoted L(.A), and
is called the language recognized by A. If alanguage L € A* is recognized
by some finite automaton, it is called a recognizable language.

Our description of an automaton reading input involves an element
of choice. The automaton is non-deterministic: First, the automaton can
start in any state in I. Second, the action it takes when it is in a particular
state with a particular input letter to read is not fixed: the automaton
can change to one of several other states on reading that letter, and may
indeed change to another state without reading any input.

An automaton where there is no such choice is called deterministic.
More formally, an automaton A = (Q, A, 8, I, F) is deterministic if I con-
tains exactly one state, 6(q, &) = @ for all g € Q, and 6(g, a) contains a
single state for all ¢ € Q and a € A. In terms of the diagram, A is determ-
inistic if there is only one state with an incoming edge from nowhere; no
edge is labelled by ¢, and for every state g € Q and a € A, there is at most
one edge starting at q and labelled by a. So in a deterministic automaton,
there is at most one path starting at a given state and labelled by a given
word. (Such a path may not exist, since there might not an edge with the
required label present at some point.)

However, although deterministic automata seem to be much more re-
strictive than non-deterministic ones, the class of deterministic automata
actually has the same recognizing power’ as the class of all automata, in
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a sense made precise by the following result:

Recognizable languages THEOREM 9.1. Let L be a recognizable language. Then there is a determ-

are recognized by inistic automaton that recognizes L.
deterministic automata

Proof of 9.1. Let A = (Q, A, 8, I, F) be an automaton, possibly non-de-
terministic, that recognizes L. For the purposes of this proof, we define
the e-closure of a set P € Q to be the set

C.(P) ={r € Q : (Ip € P)(there is a path in A
from p to q labelled by ¢) }.

We are going to define a new automaton D(A) = (PQ, A,#,J,G).
Note that the state set of D(A) is the power set of the state set of A. The
idea is that each state of D(4) is a set that records every possible state
that A could be at a given time. The following definitions formalize this
idea.

The set of initial states J is the singleton set {C,(I)}. (Note that before
reading any symbol, A could be in any state in C,(I).)

The transition function # has domain Q x (A U {e}) and codomain
the power set of the power set of Q. The function # is defined by

(S, e)n =0,
Sy ={C.({peQ: @qe9)@ad=p)h}.

We emphasize that (S, a)y contains a single element C,(...). Note that,
starting in a state in S and reading a symbol a, the automaton A could be
in any state in (S, a)x.

Finally, the set of accept states is

G={UePQ:UNF+a&}.

Note that D(A) is deterministic. We now have to prove that L(A) =
L(D(A)).

Suppose w = wy -+ w, € L(A). Then there is a path in the graph of
A from a state in I to a state in F. We are going to prove that there is a
path in D(A) from the (unique) initial state to an accept state with the
same label. Let g, ... , g, be the states on a path in A labelled by w, with
qo € I and g; € F.For j =0,...,n— 1, leti; the the subscript of the state
immediately before the edge labelled by the symbol w,, on this path.

So there is a path in A from g, € I to g; labelled by ¢, so g; € C(I).
So g;, is in the unique initial state of D(A). Let Q; = C,(I); then we have
i, € Qi

Proceed by induction. For any j, we have i1 € (qij, w;)d, and we
know that there is a path in A from i1 10 q; labelled by e. Therefore

we have a,, € Cs({q,-jﬂ}) c (Q,-j, w;)n. Let Q,, = (Qij, w;)n; then we
have i, €Qi,,-
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FIGURE 9.2
The deterministic automaton
equivalent to the one in Figure
9.1.

Finally, thereisapathfromgq; ., tog; € Flabelledbye,so (Q; ,w,)y
must contain gy, and hence (Q; ,w,)nNF # J.LetQ; =(Q; ,w,)n.
Thus the (unique) path in D(A) labelled by w, -+ w,, and starting from
the (unique) initial state Q; € J visits states Q; ,Q; ,...,Q; ,Q; and
ends at an accept state. So w € L(D(A)).

Now suppose that w = wy ..., w,, € L(D(A). Then there is a sequence
of states Q,, ..., Q,, with Q, € Jand Q,, € G, and (Q;_,,w;)n = Q; for
i = 1,...,n. By the definition of G, there is some g, € Q,, N F. Proceed
by induction. For any j = 1,...,n, by the definition of #, there exist
gj-1 € Qj_; and g; € Q; such that g; € (g;_;,w;)d and there with a path
from g; to g in A labelled by e.

Finally, since Q, € J, we have Q, = C,(I) and so there is a path in A
labelled by & from some g, € I to gj.

Hence there is a path in A from g, € I to g, € F passing through
691591 -+~ >9n-1>9n-1>9, (and other intermediate states) and labelled
byw = w, - w,. So w € L(A).

Thus the recognizable language L is recognized by the deterministic
automaton D(A).

Applying the construction in the proof of Theorem 9.1 to the example
automaton A above, the resulting deterministic automaton D(A) re-
cognizing L(A) has set of initial states ] = {{g}}, set of accept states
G = {{g,}, Q}, and transition function 7 : PQ x (A U {¢}) — P(PPQ) as
shown in Table 9.2. Diagrammatically, D(4) is shown in Figure 9.2.

We will need to make a distinction between two classes of languages.
A x-language is a subset of A*; that is, it may include the empty word. A
+-language is a subset of A™; that is, it does not contain the empty word.
Of course, every +-language can also be viewed as a *-language. But
the distinction is important when we perform operations on languages,
and when we develop the correspondence of classes of languages and
pseudovarieties.

Let A be an alphabet. We are going to define some operations on the
classes of languages over A. Let L and K be *-languages over A. Then
K UL and K N L are, respectively, the union and intersection of K and L.
The language A* ~ L is the complement of L in A*. Notice that the class of
*-languages is closed under union, intersection, and complement. These
are the Boolean operations on the class of *-languages. We will say that
a class of #-languages that is closed under the Boolean operations is a
Boolean algebra. [The notion of a Boolean algebra is more general than
this, but this definition will suffice for us.]

For +-languages, we have the same union and intersection operations.
However, the complement operation is different: A*~\L is the complement
of Lin A", and is also a +-language. The class of +-languages is closed
under the operations of union, intersection, and this new complement
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Kleene star *, Kleene plus *

Rational/regular language

Kleene’s theorem

operation; these are the Boolean operations on the class of +-languages.
Again, we say that a class of +-languages that is closed under the Boolean
operations is a Boolean algebra.

The concatenation KL of the *-languages or +-languages K and L is
the set of words of the form uv, where u € K and v € L. The submonoid
of A* generated by K is K*; the subsemigroup generated by K is K*.
Note that when K = A, this agrees with the notation for the free monoid
and free semigroup. However, when K # A, the sets K* and K™ are in
general not the free monoid and free semigroup on K. For example, if
K = {a?,a’}, then a’a® = a*a?, so K* and K* are not the free monoid
and free semigroup on K. The operations * and * are called the Kleene
star and Kleene plus. Notice that the class of *-languages is closed under
the operations * and *, and the class of +-languages is closed under the
operation .

A language over A = {a,,...,a,} is rational or regular if it can be
obtained from the languages &, {¢}, {a,}, {a,}, ..., {a,,}, by applying (zero
or more times) the operations of union, concatenation, and Kleene star.

KLEENE'S THEOREM 9.2. A language over a finite alphabet is rational
if and only if it is recognizable.

Proof of 9.2. To show that any rational language is recognizable, it suffices
to show that the languages &, {¢}, and {a} (for a € A) are recognizable,
and then to prove that the class of recognizable languages is closed under
concatenation, union, and Kleene star. In our various constructions, we
will simply draw automata. First, notice that

recognizes J;
recognizes {e}; and
@ a recognizes {a} (fora € A).

So &, {e}, and {a} (for a € A) are recognizable.

Now suppose that K and L are recognizable languages. So there are
automata A = (Q 4,A,8 4,1 4, F 4) and B = (Qg, B, 03, I3, F3) recog-
nizing K and L respectively, which we will sketch as

—0 O -0 O

—0O O -0 O

respectively. Then

recognizes KL;
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- recognizes K U L;

and recognizes K.

Thus KL, KUL, and K™ are recognizable languages. Hence K* = K™ U{e}
is also recognizable. This proves that every rational language is recogniz-
able.

So let L be a recognizable language. Then by Theorem 9.1, there is a
deterministic automaton A = (Q, A, 8, I, F) recognizing L. Suppose that
Q=1{qy,.--»9,}and I = {q,}. Foreachi, j € {1,...,n} and k € {0, ..., n},
let R[i, j; k] be the set of labels on paths that start at g;, end at g;, and
visit only intermediate vertices in {q, ..., qi}. (So R[i, j; 0] is the set of
labels on paths that start at g;, end at g;, and do not visit any intermediate
vertices.) Note that

L=LA) = ] R[L,jsn]. (9.1)

1<j<n
q;€F
Thus we aim to prove that R[i, j; k] is rational for all i, j € {1,...,n} and
k € {0,...,n}; this will suffice to prove L is rational. We proceed by
induction on k.

First, consider k = 0. The words in R[i, j; 0] label paths from g; to
g; that visit no intermediate vertices, and so can have length at most 1
(length 0 is possible if i = j). So R[i, j; 0] is either & or a union of sets {e}
and {a} (for a € A). This is the base of the induction.

Now let k > 0 and assume that R[i, j;k — 1] is rational for all 4, j.
Consider a path « from g; to g; that only visits intermediate vertices from
{q1>--- 9k} Now, if  does not visit gy, then its label is in R[4, j; k — 1].
Otherwise we can decompose « into subpaths between visits to gy.: that
is, let « be the concatenation of subpaths «, «, ..., «,,, where «, is the
subpath from g; up to the first visit to gy, the oty (for € = 1,...,m — 1)
are the subpaths between visits to g, and «,,, is the subpath from the last
visit to gy to the state g;. Then the label on a is in R[i, k; k — 1], the labels
onthew, (fore =1,...,n—1) are in R[k, k; k — 1], and the label on «,, is
in R[k, j; k — 1]. Since « was arbitrary, this shows that

R[i, jsk] = R[i, j;k—1]UR[i, k; k= 1](R[k, k; k—1])* Rk, j: k—1].
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By the induction hypothesis, each of the sets R[i, j; k—1] are rational. Thus
R[i, j; k] is rational, since it obtained from these sets using concatenation,
union, and Kleene star.

Hence, by induction, all the sets R[4, j; k] are rational. Therefore L is

rational by (9.1).

As a consequence of Theorem 9.2, the class of rational languages is
closed under complementation. Hence we may view the rational lan-
guages over A as the languages obtainable from {a} (for a € A) and {¢}
by applying the operations of union, concatenation, and Kleene star, and
also intersection, complement, and Kleene plus.

A x-language L over A is star-free if it can be obtained from the
languages {a}, where a € A, and {e} using only the operations of union,
intersection, complementation, and concatenation.

For any *-language L over an alphabet A and word u € A*, define
the languages

ullL={weA* iuwel}
Lut={weA* :wuell

the languages 'L and Lu™! are, respectively, the left and right quotients
of L with respect to u. Similarly, for any +-language L over an alphabet A
and word u € A*, define

u'L={we A" :uwel}
Lu'={weA" :wuell.

Notice that the class of +-languages is closed under forming left and right
quotients. The following result shows that the classes of rational *- and
+-languages are also closed under forming left and right quotients:

PROPOSITION 9.3. If L is a rational =-language (respectively, +-lan-
guage), then L has only finitely many distinct left and right quotients, all of
which are rational x-languages (respectively, +-language).

Proof of 9.3. We will prove the result for *-language, the proof for +-
languages is identical, with the additional observation the class of +-
languages is closed under forming left and right quotients.

Let A = (Q, A,d, 1, F) be an automaton with L = L(A). Letu € A*.

Let J] < Q consist of all states A can reach starting at a state in [
and reading u. Let ;A4 = (Q, A, 4, ], F). Then w € L(;A) if and only if
uw € L(A). Thatis, u 'L = u™'L(A) = L(;A). So ' L is rational. Since
there are only finitely many possibilities for J, there are only finitely many
distinct languages u ' L.

Similarly, let G € Q consist of all states in which A can start and reach
a state in F after reading u. Let A; = (Q, A,6,1,G). Then w € L(A) if
and only if wu € L(A). Thatis, Lu™! = L(A)u™! = L(Ag)u™'. So Lu™! is
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rational. Since there are only finitely many possibilities for G, there are
only finitely many distinct languages Lu ™.

Let A = (Q, A, 6, {q,}, F) be a deterministic automaton. Note that for
each g € Qand a € A, the set (g, a)d is either empty or contains a single
element. If § is such that (g, a)d is never empty (that is, there is exactly
one element in each (g, a)é), then the automaton A is complete. In terms
of the graph, a complete deterministic automaton has exactly one edge
starting at each vertex with each label in A.

Let A = (Q, A, 6, {q,}, F) be a complete deterministic automaton. For
each a € A, there isa map 7, : Q — Q with gr, given by (g, a)d = {q7,}.
Notice that 7, € T, for each a € A. So we have a homomorphism ¢ :
A* — T, extending the map a + 7,,. The set im ¢ is a submonoid of T,
called the transition monoid of A. For any word w € A*, the element we
is a transformation of Q. For any g € Q, the state g(w¢) is the state that A
will reach ifit startsin gand readsw. Let Y = {0 € im¢ : g0 € F} € T,
Then we € Y ifand only if w € L(A). That is, we have a monoid T, with
a subset Y and a homomorphism ¢ : A* — T, that describes L(A) as
the inverse image of Y under ¢. This motivates the following definition.

A x-language L over A is recognized by a homomorphism into a mon-
oid M, or more simply recognized by a monoid M, if there exists a monoid
homomorphism ¢ : A* — M, where M is a monoid with a subset M’
of M such that L = M'¢p™!, or, equivalently, with L = Lopg™'. Similarly,
a +-language L over A is recognized by a homomorphism into a semi-
group S, or more simply recognized by a semigroup S, if there exists a
homomorphism ¢ : A* — S, where S is a semigroup, with L = Log ™.
Notice that if L is a *-language (respectively, a +-language) recognized
by ¢ : A* — M (respectively, ¢ : A" — S),then L = ¢¢' and so
L=, 0 x¢~'. Each set x¢p™! consists of words that map to x and so
are related by ker ¢. That is, each x¢ ™! is a ker ¢-class, so L is a union of
ker g-classes. Notice that in the discussion in the previous paragraph, T,
is a finite monoid. So any recognizable language is recognized by a finite
monoid. Furthermore, any recognizable +-language L is recognized by a
finite semigroup, since in this case the initial state of an automaton recog-
nizing L cannot also be an accepting state, and hence Y in the discussion
above does not contain idg,, so that we can use @[+ : A™ — (T~ {idg}),
noting that L = Y|+ = Lol ¢l4.

On the other hand, suppose L is a *-language over A recognized by a
finite monoid M. Let ¢ : A* — M be a homomorphism recognizing L,
sothatby L = Lo ™! Then we can construct an automaton A recognizing
L as follows. The state set is M. The set of initial states is {1,,}, the set of
accept states is Lg, and the transition function § : M x (AU {e}) - M
is given by (m,a)8 = {m(ag)}. It is easy to see that L(A) = Lop™' = L,
since the unique path starting at 1,,; and labelled by w = w --- w,, (where
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oL

w; € A)is

This path ends in Le if and only if w € L. Similarly, if a +-language L
is recognized by a finite semigroup S, we can construct an automaton
recognizing S with state set §'. Thus we have proven the following result:

THEOREM 9.4. A *-language is recognizable if and only if it is recog-
nized by a finite monoid. A +-language is recognizable if and only if it is
recognized by a finite semigroup.

Let V be an M-pseudovariety of monoids (respectively, an S-pseudo-
variety of semigroups). A x-language (respectively, +-language) over A
is V-recognizable if it is recognized by some monoid (respectively, sem-
igroup) in V. Thus Theorem 9.4 says that a *-language (respectively +-
language) is recognizable if and only if it is M-recognizable (respectively,
S-recognizable).

At this point, our goal is to describe classes of languages that are
V-recognizable for a given pseudovariety V.

SYNTACTIC SEMIGROUPS AND MONOIDS

We are now going to study particular semigroups and
monoids associated to languages, known as syntactic monoids and semi-
groups. These will be of fundamental importance in establishing a con-
nection between pseudovarieties and classes of recognizable languages.

For any *-language L over A, define a relation o; on A* as follows:
foru,v e A%,

uo,ve (Vp,ge A")(puge L & puvg € L). (9.2)

For any +-language L, define o; on A" in exactly the same way, using
(9.2); note in particular that p and g still range over A*, not A™.

PROPOSITION 9.5. Let L be a x-language (respectively, +-language) over
A. Then:

a) The relation oy is a congruence on A* (respectively, A").
b) The language L is a union of o -classes.

c) If p is a congruence on A* (respectively, A™) with the property that L is
a union of p-classes, then p < oy.

Proof of 9.5. We prove the result for *-languages; the reasoning for +-
languages is parallel.
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a) It is immediate from the definition that o; is reflexive, symmetric,
and transitive. So o} is an equivalence relation. Let u o7 v and let
s € A*.Then pug € L & pvq € Lforall p,q € A*. In particular, this
holds for all p of the form p's; hence p'sug € L & p’'svg € L for all
p'»q € A*. Hence su oy sv. So oy is left-compatible; similarly it is
right-compatible and is thus a congruence.

b) Letu € Landlet v oy u. Put p = g = ¢ in the definition of o} to
see that v € L. Thus if any oy -class intersects L, it is contained in L.
Therefore L is a union of oy -classes.

c) Let p be a congruence on A* such that L is a union of p-classes. Then

(u,v) e p
= (Vp,q € A")((pug, pvq) € p) [since p is a congruence]
= (Vp.q € A)((puq. pvg) € LV (puq, pvg) ¢ L)
[since L is a union of p-classes]
= (Vp,ge A")(puge L & pvg e L)

= (u,v) € 0y;

thus p € o;.

For any language L over an alphabet A, the congruence o is called
the syntactic congruence of L.

For any #*-language L, the factor monoid A*/o; is called the syntactic
monoid of L and is denoted SynM L, and the natural monoid homomor-
phism o} : A* — A*o; = SynM L is the syntactic monoid homomor-
phism of L.

For any +-language L, the factor semigroup A*/o; is called the syn-
tactic semigroup of L and is denoted SynS L, and the natural homomor-
phism o} : A* — A%/, = SynSL is the syntactic homomorphism of
L.

The importance of syntactic monoids and semigroups is the following
result. Essentially, it says that the syntactic monoid of a *-language is
the smallest monoid that recognizes that language, and similarly for +-
languages and semigroups:

PROPOSITION 9.6. a) Let L be a *-language. Then L is recognized by
a monoid M if and only if SynM L < M.

b) Let L be a +-language. Then L is recognized by a semigroup S if and
only if SynSL < S.

Proof of 9.6. We prove only part a); the proof for part b) follows by repla-
cing ‘A™’ by ‘A", ‘submonoid’ by ‘subsemigroup; ‘SynM’ by ‘SynS,, and
‘monoid homomorphism’ by ‘homomorphism’ throughout.

Let @ : A* — M recognize L.So L = Lpp™". Then ker ¢ is a congru-
ence on A" and L is a union of ker ¢-classes. Hence ker ¢ C 0;. Define
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amap vy : im¢ — SynM L by (ug)y = [u], ; this map is a well-defined
monoid homomorphism since ker ¢ C o;. It is clearly surjective. Since
im ¢ is an M-submonoid of M and v : im¢ — SynM L is a surjective
homomorphism, SynM L < M.

For the other direction, we first prove that SynM L recognizes L. Since

Lis a union of oy -classes, it follows that L = | J,, ., [u],, = U, ., x(o})! =
LO'LH(O'E)_l. Thus aﬂ : A* — SynM L recognizes L.

Let SynM L < M. So there is an M-submonoid N of M and a surject-
ive M-homomorphism v : N — SynM L. For each a € A, define a map
¢ : A — N by choosing ag such that (ag)y = ao}. Since A* is free on
A, there is a unique extension of ¢ to a homomorphism ¢ : A* — N;
notice that (u@)y = uoy forall u € A* since  and o} are monoid ho-
momorphisms. Let N’ = Loﬁw‘l. Then, viewing ¢ as a homomorphism
from A* to M, we have

L=Lof(o})" = Lojy~'¢~' = N'g ",
and so M recognizes L.

Proposition 9.6 is actually the original motivation behind the concept
of division.

PROPOSITION 9.7. Let A and B be alphabets. For all -languages L and
K over A, forall a € A, and for all monoid homomorphisms ¢ : B* — A*:

a) SynM L = SynM(A* N L);

b) SynM(L N K) < (SynM L) x (SynM K);

¢) SynM(L U K) < (SynM L) x (SynM K);

d) SynM(a™'L) < SynM L;

e) SynM(La™') < SynM L;

f) SynM(Lg™"') < SynM L.

Proof of 9.7. a) For any u,v € A*, we have

uo,ve (Vp,gqe A")(puge L & pvg e L)
e (Vp,ge A%)(puge A*~L & pvge A* N L)
S UT g Us
Hence 0; = 04+ and so SynM L = SynM(A* \ L).

b) Define a monoid homomorphism ¢ : A* — (SynM L) x (SynM K)
by up = (uo},uol). Let S = Lo} x Kop ¢ (SynM L) x (SynM K).
Then

ueSp!
S up € Laﬁ X K01u<

=>FvelLwe K)((vaﬁ,walu() = (uaﬁ,ua}é))
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= (Fv e Lyw € K)((vo} = uo?) A (wop = uok))
= (we Lot (o)™ A (e Kok(ah)™)
= (wuelL)AN(ueK)
=uelLnKkK.
Hence Sp~! € L n K. On the other hand,

uelnkK
=suclAuckK
= up = (uaﬁ,ucf,n() € Laﬂ X K0'1u< =S
= ueSp,
s0Sp' € LNK.HenceSp~' = LNK. Thus ¢ : A* — (SynM L) x
(SynM K) recognizes L N K, and so SynM(L N K) < (SynML) x
(SynM K) by Proposition 9.6(a).
¢) Define a monoid homomorphism ¢ : A* — (SynM L) x (SynM K)
by ugp = (uo},uoy). Let S = (Lot x SynM K) U (SynM L x Kol) ¢
(SynM L) x (SynM K). Then
ueSp!
= ug € (LO'E x SynM K) U (SynM L x K01n<)
=>(FJvelLwe A*)((vaﬁ,walu() = (uaLn,uaﬁ())
Vv (Fv € AY,w € K)((vof, wor) = (uot, uol))
= (Fv € L)(vo} = uo)) v Qw € K)(wol = ual)
= (we Lot (o)™ Vv (ueKok(ah)™
= (uel)V(ueKkK)
=uelLUK.
Hence Sp™! € L U K. On the other hand,
ue LUK
=suclvuek
= up = (uaﬁ,ucf,n() €
(Lot x SynM K) U (SynM L x Kog) = S
= ueSp,
soSp' ¢ LNK.HenceSp' = LUK. Thus ¢ : A* — (SynM L) x

(SynM K) recognizes L U K, and so SynM(L U K) < (SynML) x
(SynM K) by Proposition 9.6(a).

d) LetS = Lo} SynM L. Let s = ao}. Define

s1S={xeSynML:sxeS}
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Thena 'L = (s'S)p! and so ¢ : A* — SynM L recognizes a™'L.
Hence SynM(a™'L) < SynM L by Proposition 9.6(a).
e) This is similar to part d).

f) The homomorphism (paLn : B — SynM L recognizes Lyp™' since

Lo~ ga} (9o]) ™! = Lo~ 9ot (0]) 97! = Loj(0]) 97! = Lo~

Hence SynM(L¢™!) < SynM L by Proposition 9.6(a).

Essentially the same proofs yield the corresponding results for syn-
tactic semigroups:

Properties of PROPOSITION 9.8. Let A and B be alphabets. For all +-languages K
syntactic semigroups and L over A, for all a € A, and for all homomorphisms ¢ : B¥ — A*:

a) SynSL = SynS(A™ ~ L);

b) SynS(L N K) < (SynS L) x (SynS K);

¢) SynS(LUK) < (SynSL) x (SynSK);

d) SynS(a~'L) < SynS L;

e) SynS(La™!) < SynS L;

f) SynS(Ly~') < SynS L.

EILENBERG CORRESPONDENCE

The classes of languages that correspond to pseudova-
rieties are called ‘varieties of rational languages’ However, the class of
languages that are V-recognizable for some pseudovariety V is also de-
pendent on the finite alphabet A as well. Thus we do not formally define
a ‘variety of rational languages’ as a class, but rather as a correspondence
that associates finite alphabets to classes of languages. We also need to

Variety of rational distinguish between *-languages and +-languages. To be precise, a variety
+-languages of rational *-languages is formally defined to be a correspondence V that
associates to each finite alphabet A a class of rational *-languages V(A™)

with the following properties:

1) The class V(A*) is a Boolean algebra. (That is, it is closed under union,
intersection, and complement in A*.)

2) Forall L € V(A") and a € A, the right and left quotient languages
a'll={weA*:awel}l and La'={weA* :wael}

are also in V(A™)

3) For all finite alphabets B, for all *-languages L € V(B*), and for all
monoid homomorphisms ¢ : A* — B*, we have Lop™! € V(A*).
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Similarly, a variety of rational +-languages is a correspondence V that
associates to each finite alphabet A a class of rational languages V(A")
with the following properties:

1) The class V(A") is a Boolean algebra. (That s, it is closed under union,
intersection, and complement in A*.)

2) Forall L € V(A") and a € A, the right and left quotient languages
a'L={weA" :awel} and La'={weA" :wael}

are also in V(A™).

3) For all finite alphabets B, for all +-languages L € V(B"), and for all
homomorphisms ¢ : A* — B*, we have Lp™! € V(A").

EXAMPLE 9.9. a) The correspondence € such that £(A") = {&, A} is
a variety of rational +-languages. To see this, first note that each E(A™)
is clearly closed under union, intersection, and complement. Next,
foranya € A,wehavea '@ = @a! = J € E(A*) anda'AT =
Ata™l = AT € E(AY), so E(AY). Finally, for any homomorphism
¢:B" — A", wehave Jp! = & € &B*)and AT@~! = B" € &B").

b) Let M be the correspondence that associates to each finite alphabet A
the class of all *-languages over A. It is easy to see that M is a variety
of rational *-languages.

c) A +-language L over an alphabet A is said to be cofinite if A* ~ L
is finite. Let N be the correspondence that associates to each finite
alphabet A the class of all finite or cofinite languages over A. Then N
is a variety of rational +-languages (see Exercise 9.4).

There is a natural correspondence, known as the Eilenberg correspond-
ence, between varieties of rational *-languages and M-pseudovarieties
of monoids, and between varieties of rational +-languages and S-pseu-
dovarieties of semigroups. For varieties of rational *-languages and M-
pseudovarieties of monoids, the correspondence is defined as follows:

¢ Let V be a variety of rational *-languages. The corresponding M-
pseudovariety of monoids V is generated by all monoids SynM L such
that L € V(A") for some finite alphabet A. That is, we have a map

{SynML : L € V(A*)
Ve V‘M< for some finite alphabet A} /) (9:3)

¢ Let V be an M-pseudovariety of monoids. The corresponding variety
of rational *-languages V associates to each finite alphabet A the
class of languages L such that SynM L € V, or, equivalently, the class
of languages L such that L is recognized by some monoid in V. That
is, we have a map

ViV, where V(A*) ={L< A" : SynML eV} (0.4)
for each finite alphabet A. 4
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Eilenberg’s theorem

The correspondence for +-varieties of rational languages and S-pseudo-
varieties of semigroups is defined similarly:

¢ Let V be a variety of rational +-languages. The corresponding S-
pseudovariety of semigroups V is generated by all semigroups SynS L
such that L € V(A") for some finite alphabet A. That is, we have a
map

{SynSL: L € V(A*)
vV - Vs( for some finite alphabet A} /° (9.5)

¢ LetVbe an S-pseudovariety of semigroups. The corresponding variety
of rational +-languages V associates to each finite alphabet A the
class of languages L such that SynS L € V, or, equivalently, the class of
languages L such that L is recognized by some semigroup in V. That
is, we have a map

Vi> vV, where V(A") ={L< A" :SynSL e V} (06)

for each finite alphabet A. >
EILENBERG’S THEOREM 9.10. The maps (9.3) and (9.4) are mutually
inverse, and the maps (9.5) and (9.6) are mutually inverse.

Proof of 9.10. We will prove that (9.3) and (9.4) are mutually inverse; the
other case is similar.

Let V be a variety of rational *-languages. Let V be the M-pseudovari-
ety of monoids associated to it by (9.3). Let W be the variety of rational *-
languages associated to V by (9.4). We aim to show that V(A*) = W(A").
for each finite alphabet A.

First, we prove that V(A*) € W(A*).LetL € V(A*). ThenSynM L €
V by the definition of (9.3), and so L € W(A*) by the definition of (9.4).
Hence V(A*) € W(A").

Next we prove that W(A*) € V(A*). This part of the proof is more
complicated. Let L € W(A™). Then SynM L € V by the definition of (9.4).
Now, V is generated by

X ={SynMK : K € V(A*) for some finite alphabet A };

that is, V = HSIP;, X. Hence there exist alphabets A; and *-languages
K; € V(A}) fori=1,...,nsuch that

SynM L < H SynM K;.
i=1
LetU =[], Af and T = [[;_, SynM K;. Define a map
i i

y:U—-T, (W, ..., w,)y = (W 0k 5 ..., WO )s
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then y is a surjective homomorphism because all of the maps ok T AF 5

SynM K; are surjective homomorphisms. Since SynM L < T, the monoid
T recognizes L; that is, there is a homomorphism ¢ : A* — T and a
subset M of T such that L = Mg,

Define v : A — U by letting ay be such that ayy = ag; since
A” is free on A, this map extends to a unique monoid homomorphism
¥ : A* — U. Notice that uyy = ug for u € A* since ¢ and y are monoid
homomorphisms. Foreachi=1,...,n,lety; : A* — A} be such that

wy = (uyy, ..., uy,)
and @; : A* — SynM K; be such that

up = (U, ..., ue,).
Then ¢, = vk
We have
L=Mg™'= U me!.

meM

Since V(A*) is a Boolean algebra, it is sufficient to show that mg™" €
V(A*) forallm e M. Ifm = (sy,...,s,) € M € T, wheres; € SynM K,
then

n
-1 _ -1
me _ﬂsi(Pi :
i=1

Again, since V(A™) is a Boolean algebra, it is sufficient to show that
5,071 € V(A*) foralls; € SynMK; andi=1,...,n.
Since s;¢; ! = si(aln(i)_qui_l, the closure of V under homomorphism

pre-images shows that it is sufficient to prove that si(alng)_l € V(AY).
Forw € A7, define

R, ={(p.9): p.q € A}, pwq € K;}
={(p@):pgeAjwepKq '}
then for any u,v € A* we have u og vifand only if R, = R,. Hence

ualng (01h<i)_1, which is the oy -class of u € A7, is given by

uog (og)' = [ p'Ka'~ |J p'Kig (9.7)
(p@)ER, (p@)¢R,

By Proposition 9.3, there are only finitely many distinct sets p~'K;q'.
Therefore the intersections and unions in (9.7) are finite. By repeated
application of the closure of V(A]) under left and right quotients, each
of the sets p~'K;q ! lies in V(A}). Since V(A*) is closed under unions,

intersections, and complements, ualhg (alnq)_1 lies in V(A]).
Finally, let u be such that s; = ualh@. Then si(alng)_l € V(A]). This
completes the proof.
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TABLE 9.3
Varieties of rational  *-
languages and M-pseudovari-
eties related by the Eilenberg
correspondence.

Variety of rational *-languages M-pseudo-

(class associated to A™) Symbol variety See also
(@, A*} & 1
Rational *-languages over A M M
Star-free *-languages over A SF A Th. 9.19

It is important to notice that although Eilenberg’s theorem shows
that there is a one-to-one correspondence between M-pseudovarieties of
semigroups and varieties of rational *-languages, and between S-pseu-
dovarieties of monoids and varieties of rational +-languages, it does not
actually give a concrete method for describing a variety of rational lan-
guages if we know a pseudovariety, or vice versa.

The following result is therefore an instance of the Eilenberg corres-
pondence, but it is not a consequence of Theorem 9.10. In general, finding
and proving instances of Eilenberg’s correspondence can be difficult,
although this particular result is straightforward.

THEOREM 9.11. The Eilenberg correspondence associates the S-pseudova-
riety of nilpotent semigroups N with the variety of finite or cofinite rational
+-languages N.

Proof of 9.11. LetS € N, with §” = 0 forall x € S. Let A be a finite alphabet
and suppose ¢ : A — S recognizes a +-language L.

Suppose that Ly contains Og. Then if w € A® with |w| > n, then
we = 0g and so w € Lop~' = L. Hence L contains all words with at least
n letters and so is cofinite. Thus L € N(A™)

Suppose that Ly does not contain Og. Then if w € A* with |w| > n,
then w ¢ L, since otherwise Ly 5> we € §" = {0}. Hence L contains only
words with fewer than n symbols and so L is finite. Thus L € N(A").

Thus if L is a +-language over A recognized by a semigroup in N, then
L e N(A).

On the other hand, let L be a +-language in N(A™). So L is either
finite or cofinite. Then there exists some n € IN such that either LNI,, = &
or L 2 I,,where I, = {w e A" : lw| > n}. Notice that I,, is an ideal of
A", and that S = A"/I,, is a nilpotent semigroup with §” = Og; thus S € N.
Then the natural homomorphism p?n : A" — Srecognizes L.

The remainder of this chapter is devoted to more involved results
that, like Theorem 9.11, are instances of the Eilenberg correspondence.
All such from this chapter are summarized in Tables 9.3 and 9.4.

A semigroup S is left-trivial if es = e for alle € E(S) and s € S, and
right-trivial if se = e for all e € E(S) and s € S. The finite left-trivial
semigroups form the S-pseudovariety K = [x“y = x“], and the finite
right-trivial semigroups form the S-pseudovariety D = [yx® = x“]

Let K be the correspondence where K(A™) is the class of all +-lan-
guages of the form XA* UY, where X and Y are finite +-languages over A;
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Variety of rational +-languages S-pseudo-

(class associated to A*) Symbol variety  See also
{@, A"} € 1
Rational +-languages over A N S
Finite/cofinite +-langs over A N N Th. 9.11
XA* UY, where K K Th. 9.12(a)
X, Y are finite +-languages
A*X UY, where D D Th. 9.12(b)
X, Y are finite +-languages
k *
ZUulJ_, x;A"y;, 11 L1 Th. 9.13
where
Z is a finite +-language,
ke NUO,and x;, y; € A"
ZUlJ, 4 aA"au Ule a;A*al, RB RB Exer. 9.5

where
{ZQA, ke NUOand

a;,a; € Awith a; # a]

and let D be correspondence where D(A") is the class of all +-languages
of the form A*X UY, where X and Y are finite +-languages over A.

THEOREM 9.12. a) K is a variety of +-languages and is associated by
the Eilenberg correspondence to the S-pseudovariety K;

b) D is a variety of +-languages and is associated by the Eilenberg corres-
pondence to the S-pseudovariety D.

Proof of 9.12. We will prove part a); dual reasoning gives part b).

Let L = XA* UY, where X and Y are finite +-languages over A. Now,
Y is finite and so lies in N(A"). Hence SynSY lies in N by Theorem 9.11.
Hence SynSY satisfies the S-pseudoidentity x*y = x“ and so SynSY €
K. Let n be the length of the longest word in X. Let w € A" be such
that |[w| = nand lett € A*. Then uwv € XA* © uwtv € XA*, so
w ox,- wt. So st = sforalls € (SynSXA*)" andt € SynSXA*. In
particular et = e for all idempotents e, since ¢’ = e. Thus SynS XA*
satisfies the S-pseudoidentity x“y = x“ and so SynS XA* € K. Finally,
note that SynSL < (SynS XA*) x (SynSY) by by Proposition 9.6(b).
Hence SynS L € HSPK = K.

Now suppose that L is recognized by a semigroup S € K. Then there
is a homomorphism ¢ : A" — Ssuch that L = Lpp™". Let n = [S|. Then,
by Lemma 7.5, " = SE(S)S = SE(S) since ex = e for all e € E(S) and
x € 8. Suppose that wt € L with |w| = n. Then we € §" = SE(S) and so
we = se for some s € Sand e € E(S). It follows that (wt)p = se(tp) =
se = wg since ex = e for all x € S. Hence w € L and wA* C (seS)p™! =
(se)p~! = wee!. Thus if wt € L, where |w| = n, then wA* < L. Hence
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L=XA"UY,where X € A" andY is a set of words of length less than #,
so L € K(A").

Notice that a left- or right-trivial semigroup is also locally trivial: if S
is left-trivial, then es = e forall s € Sand e € E(S), and hence ese = e* = ¢,
which shows that S is locally trivial. Hence KU D < LL1.

Let 71 be the correspondence where Z1(A™) is the class of languages

of the form
k

ZU U XAy, (9.8)
i=1
where x; and y; are words A" and Z is a finite +-language.
Some texts define ZI(A") to be the class of languages of the form Z U
XA*Y,where X, Y, and Z are finite +-languages, and claim that this is
equivalent to (9.8). This is incorrect, because (for example) the language
afa,b}*a U b{a, b}*b cannot be expressed in the form Z U X{a, b}*Y.

THEOREM 9.13. The Eilenberg correspondence associates the S-pseudo-
variety IL1 with the variety of +-languages L1.

Proof of 9.13. We will first of all show that the syntactic semigroups of

wA* and A*w are in L1 for all w € A". Since wA* € K(A"), it follows

by Theorem 9.12(a) that SynS(wA™*) € K. Hence SynS(wA*) is left-trivial

and so locally trivial, and so SynS(wA*) € LL1. Similarly SynS(A*w) € L1.
Let Z be a finite +-languages over A. Then

Z= U{w} = U(wA* ~ U waA*).
wezZ wekK acA
So SynS Z € IL1 by Proposition 9.8 and since LL1is closed under finitary
direct products and division.
Furthermore, for any x, y € A", we have

x|+ yl
xA*y = (xA" NA"y) N UAi.
i=1
So SynS(xA* y) € IL1 by Proposition 9.8 again.
Therefore by Proposition 9.8,

k
SynS(Z U UxiA*yi> e L.

i=1

On the other hand, let L be recognized by some semigroup S in IL1.
Then S is locally trivial and there is a homomorphism ¢ : A™ — Ssuch
that Logp™' = L. Letn = |S].

Lete € E(S) and s € S. Then (es)? = eses = es since ese = e because
S is locally trivial. Hence es € E(S). Similarly se € E(S). Thus E(S) is an
ideal, and so, by Lemma 7.5, §” = SE(S)S = E(S).
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Let w € L be such that |w| > 2n. Then w = xvy with |x| = |y| = n.
Now, 8" = E(S) by the previous paragraph, so x¢, yp € §" = E(S). Hence
we = (x¢)(ve)(yp) € (xp)S(yep). Hence xA*y C wee ™" C L. Thus L is
a finite union of languages of the form xA* y (where |x| = |y| = n) and a
finite set of words of length at most 2n. Thus L € ZI1(A™).

COROLLARY 9.14. L1=KUD.

Proof of 9.14. Since KU D ¢ L1, it remains to show that .1 € KU D.

Let V be the +-variety of rational languages associated to K LI D by
the Eilenberg correspondence. Then V(A™) contains the languages wA*
and A*w and hence the Boolean algebra generated by these languages,
namely Z1(A™). Therefore IL1 € KU D.

Notice that the proof of Corollary 9.14 essentially involves using the
Eilenberg correspondence to convert a question about S-pseudovarieties
of semigroups into one about varieties of +-rational languages and back
again. Although it would be possible to give a pure pseudovariety-the-
oretic proof of this result, the proof via the Eilenberg correspondence is
much more straightforward.

SCHUTZENBERGER'S THEOREM

The aim of this final section, and the capstone of the
entire course, is Schiitzenberger’s theorem, which shows that the star-free
rational languages are precisely those languages recognized by aperiodic
monoids. Before embarking on the proof, we need to introduce a new
concept.

A relational morphism between two semigroups S and T is a relation
@ € S x T such that

1) x¢p + Sforall x € S;

2) (x@)(yp) € (xy)p forall x, y € S.
Notice that any homomorphism is also a relational morphism. We need
to establish some basic properties of relational morphisms that we will
use to prove Schiitzenberger’s theorem. The first three lemmata follow
immediately from this definition:

LEMMA 9.15. Arelational morphism ¢ C S x T between semigroups S
and T is a subsemigroup of S x T. The projection homomorphisms from
Sx T toS andT restricts to homomorphismsoa : ¢ —> Sand 3 : ¢ —» T
such that e is surjective and T = o' B.

LEMMA 9.16. If ¢ : S — T is a surjective homomorphism from a sem-
igroup S to a semigroup T, then ¢~' € T x S is a relational morphism
between T and S.
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LEMMA 9.17. If ¢ € Sx T andy < T x U are relational morphisms
between semigroups S and T, and between semigroups T and U, respectively,
then oy € S x U is a relational morphism between T and S.

LEMMA 9.18. Let ¢ € S x T be a relational morphism between finite
semigroups S and T. Suppose that T is aperiodic and that for all e € E(T),
the subsemigroup ep™" is aperiodic. Then S is aperiodic.

Proof of 9.18. Let x € S. Since § is finite, xFm = xk for some k,m € N,
and H = {x*, x**1, ..., x¥™1} is a subgroup of S. Let & : ¢ — Sand
B : @ — T be asin Lemma 9.15, so that ¢ = o 'f. Then Ha ! is
a subgroup of ¢, and so Ha™! 3 = Hg is a subgroup of T. Since T is
aperiodic Hg is trivial by Proposition 7.4, Hp = e for some idempotent
e of T. By the hypothesis, ep™! 2 H is aperiodic, and so m = 1 and
xk*1 = xk_Since x € Swas arbitrary, this proves that S is aperiodic.

SCHUTZENBERGER'S THEOREM 9.19. The Eilenberg correspondence
associates the variety of star-free rational *-languages SF and the pseudo-
variety A of aperiodic monoids.

Proof of 9.19. Let A be the *-variety of rational languages associated to A.
We have to prove that SF(A*) = A(A™) for all finite alphabets A. So fixa
finite alphabet A.

Part 1 [SF(A*) < A(A")]. The class of *-languages SF(A*) consists of
the languages that can be obtained from the languages {a} (for a € A)
and {e} using the Boolean operations and concatenation.

Let us therefore begin by showing that A(A*) contains the languages
{a} (fora € A) and {e}. Leta € A. Let S = {x, 0} be a two-element null
semigroup with all products equal to 0. Let v : A — S' be the map
with ay = xand by = Oforallb € A~ {a},andlety* : A* — S be
the unique extension of ¢ to a monoid homomorphism. It is easy to see
that {a} = {x}y~' = {a}yy !, thus {a} is recognized by the monoid S'.
Clearly ' is an aperiodic monoid; thus S' € A. Hence {a} € A(A*) by
(9.3). Finally, {e} = a™'{a} € A(A*) by the definition of a *-variety of
rational languages.

Further, by the definition of a *-variety of rational languages, A(A*)
is a Boolean algebra and thus closed under the Boolean operations.

It therefore remains to show that _A(A*) is closed under concatenation.
Solet K,L € A(A*); we aim to prove that KL € A(A*). Then both
SynM K and SynM L belong to A by (9.4). That is, SynM K and SynM L
are aperiodic.

Consider the three syntactic monoid homomorphisms ok i A* 5
SynMK, o) : A* — SynML,and o, : A* — SynM(KL). Let 5y =
(of;)7". Since o), is surjective, 77 € SynM(KL)x A" is a relational morph-
ism by Lemma 9.16. Let { : A* — SynM K x SynM L be defined by u{ =
(ualno uaLn); clearly  is a homomorphism and thus a relational morphism.
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Let ¢ = #(; then ¢ is a relational morphism between SynM(KL) and
(SynM K) x (SynM L) by Lemma 9.17.

We want to use Lemma 9.18 and the relational morphism ¢ to show
that SynM(KL) is aperiodic. Let (e, e,) € E((SynM K) x (SynM L)). Let
m € (e;,e,)p”'. Then m = gr for some g € (e;,e,){"". Then g*( =
(ef,€3) = (e}, e,) = g(. Thus (g*, g) € ker{ ¢ kerok = o. Similarly
(9°.9) €0y

Suppose ug’v € KL for some u,v € A*. Then ug’v = xy, for x € K
and y € L. Then, by equidivisibility, either there exists p € A* such that
x = ugp and py = guv, or there exists g € A* such that xq = ug and
y = qgu. Assume the former case; the latter is similar. Since (g2, g) € o,
we have ug?p € K, and so ug?py = ug’v € KL. This shows that ug®v €
KL implies ug’v € KL.

Now suppose ug’v € KL for some u,v € A*. Then ug’v = xy, for
x € K and y € L. Then, by equidivisibility, either there exists p € A*
such that x = ug?p and py = gu, or there exists g € A* such that
xq = ug? and y = ggv. Assume the former case; the latter is similar.
Since (g°, g) € ok, we have ugp € K, and so ugpy = ug*v € KL. This
shows that ug?v € KL implies ug”v € KL.

Combining the last two paragraphs shows that (g°, g?) € oy, and so
m’ = g3UIn<L = g201D<L = m?. Since m was an arbitrary element of ep™!,
it follows that the subsemigroup eg™! is aperiodic. Since both SynM K
and SynM L are aperiodic, (SynM K) x (SynM L) is aperiodic. Hence,
by Lemma 9.18, SynM(KL) is aperiodic. Thus SynM(KL) € A, and so
KL € A(A*) by (9.3). So A(A*) is closed under concatenation.

Thus A(A™) contains every language in SF(A™).

Part 2 [(A(A*) € SF(A™)]. The aim is to prove that any *-language re-
cognized by an aperiodic monoid M (and thus belonging to A(A*)) lies
in SF(A"). The strategy is to proceed by induction on |M]|. For brevity,
let AM = {N : N <X M AN # M} Thatis, AM is the class of mon-
oids that strictly divide M. Let A* AM be the class of *-languages over A
recognized by some monoid in AM.

The base of the induction consists of the cases [M| = 1 and |M| = 2.
First, suppose |[M| = 1. Let L be a *-language over A recognized by
¢ : A* - M. Then either L = @¢p! = JorL = Mp™' = A*, and
both these languages are in SF(A™) by definition of a *-variety of rational
languages.

Now suppose |M| = 2. Then M is the two-element semilattice {1, 0}
with 1 > 0. [To see this, let {1, z} be an aperiodic monoid. Then 11 = 1,
1z = z1 = z, and either zz = 1 or zz = z. But in the former case,
we have a cyclic group, which is not aperiodic. Hence zz = z and we
have a commutative semigroup of idempotents.] Let L be a *-language

Schiitzenberger’s theorem o 195



recognizedby ¢ : A* - M.LetB={a e A:ap =0} Then

0p~ = [ JA"bA",
beB
1ol = A* N U A"DA™.
beB

Then 0p~! € SF(A*), since SF(A*) contains the languages A* and {b}
for any b € B and is by definition closed under concatenation and union,
and 1¢~! € SF(A*), since SF(A*) is by definition closed under comple-
mentation. Since one of the four cases L = &, L = 09!, L = 1¢”!, and
L=Mg¢ ' =09 Ulp! holds, and since SF(A*) is closed under union,
it follows that L € SF(A*).

We have completed the base of the induction; we turn now to the
induction step. Let | M| > 3 and suppose that every language in A* AM lies
in SF(A"); that is, A*"AM < SF(A"). We must prove that every language
recognized by M lies in SF(A™).

Let L be a *-language over A recognized by M. Then there exists a
homomorphism ¢ : A* — M and a subset P of M such that L = Pp™"'.
If ¢ is not surjective, then L is recognized by the proper submonoid im ¢
of M and so, since im ¢ € AM, by induction L € A*AM < SF(A*). So
assume that ¢ is surjective. Furthermore, since

L=Pp!= U mg~!
meP
and SF(A™) is by definition closed under union, it suffices to prove the

case where L = mgo ™.
Let

K:ﬂ{I:IisanidealofMandIII22}. (9.9)

Then K is an ideal of M. For use later in the proof, we now establish some
properties of K, considering separately the cases where M has a zero and
where M does not have a zero:

¢ M has a zero. Let D = K ~ {0}. Suppose D is non-empty. Then for
any x € D, we have {0,x} # MxM < K (since K is an ideal and
x # 0), and thus MxM = K (since MxM is one of the ideals I in the
intersection (9.9) and so K € MxM). So D is a single J-class of M
and so a single D-class of M by Proposition 3.3. Furthermore, K is a
0-minimal ideal and so either 0-simple or null by Proposition 3.8(a).
So either D is empty, or else D is a single D-class and K is 0-simple
or null.

¢ M does not have a zero. Then K is the kernel of M and so simple
by Proposition 3.8(b). (Since if there were an ideal with only one
element z, then Sz = {z} and zS = {z} and so z would be a zero.)
Furthermore, K? = K. (Since if K? ¢ K, then K? would be an ideal
of § strictly contained in K.)
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We now consider separately the three cases where m ¢ K, where m is
the zero of M, and where m is not a zero of M (but M may or may not
contain a zero):

a) m ¢ K. Then there exists an ideal I of M with |I| > 2 such that
m ¢ I. Let p; = (I x I) Uidy, be the Rees congruence. Then m =
pi(p)™" and hence mo™ = mpj(p}) 9™ = (mp})(pp;)™". Thus
mg~! is recognized by the homomorphism (pp? : A — M/I and
so is recognized by M/I. Since |[M/I| = |[M| - |I| + 1 < |M]| (since
|| > 2|), we have M/I € AM and so by induction m¢™! € SF(A*).

b) M has a zero and m = 0,;. Let C = {a € A : ap = 0}. The first step
is to prove that

09! = A*CA* U UA*a(ngo_l)a’A*, (9.10)

(a,n,a')eE

where

E={(a,na')e (ANC)x(M~K)x(A~C)
: (ap)n(a'e) =0 A (ap)n + 0 An(a'p) +0}.

First, notice that (A*CA™)¢p = M(Cp)M < {0}. If (a,n,a’) € E,
then (A*a(ngp a'A*)ep = M(ap)n(a'9)M = MOM = {0}. This
shows that the right-hand side of (9.10) is contained in the left-hand
side.

Let f € 09! N A*CA* = 09! N (A~ C)*. Since M has at least
two elements, 1 # 0 and so f # €. Let g be the longest left factor
of f such that g¢ # 0. (Such a left factor exists since ep = 1 and
fo =0.) Then f = ga'g’, where go + 0 and (ga')¢ = 0. Note that
since f € (A~NC)*,wehaveg € (A~C)" anda’ € A~C.Lethbe
the longest right factor of g such that (ha')¢ # 0. (Such a right factor
of g exists because a’p # 0 and (ga’)e = 0.) Then g = h'ah, where
(ha')e + 0 and (aha')p = 0. Note that since g € (A~ C)*, we have
h e (A~C)" and a € A~ C. Furthermore, since g¢ # 0, we have
(ah)p # 0.

Let n = he. Suppose, with the aim of obtaining a contradiction,
thatn € K. Since K isan ideal, n(a’¢@) € K. Sincen(a'p) = (ha')p # 0,
we have n(a’p) € D. Thus n D n(a’'¢), and so, by Lemma 7.6(a),
n R n(a'e). Similarly, since (ap)n = (ah)p + 0, we have (ap)n L
n. Hence, by Lemma 3.12, (ap)n(a’¢p) L n(a'e) and therefore we
have (ag)n(a’p) D n. Thus (ag)n(a’e) lies in the D-class D, which
contradicts the fact that (aha')p = 0. Hence n ¢ K, and thus f =
h'aha'g' € A*a(ng™')a' A* with (a,n,a’) € E.

This shows that the left-hand side of (9.10) is contained in the
right-hand side.

Since n ¢ K, the reasoning in case a) shows that ngp™' € A*AM
and thus np™! € SF(A*). Since SF(A*) is closed under Boolean
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operations and concatenation, it follows from (9.10) that me™"' =
09! € SF(A®).

c) m € K ~ {0} (where K ~ {0} = K if M does not contain a zero). Now,
mM C K since K is an ideal. Hence all elements of mM ~ {0} are D-
related and hence R-related by Lemma 7.6. Thus R, = mM ~ {0}.
Similarly, L, = mM ~ {0}.

{m}=H,, [by Proposition 7.4]
=R,NL,
= (mM ~ {0}) N (Mm ~ {0})
= (mM n Mm) ~ {0}.

(When M does not contain a zero, this becomes {m} = mM N Mm.)
Thus, since by case b) we already know that 0¢~! is in SF(A*), it is
sufficient to prove that (mM)¢~! and (Mm)e ™! are in SF(A*). We
will prove (mM)gp ™' € SF(A*); the other case is similar.

The first step is to prove that

(mM)(p’1 = O(/f1 U U(n(p’l)aA*. (9.11)
(n,a)eF

where
F={(na) e  M-K)xA:n(ap) €R,, }.

(We formally let 0p™' = & if M does not contain a zero.)

If (n,a) € F, then (np ")aA* = R,97! € (mM)p~'. Trivially,
0! ¢ (mM)gp~". Thus the right-hand side of (9.10) is contained in
the left-hand side.

Let f € (mM)p ' If fp = 0, then f € 0p~'. So assume f¢ # 0.
Then fo € mM ~ {0} = R,,. Since 1 ¢ K (since M has at least two
elements), ep = 1 ¢ R,,. Let g be the longest left factor of f such
that gg ¢ R,,. (Such a longest left factor exists since ep ¢ R,, and
fo € R,,.) Hence f = gag’ where g¢ ¢ R,, and (ga)¢ € R,,, where
9.9 € A"anda € A.

Let n = g¢. Suppose, with the aim of obtaining a contradiction,
that n € K. Then R, = nM ~ {0} and so n(ap) € R,. Butn(ap) € R,,,
soR, = R, and so n € R,,, which contradicts n = g¢ ¢ R,,. Thus
n ¢ K, and so (n,a) € F. Therefore f € (ngp ')aA*

This shows that the left-hand side of (9.11) is contained in the
right-hand side.

Thus, for any (n,a) € F, we have n ¢ K and so n(p_l € A"AM by
case a), and thus ngp™' € SF(A*). Hence (Mm)¢ ™! is in SF(A*) by
(9.11).

Finis. This completes the induction step and thus the proof. 9.19
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EXERCISES

[See pages 246-248 for the solutions.]

9.1 Prove that a language L € A" is rational if and only if SynM L is finite.

[Hint: this is an easy consequence of results in this chapter.]

9.2 Let A = {a,b}. Let L be the language of words over A that contain
at least one symbol a and at least one symbol b. (That is, L = A" ~

({a}* U {b}").) Find a homomorphism ¢ : A" — § that recognizes L.

[Hint: S can be taken to have 3 elements.]

x9.3 A Dyck word is a string of balanced parentheses: that is, a word in
{ (, ) }* where every opening parenthesis ( matches a corresponding
closing parentheses ) to its right, and vice versa. For instance,

— T == =
() (CO)O)) () (()) isa Dyck word, but

1= == T
()) O ()) () () (isnotaDyck word.

An equivalent characterization of Dyck words is the following: define
amapC : {(,)}" xNU{0} - Z as follows: let C(w, --- w,,, i) be
the number of symbols ( minus the number of symbols ) in the prefix
w, -+ w;. A word w is a Dyck word if and only if C(w, lw|) = 0 and
C(w,i) 2 0foralli = 1,..., |w|. Consider the two example words
above, with C(w, i) plotted graphically:

fw=)(CO)O))))(()),then C(w,|w|) =0and
C(w,i) = 0 forall i.

ANAANL Y

fw=())(() () ) ((0)(,then Clw,|wl|) #0and
C(w, 1) < 0 for some i.

Let D be the language of Dyck words. Prove that SynM D is isomor-
phic to the bicyclic monoid.

*9.4 Without using the Eilenberg correspondence, prove that the corres-
pondence N in Example 9.9(c) (with N(A") being the class of finite
or cofinite languages over A) is a variety of rational languages.

x9.5 Let RB be the S-pseudovariety of rectangular bands. Let RB be the
variety of rational +-languages associated to RB by the Eilenberg cor-
respondence. Prove that RB(A™) is the class of all +-languages of the
form

n
ZU U aA*a U U a;Aal, (9.12)
acZ i=1

where Z € A and a;,a] € A with a; # a] for each i.
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NOTES

For further reading on automata and rational languages, see
Hopcroft ¢ Ullman, Introduction to Automata Theory, Languages, and Compu-
tation, ch. 2, Lawson, Finite Automata, or Howie, Automata and Languages. +
Theorem 9.1 is due to Rabin & Scott, ‘Finite automata and their decision prob-
lems’. « Theorem 9.2 was first stated, in rather different terminology, in Kleene,
‘Representation of events in nerve nets and finite automata’. + The discussion
of syntactic monoids and semigroups and Eilenberg’s correspondence is based
on Eilenberg, Automata, Languages, and Machines (Vol. B), ch. vii and Pin,
‘Syntactic semigroups’, §§ 2.2-3. ¢ The proof of Schiitzenberger’s theorem is a
blend of the original proof by Schiitzenberger, ‘On finite monoids having only
trivial subgroups’ and its exposition in Pin, Varieties of Formal Languages, § 4.2
« For further reading on the connection between semigroups and languages,
see Pin, Varieties of Formal Languages or Pin, ‘Mathematical Foundations of
Automata Theory’.

20

200 @ Automata & finite semigroups



Solutions to exercises

A solution which does not prepare for the next round
with some increased insight is hardly a solution at all.

— R.W. Hamming,
The Art of Doing Science and Engineering, p. 200.

EXERCISES FOR CHAPTER 1

[See pages 32-34 for the exercises.]

1.1 Let x € S. Then x = xe since e is a right identity, and e = xe since e is
a right zero. Hence x = xe = e. Thus e is the only element of S.

1.2 a) If S contains a zero, then §° = § and there is nothing to prove.
Otherwise S° = SU {0}. Then x1 = x1 = x for all x € S since 1 is
an identity for S, and 01 = 10 = 0 by the definition of S°. Hence 1
is an identity for S°.
b) The reasoning is similar to part a).

1.3 Let S be left-cancellative and let e € S be an idempotent. Let x € S.
Since e is idempotent, eex = ex. Since S is left-cancellative, ex = x.
Since x € S was arbitrary, this proves that e is a left identity for x.

Suppose now that S is cancellative and that e, f € S are idem-
potents. By the preceding paragraph and the symmetric result for
right-cancellativity, e and f are left and right identities for S. By Pro-
position 1.3,e = f.

1.4 Let S be a right zero semigroup. Suppose x, y,z € S are such that
zx = zy. Since S is a right zero semigroup, zx = x and zy = y. Hence
x =zx =zy = y. Thatis,x = y.Sozx = zy = x = y forall
x, ¥,z € S and thus S is left-cancellative.

1.5 Let S be a finite cancellative semigroup. Let x € S. Then x is periodic
and so some power of x is an idempotent. By Exercise 1.3, this idem-
potent is an identity 1 for S. Now let y € S be arbitrary. Then y” is
idempotent for some n € IN. Again by Exercise 1.3, y" = 15 and so

y"!is a left and right inverse for y. Since y € S was arbitrary, S is a

group.
1.6 Let p € By. Let x, y € X. Then
(x,7) € poidy
& (Fz e X)((x,2) € pA (2, y) €idy) [by definition of ]
© (Fze X)((x,2) e pA(z=y)) [by definition of id ]
e (x,y) €p.
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So peidy = p and similarly idy o p = p. So idy is the identity of By.
The zero of By is the empty relation &. So see this, we must prove
that po & = F o p = . So suppose, with the aim of obtaining a
contradiction, that p o & # &. Then (x, y) € p o & for some x, y € X.
Then there exists z € X such that (x,z) € p and (z,y) € . But
(z,y) € & is a contradiction. So p o & = & and similarly & - p = &.
1.7 No. Let S be a non-trivial semigroup. Choose some element x € S
and let T = {x" : n € IN} be the subsemigroup generated by x.
If T is finite (that is, if x is periodic), then some x" is idempotent
and so {x"} is a subsemigroup of S; furthermore, it must be a proper
subsemigroup since S is non-trivial. If, on the other hand, T is infinite,
then { x*" : n € N} is a proper subsemigroup of T and hence of S.

1.8 The easiest examples are infinite right or left zero semigroups, and
the semigroups (N, A) and (Z, A) from Example 1.7(a)-(b).

1.9 The empty relation & is a partial transformation. It is a zero for By,
so it is certainly a zero for Py. By Proposition 1.4, this is the unique
left and right zero in Py.

Let us prove that the semigroup of transformations Ty contains
exactly | X| right zeros, namely the constant maps 7, : X — X defined
by y7, = x for all y € X. Each map 7, is a right zero because for any
o € Ty, wehave yot, = x forall y € X, and so o7, = 7. Suppose
T € Ty is aright zero. Then o7 = 7 for all 0 € Ty. In particular, this
is true for all 0 € Sx. Choose some y € X and let x = y7. Now let
z € X. Choose 0 € Sy with zo = y. Then z7 = zo7T = yT = x. Since
z € X was arbitrary, we have 7 = 7. Thus the right zeros in Ty are
precisely the constant maps ,.

Suppose p € Ty is a left zero. Then for all x € X, we have p =
pT, = T, since p is a left zero and 7, is a right zero. Hence | X| = 1
and so Ty is trivial (and so contains a zero). Hence if | X| > 2, then
T cannot contain a left zero.

110 a) Define ¢ : S — PS by z¢ = {z}. Then
(zp)(tg) = {z}Ht} = {zt} = (2t)g.
and
zp=tp={z}={t}=>z=t

So ¢ is a monomorphism and so ¢ : S — imS < PSis an
isomorphism.

b) For any X € PS, we have
XB={xy:xcXNyed}=0

and similarly @X = &. So Jisa zero for PS.If X, Y € (PS) ~ {J}
then there exist x € X and y € Y and so xy € XY and hence
XY # &.So (PS) ~ {&} is a subsemigroup of PS.
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1(1i)|12|(1i).1 1.|i_2>|.1 l(li).(2_j))|12|(2j)(1i).l 1.Ii_j>|.1
2e—e)

ia  ef
.~ Y FIGURE S.3
J J

Generating (a) |2 jland (b) |i j|
(a) (b) using transpositions and |1 2|.

c) Suppose M is non-trivial. Let x € M ~ {1),}. Let N = M ~ {x}.
Then M # N + & but MM = M and MN = M since both M
and N contain 1,;. Hence (PM) \ {&} is not cancellative.

On the other hand, suppose M is trivial. Then PM = {&, M}.
Hence (PM) ~ {&} is trivial and thus cancellative.

d) Let S be a right zero semigroup. Let X,Y € (PS) ~ {&}. Then

XY ={xy:xeXANyeY}
={y:xeXAyeY} [since y is a right zero]
={y:yeY}
=Y.

So (IPS) ~ {} is a right zero semigroup.

On the other hand, if IPS is a right zero semigroup, so is its
subsemigroup im¢ = S, where ¢ is the monomorphism from
part a). So S is a right zero semigroup.

111 a) To prove the four identities, we have to show that the transforma-
tions on each side act the same way on every element of X. For
the first identity, let i > 3. Then:

1) 2)(1d) =il12](1 ) =i(14i)=1=1[i 2|;
2(19)12](1 ) =2]12|(1d) =2(1i)=2=2[i 2|;
i(19)12](14)=1]12[(1i)=2(17) =2=2|i2;
x(19)[12](1 1) =x|12|(11) =x(11i)=x=xl|i2|
for x € X ~{1,2,i}.

(Figure S.3(a) illustrates the first identity diagrammatically.) The
second identity is proved similarly.
For the third identity, let i, j > 3 with i # j. Then:

1(1 )2 I 212 j)(1 ) =i(2 jIT 22 j)(1 )

=1 2|2 j)(14) =i(2 j)(1 i) =i(1i)=1=1]i jl;
2(1 )2 HIL 212 ;A1) =2(2 )1 2|2 j)(1 1)

= jl1 212 (A d) = j2 i) =2(11) =2 =2 jl;

Solutions to exercises o 203



i(14)(2 7)I1 22 j)(17) = 1(2 f)I1 22 j)(11)
= 1122 (1 1) =22 j)(1 i) = j(1i) = j=ili jl;
J a2 HIT 2|2 j)(L 1) =2 f)I1 22 j)(1i)
=2|12|2 )(1 1) =22 j)(14) = j(1 1) = j=jli jl;
x(18)(2 j)I12[(2 j)(1d) = x(2 j)I1 2|2 j)(1 i)
=x[1 2|2 j)(1i) =x(2 )(11) =x(14) =x=x]|i j|
for x € X~ {1,2,4, j}.

(Figure S.3(b) illustrates the third identity diagrammatically.)
For the fourth identity, let i # j. Then:

iGi i jiG ) = jli jIG §) = jG j) =i =ilj il
JG Pli jlG j) =ili jlG j) = jG@ j)=i=jljil
x(i i jIG ) = xli jiG )= xG j) =i =xlji

for x € X ~ {i, j}.

b) To prove that [i jl¢' = ¢, we must show that both sides act the
same way on every element of X. By the definition of ¢’,

ili jlo" = jo' = jo,
x|i jlo' = x¢' = x¢ for x # i.

c) Since (1,{) = Sy, we have (i j) € (1,(,|1 2|) foralli,j € X.
From part a), the first two identities show that |i 2| and |1 j| are in
(1,0, |1 2]) foralli, j € X ~{1,2}. Combining this with the fourth
identity shows that |2 j| and |i 1| are in (7,{, |1 2[). Together
with the third identity, this shows that |i j| € (z,{, |1 2|) for all
i,jeX.

Now proceed by induction on [X N im¢|. If | X ~ im ¢| = 0,
then im¢@ = X and so ¢ is surjective and so (since X is finite)
injective. Hence ¢ € Sy = (1,{) € (1,{,|1 2[). So assume that
v € (1,(,|1 2|)istrue forall y € Ty with |[X~imy|=k-1<n.
Let ¢ be such that | X ~ im ¢| = k. Then by parts a) and b), we
have ¢ = i jlo' = (14)(2 j)I1 2|(2 j)(1 i)¢', where im ¢’ ¢ im ¢.
Hence |X ~im¢'| = k— 1 and so ¢’ € (1,{,|1 2|). Hence ¢ €
(1,¢, |1 2]). By induction, Ty = (7,{, |1 2|).

1.12 Suppose x is right invertible. Then there exists y € Ssuch thatxy = 1.
Since S is finite, x* = x**™ for some k,m € N.So 1 = xkyk =
xkHmyk = x™M = xM1x and so x™! is a left inverse for x. Similarly,

if x is left invertible, it is right invertible.

113 a) Let p € T be left-invertible. Then there exists 0 € Ty such that
0o p =idy.Let x € X. Then x(0 o p) = x. So (x0)p = x. So p is
surjective.
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Now let p € Ty be surjective. Define o € Ty as follows. For
each x € X, choose y € X such that yp = x. (Such a y exists
because p is surjective.) Define xo = y. Clearly 0 p = idx and
so p is left-invertible.

b) Let p € Tx be right-invertible. Then there exists 0 € Tx such
that po 0 = idy. Then xp = yp = (xp)o = (yp)o = x = yand
so p is injective.

Now let p € Ty be injective. Define o € Ty as follows. For
x € imp, let y € X be the unique element such that yp = x.
Define xo = y. For x € X ~ im p, define xo arbitrarily. Clearly
p oo =idy and so p is right-invertible.

114 a) By definition, x N y < x. So the least upper bound of x M y and
x (which is the definition of (x M y) U x) must be x itself. Dual
reasoning gives (x U y) M x = x.

b) Assume that forall p,q,7 € S, we have pri(gLir) = (prig)L(pnr).
(We have re-labelled variables to avoid confusion.) Then

(xUy)n(xUz)
=((xuy)nx)u((xuy)nz)

[by assumption, with p = (x LUl ¥), g = x, r = 2]
=xU((xuy)nz) [by part a)]
=xU((xNz)u(ynz))

[by assumption, with p =z, g = x,r = y]
=(xu(xnNz))u(ynz) [by associativity of L]
=xU(ynz). [by part a)]

The other direction is similar.

1.15 There are many examples. For instance, let S be any non-trivial mon-
oid, let T = $° and define g : S > T by x¢ = 0 forall x € S. It is
easy to see that ¢ is a homomorphism, but 1gp = 0 # 1.

1.16 a) Let ¢ be a monomorphism (that is, an injective homomorphism),

and let y;,y, : U — Sbesuch thaty, c¢p =y, o ¢. Let x € U.
Then xy, ¢ = xy, ¢ and so xy; = xy, since ¢ is injective. Since
this is true for all x € U, it follows that v, = y,. This proves that
@ is a categorical monomorphism.

Now let ¢ be a categorical monomorphism. Suppose, with
the aim of obtaining a contradiction, that ¢ is not injective. Then
there exist x, y € S with x # y such that x¢ = y¢@. Define maps
Y, ¥, : N = Sbyny, = x" and ny, = y". It is easy to see that
Y, and y, are homomorphisms. Then for anyn € N,

ny o = x"p = (x)" = (y9)" = y"¢ = ny, 9,

and so y; 0@ = y, o . Hence y; = y, by (1.16), which contradicts
ly, = x # y = 1y, and so proves that ¢ is a monomorphism.
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b) i) Let ¢ be a surjective homomorphism. Suppose v, y, : T —
U are such that ¢ o y; = @ o y,. Let x € T. Then since ¢ is
surjective, there exists y € S with y¢ = x. Thus

XYy = Yoy = Yoy, = Xy,.
Since this holds for all x € T, it follows that y; = y,. This
proves that ¢ is a categorical epimorphism.

ii) Let y;,y, : Z — U be such that y; # v, (which is the
negation of the right-hand side of (1.17)). Then there exists
n € Z such that ny, # ny,. Either n or —n lies in im ¢, and so
either my, # my, or (—n)wy; # (—n)iy,, and thus rey; # oy,
(which is the negation of the left-hand side of (1.17) with ¢ = 1).
Thus ¢ is a categorical epimorphism.

1.17 Suppose § is a right zero semigroup. Let x, y € S. Then p, = p, =
Zpx = zp, = zx = zy = x = y and so the map x — p, is injective.
Suppose now that S is a left zero semigroup. Let x, y € S with
x # y.Thenzx = zy forall z € S. Hence zp, = zp, forall z € §, and

so p, = p,. Thus x — p, is not injective.
118 For each y € Y, let T, be a copy of T, and defineamap ¢, : Y — T,

e ifx>y,
X =
Py z otherwise.

Let x,x', y € Y. Then
(x@,)N(x'p,) =eNe=e=(xNx")p, ifx,x" >y
(xp,)N(x'p)=eNz=2z=(xNx)g, ifx>yx % y;
(xp,)N(x'p)=zNe=z=(xNx)p, ifx?yx >y;
(x(py)l‘l(x’(py)=z|‘|z=z=(xl‘lx’)goy ifx,x" % y.

S0 ¢,, is a homomorphism. It is clearly surjective. Now,

(Vy € Y)(xp, = x’rpy)
= (x, = X9, ) N(xp = x'p)
= (e=x'gp,) N (xp, =e)
= x'z2x)A(x=x")
=x=x
So the collection of surjective homomorphisms {¢, : ¥ — T, :
y € Y} separates elements of Y, and so Y is a subdirect product of
{T,:yeY}
1.19 Define a homomorphism ¢ : S/I — S/] by [x];¢ = [x];. Since I € ],
the homomorphism ¢ is well defined. Its image is clearly S/J. Now,

([x]p [y]) € kerp & [x]; = [y]; © x,y € ] & [x] [y]; € J/I.
Hence, by Theorem 1.24, /] = (S/I)/ker ¢ = (S/I)/(J/I).
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1.20 NoticethatIJ] € ISNSJ € INnJ,soIN] #+ <&. Furthermore, S(INJ)S <
SISNSJS < InJ,since I and J are ideals; thus IN] is an ideal. Similarly,
STUJ)SCSISUSJSCIUJandsoIU ]Jisan ideal.

Define a homomorphism ¢ : I — (IU])/] by x¢ = [x];. Let
[y]; e {U])/].If y € ] thenlet z € IN] and notice that zp = [z]; =
[yl;;if y ¢ Jthen y € I and y¢ = [y];. Henceim ¢ is (I U J)/]. Now
for any x, y € I, we have (x,y) € kergp & [x]; = [y]; & x,y € ].
Hence (I U ])/] = I/(I N ]) by Theorem 1.24.

1.21 Suppose first that T = G U {0g} and let t € T ~ {05} = G. Then
tG = Gt = Gby Lemma 1.9 and t0g = Ot = 05, s0tT =Tt =T.

Conversely, suppose that tT = Tt = T forall t € T ~ {0g}. Let
G =T ~ {0g}. By assumption, T contains at least one element other
than Og, so G # &. Forany s,t € T, we have s,t € sT =T,so T isa
subsemigroup.

Suppose, with the aim of obtaining a contradiction, that there
exist g, h € G with gh = Og. Then

T = gT < TT = (Tg)(hT) = T(gh)T = TOsT = {0},

contradicting G # &. So for all g,h € G, we have gh € G. Since
g0s = 0gg = 0O, it follows that gG = Gg = G for all g € G. Hence, by
Lemma 1.9, G is a subgroup of S.

EXERCISES FOR CHAPTER 2

[See pages 51-53 for the exercises.]

2.1 a) Let G be a group and suppose that x, y,z,t € G are such that
xy = zt. Then we can take p = z7'x = ty~!, and it follows that
x=zpandt = py.

b) Suppose x, y,z,t € A" are such that xy = zt. Let xy = zt =
a, -+ a,, where a; € A. Then, by the definition of multiplication
in A*, we have

X=0ayp 0 Y=gy Gy 201000y L=agg o ay,

for some 0 < k,€ < n+ 1. (We allow k and £ to take the values
0 and n + 1 and formally take subwords g, --- a; where j < i to
mean the empty word ¢.) If k < £, then the situation is as follows:

x J
Xy =zt = ay a0y Aoy Ay
z t

and thus we let g = a;,, -+ a,; then z = xq and y = gt. On the
other hand, ifk > ¢, let p = a,,, --- a;; then x = zpand t = py.
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2.2 Ifu =w and v = w/, then uv = w7 = vu.
In the other direction, suppose that uv = vu. First note that if
u = ¢, then we can take w = v, so that u = w° and v = w'; similar
reasoning holds when v = &. So assume henceforth that neither u nor
v is the empty word. Now proceed by induction on |uv|. If |uv| < 2
and uv = vy, then since neither u nor v is ¢, it follows that u and v
both have length 1, so u = v. So assume the result holds for |uv| < k
and suppose uv = vu. By Exercise 2.1, there exists p € A* such that
u = vpand u = pv (or there exists g € A" such thatv = ugq and
v = qu, which says the same thing). If p = € then u = v. Otherwise,
since vp = pu, the induction hypothesis shows that v = w’ and
p = w' for some w € A* and i, j € N. Thus u = w'*/. Hence, by

induction, the result holds for all u,v € A*.

2.3 a) Suppose uv = vw. If |[v| = 0, thenlets = &, ¢t = u, k = 0. Since
v = eand u = w, we have u = st, v = (st)*s, w = ts. So suppose
the result holds for |[v| < k. Then if [u| = k, by equidivisibility
we have either u = vp and pv = w for some p € A* orugq = v
and v = quw for some g € A*. In the former case, lets = v, t = p,
and k = 0; then u = st, v = (st)¥s, and w = ts. In the latter case,
first note that if |g| = 0 we have ug = qw, with |g| < [v]. By the
induction hypothesis, u = st, t = (st)ks, and w = ts for some
s,t € A" andk € NU{0}. Thenv = uq = (st)¥*1s. This proves the
induction step.

b) Let k be maximal such that v = u*s for some s € A*. Then
u*ls = uv = vw = uFsw and so by cancellativity us = sw. So by
equidivisibility, either s is a left factor of u or u is left factor of s. But
the latter contradicts the maximality of k. Hence u = st for some
t € A*. Hence v = (st)*s and so (st)*"'s = uv = vw = (st)*sw
and so by cancellativity w = ts.

2.4 First, notice that if (u,v) is free, then every element of (u,v) has
a unique representation as a a product of elements of {u, v}; hence
uv # vu.

So suppose (u,v) is not free. Without loss of generality, assume
lu| > |v| and let u = v*z, where k € N U {0} is maximal and
z € A*. Then there are two distinct products x; --- x,,, and y; --- y,
(where x;,y; € {u,v}) such that x; ---x,, = y; --- y,. By cancel-
lativity, assume x; # y,. Interchanging the two products if neces-
sary, assume x; = u and y; = v. Let £ € IN be maximal such that
Y=Yy = ... = ¥, = v. Then v*zx, - x,, = vty,,, -~ ¥,. By cancel-
lativity, zx, -~ x,,, = V"% y,,, -+ y,.. By equidivisibility, either z = vp
and px, - x,, = vy, -y, for some p € A*, orv = zq and
qv**y,,, -+ y,,. The former case is impossible since k is maximal; thus
the latter case holds. So u = (zg)*z. Repeat this reasoning but focusing
on u,, and v, shows that v is a right factor of u. But since u = (zq)*z
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and |v| = |z|+]|g| = |gz|, we conclude that v = gz. Hence zq = v = gz,
and so uv = (q2)*zqz = (29)*2qz = zq(z2q)*z = zq(qz)*z = vu.

2.5 Suppose that p; ... pr = q; ... qp> where p;, q; € X. Suppose, with the
aim of obtaining a contradiction, that k # €. Without loss of generality,
assume k < €. Letr € X ~ {gi,,}; such an element r exists since
|X| > 2. Now, p; - px¥qy = 9 = q1 *** Qe P1 *** Pk~ Both products
have length k + € + 1 and so their corresponding terms are equal by
the supposition. In particular, # = gy, ;, which contradicts the choice
of r. Hence k = ¢, and so by the supposition p; = g; for all i. Since S
is generated by X, this proves that S is free with basis X.

2.6 a) Define¢p : A - M bya; — {x;}. Since (aiaj)(p = {x;} U {xj} =
{xi,xj} = {x]-}U{xi} = (ajai)(p and (aiz)(P = {x;}ulx;} = {x;} = a;¢,
the monoid M satisfies the defining relations in p with respect to
®.

b) Letw € A*. We can find a sequence of elementary transition from
w to aword aj'ay’ ---a% € N, where each e; < 1 as follows. First
we use the defining relations (a;a;, a;a;) to find a sequence from
w to a word aj'ay’ --- aér, where each e; € IN U {0}. Then we use
the defining relations (a7, 4;) to find a sequence from this word
to one where each ¢; < 1.

e e C C
c) Leta)'ay ---a;r,a)'ay ---a; € N sothate;, ¢; < 1. Then:

*

(ay'ay - ap)e” = (ar'ay -+ ag)g
=>{x:¢=1}={x;:¢=1}
= (Vi)(e; = ¢;)
= a1 gl = aaD - a%,
Hence ¢* |y is injective.
2.7 We apply Method 2.9. For brevity, let A = {a,b} and p = {(aba, ¢)}.
Let g : A — Z be defined by ap = 1 and bp = —2. Then Z satisfies

the defining relation in p since (aba)p® =1-2+1 =0 = e¢*. [Recall
that 0 is the identity of Z under addition.] Let

N={a:ieNU{o}ju{b :ieN}uU{ab :ie N}
Now, there are sequences of elementary transitions

ab <, ababa <, ba
and

aab <, aababa <, aba <, e.

P P

Thus we can first of all transform any word in A" by applying defining
relations to replace subwords ba by ab, which ultimately yields a word
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of the form a'b/. Then we can replace subwords aab by &, which must
ultimately yield a word consisting either entirely of symbols a, entirely
of symbols b, or by a single symbol a followed by symbols b; that is, a
word in N. Finally note that

alo* =i fori € N U {0},
bi(p* = -2i fori e N,
(ab)p* = -2i+1 fori € IN.

It is now easy to see that ¢* | is injective. Hence Mon(A | p) defines
(Z,+)

Deleting a subword abc is an elementary p-transition, and so does not
alter the element represented. Thus given any word w € A*, one can
obtain a word @ € N with w =), @ by deleting subwords abc. Thus
every element of M has at least one representative in N’; it remains to
prove uniqueness.

So suppose some element of M has two representatives u,v € N
with u # v. Since u =y; v, there is a sequence of elementary p-
transitions

U=WH ©, W <, ... &, W

p - p Wy = 0.

P
Consider the collection of such sequences with the maximum length
of an intermediate word w; being minimal, and choose and fix such a
sequence where the fewest words w; have this maximum length. Note
that n > 0 since u # v. Consider some intermediate word w; of this
maximum length. Note that i # 0 and i # n, since the words w, and
w,, do not contain subwords abc, and so the words w; and w,, must
be obtained by inserting subwords abc into w, and w,, respectively,
and so |w,| > |wy| and |w,_,| > |w,,|. So there are words w,_, and
w;, > and these are obtained from w by applying the defining relation
(abc, €). Because w; has maximum length among the intermediate
words, w;_; and w;,; must both be obtained by deleting subwords abc
from w;. Now, they cannot be obtained by deleting the same subword
abc, for then

U=W) ©, W) Oy oo O Wi = Wiy ©p e O, W

P P p p Wn =1

P
would be a sequence of elementary p-transitions from u to v where the
number of intermediate words of maximum length is smaller, or (if no
other intermediate word had length |w;|) a smaller maximum length
of intermediate words; in either case, this is a contradiction. Hence
w;_; and w;; are obtained by deleting different subwords abc from w;.
Thus w; = pabcgabcr for some p, g, € A*,and either w;_; = pgabcr
and w;,; = pabcqr, or w;_; = pabcqr and w;,; = pgabcr. Assume
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the former case; the latter is similar. Then there is a sequence of
elementary p-transitions
W, ©, ... ©, W = pgabcr

o, pgr < pabeqr = w;,, Op e Op W, =V

u=w, <,

Since | pgr| < |w;l, this is a sequence where the number of intermedi-
ate words of maximum length is smaller, or (if no other intermediate
word had length |w;|) a smaller maximum length of intermediate
words; in either case, this is a contradiction. Hence every element of
M has a unique representative in N.

2.9 To define an assignment of generators ¢ : A — B,, proceed as
. . .10 0
follows. As noted in the question, zg must be the zero matrix [ 0 0}.

Furthermore, (a¢)? and (bp)* must be the zero matrix. Calculating
the squares of the available matrices shows that ap and bp must be
in { [g (1)] , [(1) 8] } Since a and b can be swapped in o U { to give
the same set of defining relations, it does not matter which matrix we
assign to each of ag and bg. So define

[0 [0 0 o o
W=1o o> P71 o ** o ol

Straightforward calculations show that B, satisfies all the defining
relations in o U { with respect to ¢.

Let N = {z,a,b,ab,ba}. Let w € A". If w contains a symbol z,
then applying defining relations from { shows that (w, z) is a con-
sequence of 0 U{. If w contains a* or b?, then applying a single relation
(a?,z) or (b?, z) introduces a symbol z, and so by the previous sen-
tence (w, z) is a consequence of o U{. Finally, if w contains no a* or b*
or z, then it consists of alternating symbols a and b, and so applying
relations (aba, a) or (bab, b) transforms it to a word u € {a, b, ab, ba},
and (w, u) is a consequence of o U (.

Lastly, |y is injective since the five words in N = {z, a, b, ab, ba}
correspond to the five matrices in B, (in the order listed in the ques-
tion).

2.10 a) Suppose c'bP is idempotent. If y > 3, then

(c?bP)? =5 PBPYbP =5 VY PLP %, VB,
Ify < B, then
(cYbP)? = cPBPYbP =5 YDPHPY 45 VDP.

Hence y = . On the other hand, (c"bY)? = VbYc'bY =5 'Y and
so c'bY is idempotent.
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b) Suppose ﬁri;t that c is right—inszertible. %hen there exists ¢* b such
that cc’b =5 &. But this is impossible, since ¢'**b" #5 € since
1+ > 0. Now suppose that c'bP, where y = 1, has a right inverse
x. Then cc”"'bPx =p & and so c is right-invertible, which is a
contradiction. Hence if ¢"b” is right-invertible, then y = 0. On
the other hand, bcf =5 e and so c is a right inverse for bP,

2.11 The Cayley graph I'(B, {b, c}) is shown in Figure S.4.

2.12 a) Suppose, with the aim of obtaining a contradiction, that x* =
xk*m for some k,m € N. Then e = x*y* = xk*™yk = x™ Then
y=ey=x"y=x""1e=x""andso yx = x™ = e, whichisa
contradiction. So x is not periodic. Similarly y is not periodic.

k+€+1

b) Suppose x* = y%. Then x = x"*1yt = x. Since x is not

periodic, this forces k = € = 0.

c) Suppose y*x* = e. Suppose, with the aim of obtaining a contradic-
tion, that £ > 0. Then yx = eyx = ykxeyx = ykxz_lx = ykx{)‘ =
e, which is a contradiction. Thus € = 0, and so y**! = ey = y and
so k = 0 since y is not periodic.

d) Suppose, with the aim of obtaining a contradiction, that y*x* =
y™"x" with either k # m or € # n. Assume k # m; the other case
is similar. Interchanging the two products if necessary, assume
that k < m. Then x* = ex® = x*ykxt = xkymxn = eymFxn
y"Rx" 10 > n, then y™* = ym-kxnyn = xtym = xt7 which
contradicts part b). If € < n, thene = x%yt = y"Fxyt =

y" 7k x"=¢, which contradicts part c).

e) Define ¢ : B — (x, y) by bp = x and y¢. The given properties
of e, x, and y show that ¢ is a well-defined homomorphism; it is
clearly surjective; part d) shows that it is injective.

2.13 Lete = e, x = by, and y = ce. Since ¢ is a homomorphism, e, x, and
y satisfy the conditions ex = xe = x, ey = ye = y,and xy = e. Note
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further that S = (x, y) since ¢ is surjective. If the condition yx # e
is also satisfied, then by Exercise 2.12, S is isomorphic to the bicyclic
monoid and ¢ is an isomorphism. On the other hand, if yx = e, then
y is the inverse of x and so § is the cyclic group generated by x.

EXERCISES FOR CHAPTER 3

[See pages 68-70 for the exercises.]

1 Let G be a subgroup of a semigroup. Let x, y € G. Let p = x ' y and

g =y 'x. Then xp = yand yq = x. So x R y. Similarly x Z y.
Hence x H y.

Suppose u,v € A* are such that u R v. Then there exist p,q € A*
such that up = vand vq = p. Then upg = p, so lu| + |p| + gl = |ul,
and so |p| = |g| = 0. Thus p = g = € and so u = v. That is, R is the
identity relation id 4« . Similarly, the Green’s relations Z, and 7 are the
identity relation. Hence H = RN Z and D = R U Z are the identity
relation.

a) Suppose o L 7. Then there exist 71, p € Ty such that 7o = 7 and
pt = 0. Therefore

imo = Xo 2 (Xm)o = im(n0) = im 7,

and similarly im 7 2 im(p7) = im 0. Hence imo = im 1.

Now suppose imo = im 7. For each x € X, we have x7 €
im7 = im0 and so we can define x7 to be some element of X
such that (x1)o0 = x7. Then mo = 7. Similarly we can define
p € Tx sothat pr = 0. Henceo 7 7.

b) Suppose 0 R 7. Then there exist 77, p € Tx such thatom = 7
and 7p = o. Therefore (x, y) € kero = x0 = yo = xom =
yom = xT = yT = (x, y) € ker 1. Thus ker o C ker 7. Similarly,
ker T C ker 0. Hence ker o = ker 7.

Now suppose ker o = ker 7. We aim to define 7 € Ty such
that omr = 7. For each x € im 0, choose y, € X such that y,.0 = x.
Note that each z € X is related by ker o to y,, and to no other y,.
Since ker o = ker 7, we have (z, y,,) € ker randsozt = y,, 7. For
each x € im0, define xr = y, 7. For x ¢ im 0, let x7 be arbitrary.
Then for all z € X, we have zo € imo and so zom = y,,7 = z7;
hence or = 7. Similarly, we can define p € Ty so that 7p = o.
Henceo R 7.

c) Suppose 0 D 7. Then there exists v € Ty such thato Z v R 7.
Since v R T, there exist 7, p € Ty such thatvr = Tand 7p = v.
Hence tpm = 7 and vmp = v. Therefore pl;,, : im7 — imv
and 7l;,, : imv — im7 are mutually inverse bijections. So
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3:5

imv| = |imz|. Since ¢ Z v, we have imo = imv and thus
imo| = |imo| = |im 7]

Now suppose |[imo| = |im 7|. Then there is a bijection y :
im o — im 7. Extend pto amap 7 € Ty by defining x7 arbitrarily
for x € X~im 0. Similarly extend ! toamap p € Ty.Letv = o7.
Then vp = 0, s0 v R o. Furthermore imv = im(o7) = im(oy) =
im 7, so v Z 7 by part a). Hence o D 7.

Suppose 0 J 7. Then there exist 71, p, 7', p' € Ty such that
o =mntpand T = n'op’. Therefore

limo| = |Xo| = | Xntp| < |X7p| < |X7| = |im7];

similarly |im 7| < |im o]. So |im o] = |im 7|. Hence o D 7. There-
fore 7 € D. Since D < ] in general, it follows that D = 7.

Consider the following elements of Ty , 5

(123, _(123) __(123
P=\1 22)09“\1 3 3) % \1 1 3)

Notice that

(1 23\  (123\ (123
PO=\1 3 3P 11 1)%% 1 3 3)
Thus imo = im7 = {1,3}, butim po = {1,3} # {1} = im p7r and
so (0,7) € Z but (po, pr) ¢ L by Exercise 3.3(a). So Z is not a left
congruence in Ty, , 3. Similarly, ker p = ker o but ker pr # kerot

and so (p,0) € Rbut (p7,07) ¢ R by Exercise 3.3(b). So Risnota
right congruence in Ty, , ).

Let (£,,7,), (£,,1,) € B. Then

W N

(81,71) R (&,1) = (3(k,5) € B)((£,11)(k,5) = (£,72))
= (3(k,s) € B)((£;,s) = (£,,7,))
=, =4,

On the other hand, if (¢, 7,), (£, 7,) € {€} xR, then (¢, 1,)(£,7,) = (£, 7,)
and (¢,7,)(8,r;) = (& 1) and so (£,7;) R (£, 1,). So the R-classes of
B are the sets {£} x R.

The result for Z-classes is proved similarly. Therefore

€,r) H (8y,1) © ((€,1) T (1) A((E,1) T (8,1,))
e (r=rn)AE; =4,),

and so H is the identity relation.
Finally, let (¢,,1,), (£,,1,) € B. Then (¢;,7;) R (£,,15) Z (£,,1,)
and so (£;,7;) D (£,,r,). Hence B has consists of a single D-class.
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3.6 If x R y, then there exist p,q € S' with xp = y and yq = x. So
xpq = x.Suppose that pq € S. Then for any z € S, we have xpgz = xz
and so pgz = z by cancellativity. So pq is a left identity for S and in
particular an idempotent. By Exercise 1.3, pq is an identity, which is a
contradiction. So pq ¢ S and thus pq = 1, the adjoined identity of S'.
Hence p = g = 1 and so x = y. Thus R = idg. Similarly Z = idg, and
soH=RNZ=idgand D =RUTL = ids.

3.7 Leta,b,c,d,e, f € Rwitha,b,c,d,e, f > 0. Then
a bl|c d| _[ac ad+b]|
0 1[0 1| |o 1 |’

since ac > 0 and ad +b > 0, we see that S is a subsemigroup of M, (R).

Furthermore,
a b
det [ 0 1] =a>0;

thus every matrix in § is invertible; hence S is a subsemigroup of the
general linear group GL,(RR) and so cancellative. Furthermore,

[e f] a b]_[a b]
0 1]]0 1 01
ea eb+ a b
i[o 1f :[o 1]
=Sea=aNeb+ f=b
=e=1Neb+f =0
=e=1ANf=0,

which shows that S does not contain a left identity; thus S does not
contain an identity. Finally, let g, h € R with g, h > 0. Choose f =1,
d=0,c=h/(a+b),and e = g/ca. Then c,d,e, f > 0and

E A |
_ [cae caf+cb+d]

|0 1
_ [ca(g/ca) (h/(a+b))a+(h/(a+b))b]
Lo 1
_[g h
~ |0 1]'

Thus for any x € S, we have SxS§ = § and so S is simple. Hence
J=8xS.
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3.8 Suppose H, is a subgroup. Then 72 € H,. In particular, 7 D 72 and
so [im7| = [im 2.

Now suppose that |[im 7| = |im(z?)|. First, notice that im(z?) =
X1? ¢ Xt = im 7. Since |im(7?)| = |im 7|, we have im 72 = im 7 since
im(7%) and im 7 are finite (because X is finite). Also, (x, y) € ker r =
xT = yT = x1° = y1* = (x, y) € ker(r?), and so ker T C ker(z?).
So each ker(z?)-class is a union of ker 7-classes. Suppose, with the
aim of obtaining a contradiction, that ker(t?) — kert # @&. Then
some ker(72)-class is a union of at least two distinct ker 7-classes. So
im(7?) ¢ im 7. Hence, since im(7?) and im 7 are finite, |im(7?)| <
lim 7|, which is a contradiction. So ker(t?) = ker 7. Hence 7 7 72
and T R 7% and so 7 H 7°. Therefore H, is a subgroup.

3.9 First, let x, y € {c'bP - B € N U {0} }. Interchanging x and y if
necessary, suppose x = c’bf and y = c'b® where B < &. Then
xb® P = y and yc5_'8 = x. Hence x R y.

Now suppose c"bP R c"*1b° for some 17 > 0. Then since R is a left
congruence, we have bP =5 bYc"bP R bYc¥*1b° = ¢b°. Therefore
there exists p € B such that ¢"b® p =, bP. Hence c'b° pcP =5 & and
so ¢l is right-invertible, which contradicts Exercise 2.10(b). Hence
{cVbP - B € NU{0}}isan R-class.

Similarly, Z-classes are of the form {cbP . y € N U {0} }. Finally,
note that c’b® R ¢"b® 7 ¢"b® and so ¢'b? D ¢b°. Thus B consists
of a single D-class.

3.10 Let e € L N R be idempotent. Then e is a right identity for L and a
left identity for R. For any y € R, we haveey = yandsop |, isa
bijection from L to L. Let z € D. Choose y € RN L. Since p, | isa
bijection, there exists x € L such thatz = xp |} = xy € LR.

Hence D € LR.Let x € Land y € R. Since L N R contains the
idempotent e, we have xy € L, N R, € D by Proposition 3.18. Hence
LR C D.

3.1 Let w € Mon(bc, ¢). Then w = f; --- B, where each f; is either bc or
c. Let

i

a iff; =bc,
ab if B =c.

Then

“n...“lw :an ...“lﬁl ﬁn
= «, - a,abc, - B,

= 0, 0y e B

=M E.

Clearly, we =; w, so if w € Mon(bc, c), then w 7 e.
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Now suppose w € N with w Z &. Then there is a word u € N
such that uw =), e. By Exercise 2.8, € can be obtained from uw by
deleting subwords abc. Neither u nor v contain subwords abc, so uw
must have a subword abc across the ‘boundary’ of u and w. That is,
we have either:

e w=bcw' and u = u'a, with u'vw’ =; uw =), & or

e w=cw' and u = u'ab, with u'w’ =, uw =, €.
Again, u' and w', being subwords of u and w, do not contain subwords
abc, so the same reasoning applies. Proceeding by induction, we see
that w € Mon(bc,c) (and u € Mon(a,ab), although that is not
important). Hence if w Z &, then w € Mon(bc, c).

Symmetrical reasoning shows that w R e if and only if w €
Mon(a, ab). Since H = Z N R, it follows that w H ¢ if and only if
w € Mon({bc, c) N Mon{a, ab) = {&}.

Since ¢ is an idempotent, Exercise 3.10 shows that the D-class of
¢ is Mon<{bc, c)Mon({a, ab).

If w € Mon(bc,c)yMon({ab,a), then w D ¢ and so w J e If
w € Mon(bc, c)bMon(ab, a), then by the results for Z and R, there
exist p,q € M such that pwq =, b, so apwqc =, abc =, €.

Now suppose w € N with w 7 e. Then there exist u,v € N such
that uwv =), €. So € can be obtained from uwuv by deleting subwords
abc. Any subwords abc in uwv must be across the boundaries of u
and w and of v and w. Proceeding by induction as in the Z case, we
see that w = Mon(bc, c)xMon(a, ab), where x is either ¢ or a single
letter b.

Since S is regular, 7-class and every R-class of S contains an idem-
potent. Since there is only one idempotent in S, there is only one
R-class and only one Z-class in S. Hence R = Z = H = S x 8. So
S consists of a single H-class, which contains an idempotent and is
thus a subgroup.

a) Let x € R,. Then there exists g € M such that xq = 1. Since M is
group-embeddable, gx = 1. Thus any element of R, is right- and
left-invertible. On the other hand, if x € M is right-invertible,
then x € R,.So x € R, if and only if x is right- and left-invertible.

b) Suppose M has at least two R-classes. Then M ~\ R, is non-empty.
Let x € M ~ H,. Then x is not right or left invertible. Suppose
that x* R x* for some k < €. Then there exists p € M such that

xk = x*p. Hence x**p = 1 and so x has a right inverse x* <1 p,

This is a contradiction. So all of the powers of x lie in different

R-classes.
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EXERCISES FOR CHAPTER 4

[See pages 87-89 for the exercises.]
41 a) Define ¢ : G —» M[G; I, A; P] by x = (1,xp;i, 1). Then

(x9)(yp) = (1, xp1), V(L ypii» 1)
= (Lxpyl priypiis1)
= (L, xypii> 1)
= (xy)g.

So ¢ is a homomorphism. Furthermore,

xp = yp = (Lxpil,1) = (1, ypii,1)
= xpii = ypii

=>x=)y.

So ¢ is injective. Finally, since G is a group, (1, xp;, 1) will range
over M[G;I, A, P] = {1} x G x {1} as x ranges over G. So ¢ is
surjective. Hence ¢ is an isomorphism.

b) Let M = {e, z} be a semilattice with e > z. Let p,; = z. Let (i, x, A)
and (4, y, A) be arbitrary elements of M[M; I, A; P]. Then

(i> X, )L)(l’ > /\) = (Z, XPriy A) = (l, Xz, A) = (1> Z, /\)

So M[M; I, A; P] is a null semigroup and so not isomorphic to
M.

4.2 A completely simple semigroup is isomorphic to M[G; I, A; P] for
some group G, index sets I and A, and matrix P. Suppose that we
have (i1, g1, A1) iz 925 Ay) = (> By 1) (s B ,)- The, by the defin-
ition of the product in M[G; I, A; P], we have (i}, g, Py i, 92, 42) =
(1> by Py, j, o> ), and so

i = i (S.13)
Ay = (S.14)
91910, 92 = hi Py j, o (S.15)

Letg = (jz,p!jlljzhl_lgl, A;). Then

(1> hys11)g
= (s hs ) G P 0 915 M) [by definition of q]
= (jl’hlpyljzp;zlljzhflgl>/\1)
= (b 91M)
= (i1, 91> A1) [by (S.13)]
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and

q(i3; 92 A2)
= (ja» P;lljzhl_lﬁ A, G925 Ay) [by definition of g]
= (jz)P;lljzhl_lﬁpxxlizgz))\z)
= (o> P j, 11 P Py jy 1o 12) [by (S.14) and (S.15)]
= (Jo» hys o)

Hence M[G; I, A; P] is equidivisible.

4.3 a) Letx, y € S = M[G; I, A; P]withx 7 y. Then by Proposition 4.12,
x = (i,g,A) and y = (j,h,A) for somei,j € I, g,h € G, and
A€ A Letz = (k f,u) € S. Then zx = (k, fp,;g,A) and zy =
(k, fpﬂjh, A). Since zx,zy € I xG x{A}, we have zx 7 zy. Hence
7 is left compatible. We already know Z is a right congruence
by Proposition 3.4(a). So Z is a congruence. Similarly, R is a
congruence and so ‘H = Z N R is a congruence.

b) Let [(1’ g’ )L)]Z,) [(]> h’ [’l)]l € S/Z‘ Then [(l) g) /\)]1[(]) h’ [/‘)]Z, =
[(4, gpljh, wlq = [, h, )4 (since (G, gp/\jh, w) and (j, h, pu) are
L-related). Hence S/Z is a right zero semigroup. Similarly S/ R is
a left zero semigroup.

c) Defineamap ¢ : S/H — S/R xS/ by

[y s My = ([Gr g, M, [Go g5 V] ).

Using the fact that H = Z N R, it is easy to show that this map is

well-defined and injective. It is clearly surjective, and is a homo-

morphism since R and Z are congruences. So S/H = S/R x S/1.

4.4 Since § is completely simple, S = M[G; I, A, P]. Hence [S| = |I| x
Gl x |Al.

a) Since p = |I| x |G| x |A[, one of the following three cases must
hold:

i) Il = p,IG| = 1, and |A| = 1. Since G is trivial and |A] = 1,
the R-classes of S are single elements by Proposition 4.12(c).
Thus S = S/R is a left zero semigroup by Exercise 4.3(b).

ii) |I| = 1, |G| = 1, and |A| = p. This is similar to case i), and
shows that S is a right zero semigroup.
iii) [I| = 1, |G| = p,and |A| = 1. Then S is a group by Exercise 4.1.
b) Since pq = |I| x |G| x | Al, one of the following cases must hold
(interchanging p and q if necessary):

i) Il = pg, |G| = 1,and |A| = 1. As in part a)i), S = S/Ris a
left zero semigroup and so a left group by Theorem 4.19. [We
could also use the fact that S has only one Z-class and apply
Theorem 4.19.]
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ii) |I| = p, |G| = g,and |A| = 1. Then S = I X G x {A}. Thus S has
only one Z-class and so is a left group by Theorem 4.19.

iii) [I| = p,|G| = 1,and |A| = g. Then the H -classes of S are single
elements by Proposition 4.12(d). So S = S/H is a rectangular
band by Exercise 4.3(c)

iv) |I| = 1, |G| = pg, and |A| = 1. As in part a)iii), S is a group
(and thus both a left and a right group).

v) |I| = 1,|G| = p,and |A| = g. This is dual to case ii), and shows
that S is a right group.

vi) |I| = 1, |G| = 1, and |A| = pq. This is dual to case i), S = S/Z
is a right zero semigroup and so a right group.

45 a) Letz € S. Thenzz! Rzandz 'z 7 z.S0zz! =z71z H =z
Similarly zz ™' = z7'z H z7'. So z H z7. Since every H -class
of S is a subgroup, z! is the unique group inverse of z in this
subgroup. The H -class of z¢ is also a subgroup and (zg) ! is the
unique group inverse of z¢ in this subgroup. Then ¢|y;_is a group
homomorphism into the subgroup H,, and so z7 o = (zg)7L.

b) There are many possible examples. Let S = {s;,s,} and T = {t,,1,}
be left zero semigroups. Define ' on Sby s;! = s, and 53! = s;.
Define ' on T by t;! =t, and t;' = t,. In both cases, ! satisfies
(x)™ = xand xx'x = x. Definep : S > T bys,;¢ = t, and
$,¢ =t,. Then (s,¢) ' =t;' =t, butsi'p = 5,9 = t,.

4.6 a) i) The isomorphism ¢ maps non-zero R-classes bijectively to
non-zero R-classes. Since the R-classes of M, [G; I, A; P] are
sets of the form {i}xGx A and the R-classes of M, [H; ], M; Q]
are sets of the form {j} x G x M, there must be a bijection
o : I — ] such that (i,a, 1)@ € {ia} x H x M. Similarly there
is a bijection 8 : A — M such that (i,a,1)p € I x H x {Af}.
Combining these statements shows that (i, a, A)¢ € {ia} x H x
{AB}. Since ¢ must map group H -classes to group H -classes,
we have p); # 0if and only if pg)iia) # O-

ii) Lety : G — {1}xGx{1} be defined by xy = (1, p1 x, 1). Then
Oy = @ pux DA pays D) = (Lpaxpupn 1) =
(1, piixy, 1) = (xy)y,so y isa homomorphism. Furthermore,
y is injective since xy = yy = (1, piix, 1) = (1, pii y, 1) =
piix = piiy = x = y. Finally, y is surjective since for any
(1,x,1) € {1} x G x {1}, we have (p;;x)y = (1,x,1). So y is
an isomorphism.

Similarly, the map # : H — {la} x H x {13} defined by
xn = (la, q(_llﬁ)(m)x, 1) is an isomorphism.

By part i), (Pl{l}xGx{l} {1} x G x {1} - {la} x H x
{1B} is an isomorphism, so the composition 9 = ypy™' =
YPliyxox% " is an isomorphism from G to H.
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iii) First,

(i, 16, (L, p1i %, (L, pi1> 1) = (G, 1g pry it P11 Pi1)
= (i, x, A).

Now, for all x € G,

(1, piix, D = xpg = %9y = (1et, q(1 )10 (%9, 1B).

Therefore for any x € G,

(i,x, V)¢
= (16, DL, piy 2 D(L p1i» D)g
= (i, 16, De(L, p1i x, Do(L, p1i» A)g
= (i, u;, 1p)(1a, Q(_llﬁ)(la)(XS), 18)(1a, q(_llﬁ)(l(x)vx\’ AB)
= (i0, 1918y (1) 41 100 D1 P10 D) 1)V AB)
= (i, u;(xV)vy, AB)g.

Hence

(io, u;(pr9)vy, AP)

= (i, pri» Mo

= ((, 16, M, 16, M))e

= (0, 1o, Mo, 16, A)e

= (i, u;vy, AB) (i, u;v;, AP)
= (iat, u;03 G p) i) UiV2> AP)3

thus p);9 = vyqp)iati by cancellativity in H.
b) Define a map ¢ : M,[G; I, A; P] — My[H; ], M; Q] by

(i, x, M) = (i, u;(x9)vy,Ap), and 0¢ = 0.
Then ¢ is a homomorphism since

(i, %, Mo, y, Ao
= (iet, u;(x9)vy, AB) (' ot uyr (yO)vyr, A)
= (io, u;(x9)vrqp)iray i (Yvar, A')
= (iet, u; (x9) (P2 9) (yO)vyr, A)
= (ict, u;((x Py ¥)O)vyr, A)
= (i, xprr y> A g
= (GG, x, M), y, A"))e.

Furthermore, ¢ is a bijection since «, 3, and 9 are all bijections.
So ¢ is an isomorphism from M, [G; I, A; P] to M,[H; J, M; Q].
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4.7

4.8

222

Suppose P is regular. Then S = M[G; I, A; P] is completely simple
and so regular by the Lemma 4.6(b). [Alternatively: Since P contains
some non-zero element p,;, the element (i, p;/}, A) is idempotent and
thus regular. Thus the D-class I x G x A is regular by Proposition 3.19.]

Suppose P is not regular. Then P has a row or a column all of
whose entries are 0. Suppose all the entries in the row indexed by A
are 0; the reasoning for columns is similar. Let (4, x,1) € I x G x {A}.
Then for (j, y, u) € My[G; I, A; P] ~ {0}, we have (i, x,A)(j, y, ) =0
since py; = 0. Hence there is no element z € M,[G; I, A; P] with
(i, x,M)z(i, x, A) = (i, x, A). Thus S is not regular.

a) Since S satisfies min,, the set of Z-classes that are not equal to
{0} there is a minimal element. Let L, be such a minimal Z-class
not equal to {0}. Then Sx is a left ideal not equal to {0}. Suppose
L is some left ideal contained in Sx and not equal to {0}. Pick
y € L~ {0}. Then Sy € Sxandso L, € L,. Since L, is minimal
among non-{0} Z-classes, L, = L, and so Sx = S§y. So Sx must
be a 0-minimal left ideal.

b) 1) Let x € K~ {0}. Then Sx is a left ideal of S and is contained in
K. Since K is 0-minimal, either Sx = K or Sx = {0}. Suppose,
with the aim of obtaining a contradiction, that Sx = {0}. Then
{0, x} is a left ideal of S contained in K and not equal to {0}.
Since K is 0-minimal, K = {x, 0}. But then K? = {0}, which is
a contradiction. So K = Sx.

ii) It is immediate that Lx is a left ideal. Suppose K # {0} is a left
ideal containedin Lx. Let ] ={y e L: yx € K}. ThenJ C L
and J is a left ideal, since

yeJAseS
=>yeLAyx e KAse€S [by definition of J]
= sye€LAsyx e K [since L and K are left ideals]
= sy €] [by definition of J]

Since L is 0-minimal and J # {0}, we have ] = L and so
Jx = Lx. Furthermore, Jx € K by the definition of J and
K < Lx by the definition of K, and so K = Jx = Lx. Hence
Lx is 0-minimal.

iii) Note that LS is an ideal since SLSS < (SL)(S?) < LS. So, since
S is 0-simple, either LS = {0} or LS = S. Suppose, with the
aim of obtaining a contradiction, that LS = {0}. Then LS € L
and so L is an ideal. Since L # {0}, we have L = S. Hence
$? = LS = {0} and so S is null, which contradicts S being 0-
simple. Therefore LS = S. So there exists x € S with Lx # {0}.

iv) The set M is a union of 0-minimal left ideals and is thus itself
a left ideal. By part iii), M # {0}. Letm € M andt € S.
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Then m € Lx for some x € S and so mt € Lxt € M. Hence
MS € M and so M is also a right ideal. So M is an ideal and
not equal to {0}. Since S is 0-simple, we have M = S.

v) Let L be a 0-minimal left ideal. For any 0-minimal right ideal
R, the set LR is an ideal and hence, since S is 0-simple, either
LR = {0} or LR = S. By part iii), there exists some x € S with
Lx # {0}. By the dual version of part iv), x lies in some 0-
minimal right ideal. Fix a 0-minimal right ideal R containing
x. Then LR # {0} and so LR = S.

Notice that since Ris a right ideal, RL € R. Similarly, RL €
L.Letx € RL~{0} € R~{0}. Then R = xS by the dual version
of part i). Since S = LR = LxS, we have Lx # {0} and so Lx
is a 0-minimal left ideal by part ii). However, Lx < L since
x € RL C L. Therefore, since L is 0-minimal and Lx # {0}, we
have Lx = L and so RLx = RL. Similarly xRL = RL. Hence
RL is a group with a zero adjoined by Exercise 1.21.

vi) Let f be a non-zero idempotent in S with f < e. Thenef =
fe = f.Sincee € RL € RN L, it follows from part i) and its
dual version that R = eSand L = Se. Hence f = efe € eSe =
eS?e = (eS)(Se) = RL, since S*> = S by Lemma 3.6. Since
RL ~ {0} is a group, e = f. So e is a primitive idempotent.
Hence S is completely 0-simple.

4.9 Let Rbe arightideal of S. Letr € Rand £ € G. Then 7€ € RN G since
Ris arightideal and Gisaleftideal. SORNG # . Then RN Gisa
right ideal of G, since R is a right ideal and G is a subgroup. But G
is a group, and thus its only right ideal is G itself. Hence RN G = G,
and so G € R. In particular, 15 € R.Let x € S. Then 15x = 1515x
since 1 is idempotent, and so x = 15x since S is left-cancellative.
Therefore x = 15x € 1558 € RS € R. Hence S € Randso S = R.
Therefore S does not contain any proper right ideals and so is right
simple. Since it is also left-cancellative, S is a right group.

EXERCISES FOR CHAPTER 5
[See pages 113-116 for the exercises.]
1 2 1 2
5. Lett = 5 and { = . x .Thentr =1( ={r ={{ ={.So
T = {r,(} is a null semigroup and 7 does not have an inverse in T.

. . . _ 1 2
[Of course, T does have an inverse in Ty; indeed 77! = <* 1).]

5.2 Let 01,0, € S. Then there exist subgroups H,, H}, H,, and H) of
G such thato, : H, — Hj and 0, : H, — HJ) are isomorphisms.
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Then dom(o,0,) = (imo; N domoy)oy! = (H) N H,)o;'. Now,
H{ n H, is a subgroup of G. (In particular, it contains 1, and so is
non-empty.) Thus dom(o,0,) is a subgroup of G and so im(0,0,) is
also a subgroup of G. So 0,0, € S. Thus S is a subsemigroup of ;.
Furthermore, 07! : H} — H, is also an isomorphism; thus o7 € S.
Thus S is an inverse subsemigroup of Z.

5.3 a) Suppose that 0 Z 7. Then there exist 77, p € Ty such thatmo =7

and pt = 0. Therefore

imo = Xo 2 (Xn)o = im(no) = im 7,

and similarly im 7 2 im(p7) = im 0. Hence imo = im 7.
Now suppose that im o = im 7. Let 7 = 7o~'. Then

no =10 ‘o = 1idyy, , = Tidyy, = 7.

Similarly, let p = 077!; then pr = 0. Hence 0 Z 7.

b) Suppose that o R 7. Then there exist 7, p € Ty such thatom =7
and 7p = o. Therefore

dom 7 = domon = (imo N dom )o ™!

1

C (imo)o™ =domo

and similarly dom o € (im 7)7™! = dom 7. Thus dom o = dom 7.

Now suppose that dom o = dom 7. Let 7 = 0~ 7. Then
o =007 =1idgyy T = idgom . T = T.

Similarly, let p = 7' 0; then 7p = 0. Hence 0 R 7.
c) Suppose that ¢ D 7. Then there exists v € Ty such thato Z v R

7, and so,
|dom o| = |im o] [since o is a partial bijection]
= |limv| [by part a)]
= |dom v [since v is a partial bijection]
= |dom 7. [by part b)]

Now suppose that |[dom | = [dom 7|. Then there is a bijection
m : domo — domt. Note that 7 € Ty. Let v = 7~ 'o. Then
o = 7v, and so o L v. Furthermore,

domv = dom(r~'o)
= (im7~ ! ndom o)
= (dom 7 Nndomo)m
= (domo)m
= dom,
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and so v R 7 by part b). Hence o D 7.
Suppose ¢ J 7. Then there exist 71, p, ', p' € Ty such that
o =ntpand T = 1’op’. Therefore

|domo| = |imo| = |Xo| = | XmTp|
< | Xtp| = | X7| = |lim 7| = |[dom 7};

similarly, [dom 7| < |domo|. Thus |[domo| = |dom 7|. Hence
0 D 7. Therefore 7 € D andso D = 7.

5.4 a) Since im 7 = dom f, it follows that

dom(nf) = (im 7 N dom B)rr~!
= (imm)r!
=domm

= domy.

Hence 3 R y by Exercise 5.3(b). Thus there exists p’ € Ty such
that 7fBp’ = y. Since |im | = [dom | = n—1 = |dom y| = |im y/,
it follows that dom p’ 2 im . Extend p’ to a permutation p € Sy.
Then p and p’ agree on im f3. Hence nfp = nfp’ = y.

Since 7, p € Sy = (1,(), it follows from the previous para-
graph that J,_; € SxfSx < (1,(, ).

b) Leto € J;..Pickx € X~domoand y € X~im o and extend o too’
by defining xo' = y.Theno’ € Ji,j,and o = o'idy_gy € Jii1/,1-
Hence Ji. € Ji;1J0-1-

By induction on k, we see that J, € J"= ¢ (1, {, B). Since this
holds for k = 0, ...,n — 1, and since obviously J,, = Sx = (7,{) <
(7,C, B), it follows that Ty = [ J;_, Jx € (7,{, B).

5.5 a) Let M = (7,77'). Note that 777! = idy, so M is a monoid. We will
use Method 2.9 to prove that M is defined by Mon(b, c | (bc, €)).

Define ¢ : {b,c} - M byby = rand cp = 7. Then M
satisfies the defining relation with respect to ¢ since (bc)g* =
7! = idy = ep*. Let N = {c'b) 1 ie NU{O}}); any word in
{b,c}* can be transformed to one in N by applying the defining
relation to delete subwords bc. Finally, let x € X ~ X7 (note
that such an x exists since im 7 ¢ X). Then for k € IN U {0}, we
have xt¥ € X7* < X!, In particular, the x7* are all distinct.
Note that x ¢ im 7 = dom 77'. Thus (ka)(cibj)(p* = xt*77i7) is
defined if and only if k > i, in which case it is equal to xT~"*/, So
the minimum k for which (x7*)(c'v/ )o* is defined is 7, and the
image of xt' under (c'b/)¢* is x7/. So (c'b/)¢* determines i and
j,and so @* |y is injective. This completes the proof.

[This proof is essentially just Example 2.11(b) rephrased in
terms of partial bijections.]
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b) Let M = ({r;,77! : i € I}). Note that 7,7;! = idy, so M isa
monoid. Forany i, ...,i, € I and €y, ..., € {1,-1},

€ €. _—€ —€, _€ €
Til...TikTi k...Ti lTil.“Tik
k k 1 k
€ €k-1; ~€k-1 —€1_ € €k
:T ...T. ld ’l' ...T‘ . Y .
L By X Vi o 43
€ €1 _—€r_ —€; _€ €
=T.1.-; ,k1 . kl--. . lT.l..-T,k
I -1 k-1 I h 3
: : €1 €k
D= idyt! - T
. Xt i
€ €
=T. 1 - T k

B I *

So (Tf;l T,-i")_1 = Tijk Tl-:El € M. Hence M is an inverse
monoid. Furthermore, for i,j € I withi # j since im7; and
im7; = dom Tj_l are disjoint, TiT]-_l = ¢, and & is a zero for By
and thus for M. We will use Method 2.9 to prove that M is defined
by (5.14).

Letg : {b;,c; : i € I} U{z} - M be given by b;¢ = 7; and
c;p = 77! foreachi € I, and zp = @. Then for i, j € I withi # j,

(bic)e* = 177! = idy = e*; (S.16)
(bic))g™ = T,-T]-_l = =z¢"; (S.17)
(biz)e" = 1,8 = T = z9™; (S.18)
(zb)e* = B1; = T = z9™; (S.19)
(c2)p* =170 = & = zp*; (S.20)
(z¢,)o* = D171 = O = z¢*; (S.21)
(z2)p" = DD = D = zp™. (S.22)

Thus M satisfies the defining relations in (5.14) with respect to ¢.
Let

N={c:iel}*{b:iel}* Uiz}

Anyword in {z,b;,¢; : i € I}" can be transformed to one in N
by applying defining relations to remove any subwords b;c; (for
any i, j € I, replacing them with z if i # j), and then to replacing
any two-symbol subword that contains a z into z alone.

The remaining step is to show that ¢*|y is injective. Now,
XTiTj_l is defined if and only if i = j, and x7;! is defined if and
only if x € im7;. So

-1_-1 -1
X7 Ti(’,—l Til le sz ij

is defined for all x € X if and only if € > m and i, = j, for
h=1,...,m.
So suppose

(c;, -+ ¢; by b, )™ = (cjy -+ cjp by by ™.

nl
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Interchanging the two sides if necessary, assume m < m’. Now,

*
X, T, T (G by by g

1 -1

= X T T T Ty Ty T
is defined for all x € X. So
*
Xt T, T (G by e by )
— D e B )
I e A A A T A

is defined for all x € X. Som > m’, and thus m = m’, and
jh=j{lforh=1,...,mNow,x—xTJ T T e g )9t
so x(b; -+-b; Jo* = x(by -+~ by )" for all x € X. Interchangmg
the two 51des if necessary, assume 71 > n’. Then

x(bil ...bin)(P*TiZI ...Tl,_l =XT; = T; Ti_l ...T._l
is defined for all x € X. So
x(byr - by ) T 11 =XTy - -Ti;,‘l‘i_l gt

is defined for all x € X.Son < n’,and thusn = #’, and i, = i}, for
h=1,...,n Hence

16,0, by, = ey by by

G,
Finally, note that we have shown that x(c; ---¢; b; -~ b; )™ is
always defined for some element x € X. Hence z¢* = & #
(¢j, =+ ¢;, b =+ b; Jo*. Thus @ |y is injective.

5.6 a) Let S be a Clifford semigroup. Then § = S[Y; G,; ¢, gl, for some
semilattice Y, groups G,, and homomorphisms ¢, 3 : G, — Gg.
Let e and f be idempotents in S. Then e € G, and f € Gg for
somea, 3 € Y. Thuse = 1, and f = 15, where 1, and 1z are the
1dent1t1es ofG and Gg. So ef =1,1g = (lago‘wﬂ[;)(lﬁ(pﬁ anp) =

Lynglang = lanpg- SO the idempotents of S form a subsemigroup.
Since § is regular by Theorem 5.13, S is orthodox.

b) Let S be completely simple and orthodox. By Theorem 4.11, S =
M([G; 1, A; P] for some group G, index sets I and A and regular
matrix P over G. View I x A as a rectangular band. Without loss of
generality, assume that there is a symbol 1 in I N A. The elements
(1, pa1>A) and (j, pij, 1) are idempotents of S, and so, since S is
orthodox, their product (1, py; /1)(] pljl, 1) = (1, p3} PA]PU ,1)
is also an idempotent; hence PMPAJPU pii. Define a map

¢ :Gx(IxA)— Sby(g,(i,A\)e = (i, pi} gp11 1> A). Then

(g G, W)k, (G, )
= (i, p1i gp1 P> Mo P1j hp1 Pt > 1)
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= (i, pii gP11 P31 PAj P P11 Pt > )
= (i>PfilgP11Pf11hP11P,;11’M)

= (i, 1/ ghpi1 P )

= (gh, (i, W) s

thus ¢ is a homomorphism. It is clearly injective and surjective
and thus an isomorphism.

For the converse, let G be a group and let I x A be a rectangular
band. Let P be the A x I matrix all of whose entries are 1. It is
straightforward to see that

¢:Gx(IxA) - MGIAPL (gGA) - (G,g,A)

is an isomorphism; thus G x (I x A) is completely simple. The only
idempotent in G is 1; and every element of I x A is idempotent.
Hence the set of idempotents of Gx (I x A) is {15} x (I x A), which
is clearly a subsemigroup. Since G x (I x A) is completely simple,
it is regular by Proposition 4.13, and hence is orthodox.

5.7 Let S be a completely 0-simple inverse semigroup. By Theorem 4.7,
S = My[G; I, A; P] for some group G, index sets I and A, and regular
matrix P over G°. Since S is inverse, every Z-class and every R-class
contains exactly one idempotent. Now, the non-zero idempotents of
M,[G; I, A; P] are elements of the form (i, p;/, A), where i € T and
A € Aaresuch that p); # 0. The non-zero R-classes of M,,[G; I, A; P]
are the sets {i} x G x A; the non-zero Z-classes of M, [G; I, A; P] are
the sets I x G x {A}. So for each i, there is a unique A such that p,; is
non-zero, and vice versa. Hence there is a bijection y : I — A so that
iy is the unique element of A with Py # 0. Hence |I| = |A| Since
A an abstract index set, we can reorder it and the rows of P so that P
becomes diagonal. Now we can simply replace the index set A with I.

Now suppose that S = M[G; I, I; P], where P is diagonal. Then
S is completely 0-simple and therefore regular. The idempotents of
M,[G; I, I; P] are the elements (i, p;',i). Ifi # j, then pij=0 (since
P is diagonal) and so (i, p; ', 1)(j, pj_jl, 7) = 0. So the idempotents of S
commute and so S is inverse.

5.8 a) Letx € im7. Then x = z7 for some z € S'. Let y € §'. Since T is a
partial right translation, dom 7 is a left ideal and so yz € dom T;
furthermore, (yz)T = y(z7) = yx and so yx € im 7. Thus im 7 is
a left ideal of S.

b) Let 7,0 € Ty be partial right translations. Let x, y € S'. Suppose
x70o is defined. Then both x € dom 7 and xt € domo. Since
dom 7is aleftideal, yx € dom 7 and (yx)t = y(x71). Since dom o
is a left ideal, y(x7) € domo and (y(x7))o = y(x70). Hence
yx € dom(ro) and (yx)r0 = y(x710). So 710 is a partial right
translation.
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5-9

5.10

5.11

Suppose x7 ! is defined. Let z = xt~!. Then z € dom 7 and

zt = x. Since dom 7 is a left ideal, yz € dom and (yz)r =
y(zt) = yx.S0 yx € dom7 ! and (yx)r7! = yz = y(xt7"). So
77! is a partial right translation.

Hence the set of partial right translations forms an inverse
subsemigroup of Tg. Since every p, is a partial right translation,
T is a subsemigroup of the set of partial right translation.

Let x = c"bP € Bbe arbitrary. Let y = cPb?. Then
xyx = "bPPOYVbP = VbP = Vb = x.

So x is regular. The idempotents of B are elements of the form c?b" by
Exercise 2.10(a). Thus, given two idempotents e = ¢'b" and f = cPbP,
we see thatif y > f3,

ef = VbV PYP =5 VbV PBP =5 VY
=p PV PHY =5 PVPCYYY = fe

and similarly ef = feify < . So B is a regular semigroup whose
idempotents commute and so is inverse by Theorem 5.1.

For x € Sand e € E(S),

x<e=x=xxle [by definition of <]
= x2 = xx lexxle
= x? = xx 'xx"lee [since idempotents commute in S]
= x> =xx"le [since xx ! and e are idempotents]
=>x?=x [since x = xx"'e]
= x € E(S).

Consider an element u of FInvM({«}). Let T; be the (unique) Munn
tree corresponding to u. Let p, g, and r be, respectively, the ‘x-co-
ordinates’ of the leftmost endpoint, the vertex wr, and the rightmost
endpoint. Notice that p < 0,7 > 0,and p < g < r,sothat(p,q,r) € K.
In this way, we determine a map ¢ : FInvM({a}) — K. Clearly, a
unique Munn tree of the given form can be reconstructed from any
triple (p,g,r) € K, so ¢ is injective and surjective.

Let v be another element of FInvM({a}) and let T, be the corres-
ponding Munn tree. Let the triple (p’,q',7') € K correspond to T5.
Consider multiplying u and v using the corresponding Munn trees
T, and T, to get a Munn tree T corresponding uv. The process is
illustrated in Figure S.s. First we merge the vertices w; and ar, to
form a vertex that we call co, and let a; = o, and wr = wr,. Then
we fold edges together until we get the Munn tree T. It is easy to see
from the diagram that the coordinate of wy relative to a is g + ¢,
that the coordinate of the leftmost endpoint of T' relative to «ay is the
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FIGURE S.5
Multiplication of elements of
FInvM({a}) using Munn trees.
The numbers p, g, r are, re-
spectively, the ‘x-coordinates’
relative to o, of the left end-
point of Ty, the vertex wy, , and
the right endpoint of T}; the
numbers p’, q', 7' play a similar
role for T,.

.L)., ...... ).L)“.L)‘ ...... »L(I).L)‘ .. »L).
Ty T
.i)., ............ »L)(X.L)‘ ...... ).La)).i)‘ ...... »L).
T T,
p/ q/ r !

merge wy, & Ay,
letay = oy, and wr = wp,

a a a a
— e ... o——0—— >0 .- >o———e
(xT a a
o0
.L). ............. a a4 ... »L).L). ...... ).L)'
wr

.L)., ...... ).L).i)‘ ................................ ).L).L)‘ ...... »i).
ar wr
min{p,vp’ +q} q N q max{r:q +r'}

smaller of p and g+ p’, and the coordinate of the rightmost endpoint
of T relative to a is the greater of r and g + r'. That is, the triple
(min{p,q+ p'},q+q', max{r,q+r'}) corresponds to T. Thus the map
@ is a homomorphism and thus an isomorphism.

5.12 By Exercise 5.11, the monoid K is isomorphic to FInvM({a}). Thus it
is sufficient to prove that K is a subdirect product of B x B. The map
@ is a homomorphism since

(p-q:ne(p'.q', e
= (¢ PbP*, "o (c P p P
= (¢~ Prparmaxi-p+q-p'ty-p'+q'+plrmaxi-pq,-p'}
Cr+q—r+max{—q+r,r’} br’—q’—r’+max{—q+r,r’} )
— (Cmax{—p,—p’—q}bmax{—p+q+q’,—p’+q’}) Cmax{r,q+r’}bmax{r—q—q’,—q’+r’})
_ (Cmax{—p,—p’—q}bq+q’+max{—p,—p’—q}, Cmax{r,q+r’}bmax{r,q+r’}—q—q’)
= (-max{-p,—-p' —q},q+ ¢, max{r,q + r'}¢
= (min{p, p’ + q},q + q', max{r,q + r'})¢
=((p.g:1)(P". g, 1"))e.
Furthermore, ¢ is injective since
(pg:r)p = (P9 )¢
= (cPbP,cTH ) = (¢ b P T p )
= (-p=-pIN(Cp+q=-p' +q)A(r=1")
= (P> q, 1") = (p,s q,s 1",).
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So ¢ embeds K into B x B. Finally, as p and g range over N U {0},
clearly (p,q,q)@m, = c"Pb™P*1 ranges over B, and as g and r range
over N U {0}, clearly (¢, g, r)pm, = c"b 1" ranges over B. So im ¢
projects surjectively to both copies of B, and so K is a subdirect
product of two copies of B.

5.13 a) Since BR(M, ¢) is generated by AU {b, c}, every element is repres-
ented by some word u € (AU {b, c})*. Using the defining relations
(bc, €), we can delete any subword bc. Then, using defining re-
lations of the form (ba, (ap)b), we can replace any subword ba
by (a¢g)b and any subword ac by c(ag). Iterating this process, we
eventually find a word v containing no subwords bc, ba or ac: that
is, v = cYwbP for some y, B € NU {0} and w € A*.

b) i) Suppose thaty =9y’, B = ', and w =); w'. Then there is a
sequence of elementary p-transitions from w to w'. Since p
is a subset of the defining relations in (5.15), w and w’ repres-
ent the same element of BR(M, ¢). Hence c'wbP and w'bP
represent the same element of BR(M, ¢).

ii) It is easy to prove that for all defining relations (u, v) in (5.15),
we have uy = vy and so v is well-defined.
Suppose now that cwb® and ¢ w'bP’ represent the same
element of BR(M, ¢). Then (c"wbP W = (’'w' bﬂ,)l//. Thus

3., B) = (0, 1, 0)((wbP)y)
= (0, 1, 0)((¢V w'bP )y) = (y,w', ),
andsoy =9y and = f3'.
c) Define amap 9 : M — BR(M, ¢) by w9 = w. This is clearly a
homomorphism, and
WY =gr(M,g) w'o = Cwh? =BR(M,9) Cw'b’ = w =, w
by parts a) and b). Hence 9 is injective and so M embeds into
BR(M, ¢).

5.14 Let S = BR(M, ¢). We aim to show that SxS = Sforall x € S. Suppose
x = c'wbP, where w € M. Let c®ub® be an arbitrary element of S. Let
p=cOub’ and g = A*1b°. Then

pxq = Oub’ Y wbPcP1pd
= Qubwcb®
=5 c‘subc(wq))b(
=5 Subcb®
= dubf,

Soc®ub® = pxq € SxS.Since c®ub® € Swasarbitrary, S = SxS. Hence
any ideal of S must be S itself. So S is simple.
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EXERCISES FOR CHAPTER 6

[See page 126 for the exercises.]

6.1 For clarity,let: : S > Gand /' : S — G’ be the embedding maps.
Definey : G — H by (x))(y1) "¢ = (xt/)(y)" for x,y € S. Let
x]) xz:ylayz € S. Then

) ) ™ = () (07!
< (x1l)()/2‘) = (le)()’1l)
S X1 ), = %) [since ¢ is an injective homomorphism]
& (x1)(t') = () (1t
[since /' is an injective homomorphism]
& ()17 = () ()
& (D)) = (G y.

The forward implication shows v is well-defined; the reverse implic-
ation shows it is injective. Furthermore

(1)) (e () y

= () )t ) (pp1)7! [by definition of y/]
= (xlt’)(le')(yll’)_l(yzt’)_1 [by commutativity]
= (x5 ()7} [by inverses in H]
= (((x12)0) (¥ 1) D [by definition of y/]
= ((xll)(le)(ylt)_l (yzl)_l)w [by inverses in G]
= ((Ce) ()™ () () ™))y, [by commutativity]

so ¥ is a homomorphism.
Finally, let st € Si. Then for arbitrary z € S,

(s)y = ((sz0)(z0) Dy = ((sz) (=) ") = st/,

so v is clearly maps St surjectively to Si'.

6.2 Fix x € I. For s € S~ I. Define s to be (x¢) ! ((xs)¢); notice that
xs € I since I is an ideal. Now, for s’ € Sand y € I,

(s@)(yp)
= (x@) 1 ((x5)9) (y9) [by definition of §]
= (x(p)_1 ((xsy)o) [since ¢ is a homomorphism]
= (sy); [by definition of §]

furthermore, (s@)(y9) = (sy)® by commutativity of S and G. For
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s,s' €8,

(59)(5'9)
= (x0) 1 ((x5)) (x9) 1 ((xs") ) [by definition of @]
= (X(p)_1 (x(p)_1 ((xs)@)((xs")p) [since G is abelian]
= (x¢) " (x) " ((xsxs")p) [since ¢ is a homomorphism]
= (xgo)_1 (X(p)_l ((xxss")p) [since S is commutative]

= (x) " (x) 7! (xp) ((xs5") )

[since ¢ is a homomorphism and x, xss’ € I]
= (xgo)_l((xss’)(p) [since (x¢) ! (xp) = 15]
= (ss"). [by definition of @]

Together with the fact that ¢ is a homomorphism, this shows that ¢
is a homomorphism.

Finally, suppose v : S — G is a homomorphism extending ¢.
Then (xs)y = (xy)(sy) for any s € S~ I. Hence (xs)p = (x¢)(sy)
since x, xs € I, and so sy = (x¢) ' ((xs)p) = s¢. Hence y = @ and so
@ is the unique extension of ¢ to S.

6.3 Let d = gcd(S); this is well-defined since S # {0}. Then if x € S, then
x = dk € dN, so S € dN. Furthermore, there exist z, ... ,z, € Sand
ky,...,k, € Zsuchthatk,z, + kyz, + --- + k,z,, = d, hence moving
all the terms where k; is negative to the right of the equality, we get
s+d = s’ for two elements s and s’ of S. Suppose s = dt and s’ = dt'.
Now letn € Nwithn > (t— 1)t + (t — 1); we aim to prove thatdn € S.
Letn =gt +r,whereq € Nand0<r <t.Theng > (t-1) 2 rand
sog—r=20.Now,n=(rt+r)+(q-r)t=r(t+1)+(q—r)t,andso
dn=r(dt+d)+(q-rtd=r(s+d)+(q—-1r)s=rs'+(q—r1)s €8S.
Thus, if x € AN\ S,thenx = dnforn < (t—1)t+(t—1). ThusdIN\ S
is finite.

6.4 If S = {0}; then all three conditions hold. So assume S # {0} and
suppose S contains both a positive integer p and a negative integer
n.LetS, ={seS:s>0}andS_ ={se€S:s<0};clearly S,
and S_ are subsemigroups of S. Let d = gcd(S), d, = gcd(S, ), and
d_ =gecd(S_). Clearly,d < d, andd < d_. Sinced = s — s’ for some
s,s' € S,wehaved = (s + kp) — (s’ + kp) = (s + kn) — (s’ + kn) for
all k € IN. Thus d is both the difference between two elements of S,
and the difference between two elements of S_. Hence d > d, and
d>d_andhenced =d, =d_.Thus S, € dNand S_ € —-dN, and
dN ~ S, and —dIN \ S_ are finite. Hence dk,d(k + 2) € S, € S and
—d(k+1) € S_ ¢ Sforlarge k. Henced = d(k+2) —d(k+ 1) € Sand
—d =dk-d(k+1) € $.SodZ < § € S_U{0}US, € -dNU{0}UdN =
dZ.Hence S = dZ is a subgroup of Z.

6.5 a) From the definition, ~ is clearly reflexive and symmetric. Suppose
o ~ B and  ~ y. Then there exist § and { with § € «, § < 3,
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{ Caand{ C B.Lety = {{"'8. Then dom# < dom ( and for
any x € dom#, we have

xn=x({718 =x8=xP=x(

andson € 8 € aandy < { < y. Hence « ~ y. Therefore ~ is
transitive.

Suppose a; ~ 8, and &, ~ f3,. Then there exist §, and §, with
0, €«,8, € B1,0, Ca,andd, € B,. Hence §,6, € o, and
0,8, <€ B, B,- Hence a;«, ~ f3; B,. Therefore ~ is a congruence.

b) Leta, e T.Let{ =a 'Band = Ba!. Thenal = aa !B < B
and so a{ ~ f; similarly oo = fa~'a € B and so 5o ~ B. Thus
for any [a] _, [B]. € G, there exist [({]_, [7]. € G with [«] [(]. =
(7].[x]. = [B].; hence [«] .G = Gl&]. = G for any [«¢] . € G.
Thus G is a group.

c) Leta, B € T. Then im « is a left ideal of S by Exercise 5.8(a) and
dom S is a left ideal of S since f3 is a partial right transformation.
Since S is right-reversible, im « N dom f # &. Hence aff # &.

Since T is generated by the non-empty elements p, and p;’,
we see that T does not contain the empty relation.

d) Suppose xy = yy; then [p,]. = [p,]. and so p, ~ p,. Then
there exists 6 € T such that § € p, and § < p,,. By the previous
paragraph, ¢ is not the empty relation. So let z € dom é. Then
zp, = zpy. Thus zx = zy and so x = y by cancellativity. Hence
Y : S — G is a monomorphism and so S is group-embeddable.

6.6 Let (m,n), (p,q), (r,s) € S. Then

(m,n)((p,q)(r,s)) = (m,n)(p +7,2"q +5)
=(m+p+r2"n+2'g+s)
=(m+p+r,2"2Pn+q) +s)
=(m+ p,2Pn+q)(r,s)
= ((m,n)(p,q))(r, 5);

thus the multiplication is associative.

and g, = 2™n,. Then

(my,ny)(p1,qy) = (my + py, 2P ny +qy)
= (m; + m,,2™n, + 2"™n,)

and

(my,m))(Py, qy) = (my + py, 2P2m, + q,)
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7.

7.2

73

so (my,n))(p1,q;) = (my,n,)(Ps,q,)- Since (my,n,) and (m,,n,)
were arbitrary, S is left-reversible.

Suppose S is right-reversible. Then (1,0) and (1, 1) have a com-
mon left multiple. Hence there exist elements (p;,q;) and (p,,4,)
such that (p;,4;)(1,0) = (p;,q,)(1,1). Thus (p; + 1,2q;) = (p, +
1,2g, + 1), which is a contradiction, since 2q, is even and 2g, + 1 is
odd. Therefore S is not right-reversible.

EXERCISES FOR CHAPTER 7

[See pages 145-146 for the exercises.]
Let M be a group. Then M is simple and so MxM = M forall x € M.
Now suppose MxM = M for all x € M. Then for each x € M,
there exists p,q € M such that pxq = 1,,. Hence x J 1,; and so
x H 1), by Proposition 7.1. Thus x lies in the group of units of M. So
all elements of M are invertible and so M is a group.
In finite semigroups, J = D, so ], = D,. Since D, is non-trivial, it
contains some element z # x such that z R x. That is, there exist
p.q € S'such that xp = zand zq = x; notice that p,q € Ssince x # z.
Hence xpq = x, and so x(pq)* = x for all k € N. Since § is finite,
there is some € € N such that (pg)® is idempotent. Let y = (pq);
then y* = y and xy = x. By the ordering of J-classes, ], = Ty ST,
Since y is idempotent and thus regular, every element of D, = ], is
regular by Proposition 3.19.
a) Let S be a finite nilsemigroup. Let n = |S|. Let x4, ..., x,,; € S.
Consider the n + 1 products

xl, xlxz, ceey xl"'xn, xl"'xn+1.

Since [§| = n, at least two of these n + 1 products must be equal:
that is, x; --- x = x; -+ X3, for some k € {1,...,n} and ¢ €
{1,...,n+1 - k}. Hence

— — m
Xt X = Xp o XXy Kppg = X XXy 0 Xeye)

for allm € IN. Since S is a nilsemigroup, there is some m € IN with
(X1 = Xpae)™ = 0. Thus oy - X = 207 - X (pyy oo Xpey)” = 0
and so x, -+ x,, = 0 (since k < n). Therefore S” = {0} and so S is

nilpotent.
b) Let S = {0} U{x;; : i € N,j < i}. Define a product on § as
follows:
e ifi=kand j+¢€<i,
R A :
0 otherwise,

xl’]O = Oxl)] = 00 = 0.
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Itis easy to check that this operation is associative. For any x; ; € S,

we have xiijl = 0 since j(i + 1) > i. Thus S is a nilsemigroup.
However, for any n € N, we have x;;;, = x,,, # 0,s0 5" # {0}
Thus S is not nilpotent.

7.4 a) Letx',y' € Jo. Then x' = x¢ and y' = y¢ for some x, y € J.
Thus there exist p,q,7,s € S' such that pxq = y and rys = x.
Then (pp)x'(qp) = y' and (rg)y'(sp) = x' (where we view lg
as the identity of (S’)") and so x’ 7 y'. So all elements of J¢ are
contained within a single J-class J' of §'.

b) Let x' € J'. Then x' = x¢ for some x € S. Let ] = J .. Since all
elements of J¢ are J-related by part a), we see that Jop < J'.

Let J be minimal such that Jp < J'. Let I = S'JS'. Then
I = S'xS' for any x € ], by the definition of . Let y' € J'. Then
y" J x¢ and so there exist p’,q’ € (S')" such that y' = p/(x¢)q'.
Therefore y' € (S')'(x@)(S")" = (§'xS")¢ = Ig since ¢ is surjective.
So J' C Ig.

Lety e TandletK =] o By part a), there exists some 7-
class K’ of §’ such that K¢ < K'. We now want to prove that
y ¢ ] implies yp ¢ J'. So suppose that y ¢ J. Then K = J,, < J.
Therefore K¢ ¢ J' since J was chosen to be minimal such that
Jo < J'. Hence K' # J'. Suppose, with the aim of obtaining a
contradiction, that yg € J'. Then there exists p’,q’,7’,s" € (S)’
with p'(y9)q' = x¢ and r'(x¢)s’ = y¢ for some x € ]. Since
@ is surjective, this shows that y 7 x and so y € J, whichis a
contradiction. Therefore yo ¢ J'.

Thus for any y € I, we have y ¢ J implies yp ¢ J'. Hence
yo € J' implies y € J, which implies y¢ € J. Since J' € I, this
shows that J' € Jo. Thus Jo = J'.

7.5 It suffices to prove this when T is a subsemigroup of S and when T is
a homomorphic image of S. In both cases, T is finite because S is, and
thus for both S and T the property of having H being the equality
relation is equivalent to aperiodic.

Let T be a subsemigroup of S. Let x € T. Since x € Sand S is
aperiodic, there exists k € IN such that x* = x**1, Since this is true
for all x € T, the subsemigroup T is aperiodic. Nowlet ¢ : S — T be
a surjective homomorphism. Let y € T. Then there exists x € S such
that x¢ = y. Since S is aperiodic, x* = x**! for some k € N. Hence
y& = (x@)F = xFp = xF 1 = (xp)**! = y**1 Since this is true for
all y € T, the semigroup T is aperiodic. This completes the proof.

In the free semigroup {a}", the relation A is the equality relation,
but any finite non-trivial cyclic group is a homomorphic image of
{a}", and in groups all elements are H -related.
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7.6 Let (s1, 1), (55, 15), (53, 13) € S %, T Then

((s15t1)(s3,15)) (53, 3)

= (51152, 1182) (53, 13) [by (7))
= (s, 15, '(P253), 1, 1,15) [by the definition of a left action]

= (s, "'(s, '2s;), t,t,t3)  [since the action is by endomorphisms]

= (s1,11)(s; 253, tyt3) [by (7.1)]
= (Sl’tl)((52>t2)(53>t3)); [by (7.1)]

thus the multiplication (7.1) is associative.

7.7 Suppose M and N are groups. Then M @ N is a monoid with identity
(e, 1y) by Proposition 7.7. Let (f,n) € Mt N. Define f' €e N > M
by (x) ' = ((xn™ ') f)~'. Then

(fsm)(fsnh)
— (f nf’,l’ll’l_l)
= (e’ IN))
since

) f "f = ) fxn) f' = (x) f(xnn™) f)7!
= (O f(()N =1y,

and
(f,n™N)(f,n)
— (fl n’lf, n_ln)
= (ea ]'N))
since

Q) f7f = ) f en™) f = () (0 f)7 = 1y

thus (f/,n™!) is a right and left inverse for ( f,n). Hence M ¢ N is a
group.

7.8 The wreath product S ¢ T' must be right-cancellative but is not neces-
sarily left-cancellative. For (£, s), (g, 1), (h,u) € Sz T,

(f>s)(hu) = (g, t)(h,u)
= (f h,su) = (g'h, tu)
= fh=ghAsu=tu
= (Vx e T)((x) f(xs)h = (x)g(xt)h) Ns =t

[since T is cancellative]
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= (Vx e T)((x) f(xs)h = (x)g(xs)h) Ns =t

[substituting s = ¢]
=>WVxel)((x)f =x)g)As=t [since S is cancellative]
= f=gAs=t.

Now let S =T = N U {0} (under +) and defineamap f : S —> T
by (0)f =land (x)f =0forallx e T~{0}andamapg: S — T by
(x)g =0forall x € T. Then

(g’ 1)(](’ 1) = (g 1f>2) = (g lg>2) = (g) 1)(9: 1)

since (x)g 1f =x)g+(x+1)f=0+0=(x)g+(x+1)g =(x)g lg
for all x € T. Hence S 2 T is not left-cancellative.

7.9 This is a tedious analysis of products of three elements in C(S). Each
element is either in S or §'; there are thus eight cases. Let x, y,z € S.
Then:

¢ (xy)z = x(yz), since S is a subsemigroup of SU §';
o ()2 = 2 = 52" = x(y2');

o (xyNz=y'z=(y2) = x(yz) = x(y'2);

o (xyNz' =2 =xz' = x(y'2");

o (x'y)z = (xy)'z = (xy)2)' = (x(y2))’ = x'(yz), using associ-
ativity in S for the third equality;

o (x'y)Z =2 =x'7 = x'(y2');
¢« (X'YNz=y'z=(yz) = x'(yz) = x'(y'2);
o (x'yNZ =2 = x'Z = x'(y'2)).
Therefore the product defined by (7.4) is associative.

7.10 Define a map v : C(M) — T),; by xy = p, and x'y = 1, for x € M.
Clearly im¢ = {p,,7, : x € M}. We cannot have xy = y'y, for
xy is a non-constant map and y'y is a constant map. So to check
injectivity, we simply check that y|;; and v, are injective:

Xy=yy=pc=p,=lp,=1p, > x=y,
Xy=yly=1r=1,>lr,=1r,>5x=y.

Finally, to check that v is a homomorphism, we must check the vari-
ous cases of multiplication in the definition of C(M):

(x@)(Y'p) = pu1, =1, = Yo = (xy")p
(xqo)(yfp)—rr 7, =y'p=(x'y)e
(X'o)(yp) = 1.p, = 1., = (x1)'¢.

So v is an isomorphism.
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7.11 Let x € M and y € C(M). Then

) "F)con]
=((x)f"g) [by definition of ]
= ((x)f) (xm)g [by def. of the product and action]

= (x) [(y)fcon] (x)[(m,)gext] [bY definition Ofext and con]
= () [(Y) feon] () [(ym') Gexe] [by def. of the product in C(M)]

= () feon(¥) ™ Fext] [by multiplication in C(S)™]
= () [(Y) f con m’gext 1; [by multiplication in (C(S

this proves (7.6). Next,

()[(¥)gcon]
= ((x)g)’ [by definition of
= (xy) f((x)g)’ [by def. of the product in C(S)
= ()W) fext) ) [(ymM) Gcon] [by definition of ., and
= ([ fext(V) "Feon ) [by multiplication in C(S)M
= (X)) fext "Feon s [by multiplication in (C(S)MHCMD]

this proves (7.7). Finally,

() [(¥)gcon]
= ((x)g) [by definition of
= ((x) ) ((x)g) [by def. of the product in C(S)]
= ()W) feon] D) [(yM) g on] [by definition of
= () feon(V) "Fcon [by multiplication in C(S)™]
= ()W) fcon " Fcon s [by multiplication in (C(S)M )]

this proves (7.8).

EXERCISES FOR CHAPTER 8

[See pages 171-172 for the exercises.]

8.1 a) Suppose w = u. Then for any homomorphism 9 : A" — S we
have w9 = u9 = v9 = (V'9)(wY). Then for any g € S, we have
q(w9I) = q(v'9)(wI) and so by cancellativity g = g(v'9). So v'9 is
a right identity for S and thus (by cancellativity) an identity. Let
a and b be the first and last letters of v’ (which may or may not
be distinct). For s € S, put ad = bJ = s to see that s is right and

left invertible. Thus S is a group.
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b) Suppose w # u. Since w is the longest common suffix of u and v,
we know that u’ and v’ end with different letters a and b of A. That
is,u' =u"aand v’ = v"a. Lets,t € S.Let 9 : A — Sbe such that
ad = sand b9 = t. Then (u"9)s(wI) = ud = v = (V"9)t(wI) and
so (u"9)s = (v"9)t by cancellativity. Hence s and t have a common
left multiple. Since this holds for all s, € S, the semigroup S is
group-embeddable by Exercise 6.5.

8.2 a) Let N be the class of finite nilpotent semigroups. Let S € N.
So §" = {0} for some n € IN. First, let T be a subsemigroup of
S. Then T" € §" = {0}; hence T € N. So N is closed under S.
Second, let ¢ : S — U be a surjective homomorphism. Then
U" = (S¢)" = 8"¢ < {05}¢ = {0y}. SoU € N. Thus N is closed
under H. Third, let S, ..., S, be nilpotent; then S} = {0 } for
some n; € N for eachi = 1, ..., k. Let n be the maximum of the
various #;. Then

(S;%...xS§ )" c ST x... 8¢ = {0g }x...{0g } = {(O ..., 05 )};

hence S; x ... x §; € N. Thus N is closed under Py, . Therefore
N is a pseudovariety.

b) Let A = {a}. Foreachk € N, let I, = {w € A" : |w| > k}. Then
I, is an ideal of A*. Let S, = A™/I,; then Sf = {0g, }. So each S
is nilpotent. Let S = [ [, Sy. Let s € S be such that (k)s = a € S,
for all k € IN. Then for any n € IN, we have (n + 1)s" = a”" € S,,,;
hence (n + 1)s" # 05, and sos" # Og for any n € N. Thus
§" # {0g} for any n € IN. Hence S is not nilpotent. Therefore the
class of nilpotent semigroups is not closed under IP and so is not
a variety.

8.3 Note first that we are working with algebras of type {(c, 2), (", 1)}. Let
S be an orthodox completely regular semigroup. Let ¢ : S — T be a
surjective homomorphism. Then T is regular by Proposition 4.20, and
furthermore (x¢)™! = (x'¢) since homomorphisms for algebras
of this type must also preserve ~'. Therefore since S is completely
regular and thus satisfies the laws (4.2), T also satisfies these laws,
so T is completely regular. Finally, ife, f € T are idempotents, then
e = xx'and f = yy! for some x, y € T by Theorem 4.15. Let
P,q € Sbe such that pp = x and g = y. Then pp~! and gq~! are
idempotent. So pp~'qq~! is idempotent (since S is orthodox) and so
(pp'qq M) = xx'yy™! = ef is idempotent. So the idempotents
of T form a subsemigroup and so T is orthodox.

Now let T' be a subalgebra of S. Then T also satisfies the laws
(4.2) and is thus completely regular. Finally, the set of idempotents
of T is the intersection of the set of idempotents of S, which is a
subsemigroup, and T, which is also a subsemigroup. Hence the set of
idempotents of T is a subsemigroup.
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Finally, let {S; : i € I} be a collection of orthodox completely
regular semigroups. Then each S; satisfies the laws (4.2) and so their
product [],; S; does also. The set of idempotents in ], S; is the
product of the sets of idempotents in each S; and hence forms a
subsemigroup.

Now let S be an orthodox completely regular semigroup. Then
S satisfies the laws (4.2). Let x, y € S. Note that x 'x and yy™! are
idempotents, and so their product x ' xyy~! is idempotent since S is
orthodox. Thus

xyy~lxTlxy
xx~lxyyTixTlxyy Ty
=xxxyyly [since x 'xyy~! is idempotent]

= Xxy.

Therefore S satisfies the law xyy'x'xy = xy.

Now suppose S satisfies the laws (4.2) and xyy 'x"'xy = xy.
Then S is completely regular. Let e, f € S be idempotents; then e =
x'xand f = yy~! for some x, y € S by Theorem 4.15. Then

(ef)’
= (x"'xyy

x_lxyy_lx_lxyy_1
x txyy™ [since xyy 'x"lxy = xy]

=ef.

Hence the idempotents of S form a subsemigroup and so S is orthodox.

—1)2

8.4 a) LetS = L x R be arectangular band, where L is a left zero semi-
group and R is a right zero semigroup.
Let ¢ : S — T be a surjective homomorphism. Fix (£,7) € S.
Let Ly = (Lx{r})p and Ry = ({€}xR)¢. Notice that Ly is a left zero
semigroup and Ry is a right zero semigroup; hence Ly x Ry is a
rectangular band. Define y : Ly X Ry — T by (&, 1)y = £,r,. Let
e, ¢ ), €2 1@y € Ly x Ry Let €0, 6® € Land ¥V, 7@ ¢ R
be such that (¢@, re = eﬁ") and (¢, r(i))<p = rt(i) fori = 1,2. Then

(eﬁ”, rt(l))w(QEZ)’ T’t(z))llf
_ egl)rt(l)QEZ)rt(Z)
= (e, 16, 7)), r)e(e, 7))
- ((g(l)) (e, 7(1))(({(2)) ), 7(2)))(1)
— (g(l)’ r(2))(P
= (€W, r)(e,r))g
= (e, g6, 7))
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1 2
YIONC)
= (¢, rP)y
= (e, 7, rP) )y

thus y is a homomorphism. Furthermore,

", My = (€, Py

N Egl)rt(l) _ 852)1}(2)

= (€D, 1, rM)g = (62, r)p(e, r)e

= (€Y, ), 7)) = (€2, r)(e,r?))g
N (3(1)’,,(1))(/) — (3(2),,,(2))(/,
= (W, rM)p(e, g = (P, r)p(e, r)g

A (&)W, r)g = (6,1)p(e?, r?)p
= (€D, rM) (e, 1) = (€2, r@)(&, 7))

A (6@, rD))g = (6, ) (0P, 1))
= (W, 1) = €, Np A6, rV)g = (&,r)g
=t =P ArD =4

D (1 2) (2
= ") = @, r?),
so v is injective. Finally, v is surjective since

imy = LRy
= (L x {r)e({e} x R)¢
= (L x{rh{e} x R))g
=(LxR)p=T.

Hence T is isomorphic to the rectangular band L x Ry; thus
T € RB. So RB is closed under forming homomorphic images.

Now let T be a subsemigroup of S. Let Ly = {€ € L : (3r ¢
R)(8,r) e T)}and Ry = {r e R: (3L € L)((¢,r) € T) }. Notice
that Ly is also a left zero semigroup and Ry is also a right zero
semigroup. Clearly T € L x Ry; we now establish the opposite
inclusion. Let (¢,,7;) € Ly X Ry. Then there existr € Rand € € L
such that (¢,,7) € Tand (¢, 1,) € T.Thus (&,7,) € (&,7r)(& 1) € T.
SoT = Ly xRy is arectangular band. So RB is closed under taking
subsemigroups.

Finally, let {S; : i € I} be a collection of rectangular bands.
Then S; = L; x R; for some left zero semigroup L; and right zero
semigroup R;, for each i € I. Then

HSi = H(Li X R;) = (HLi) X (H R;).

iel iel iel iel
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Since [[,; L; is a left zero semigroup and [, ; R; is a right zero
semigroup, [ [,.; S; € RB. Hence RB is closed under forming direct
products.

Thus RB is a variety.

b) LetS = LxRbearectangularband. Letx = (I;,7;) and y = (I,,1,).
Then xyx = (I, 1)L, 1)1}, ry) = (I, 7,) = x. So S satisfies this
law.

Suppose S satisfies the law xyx = x. Fix some t € S. Let
L = St and R = tS. Then for any pt, p't € L, we have ptp't = pt
by the law (with x = t and y = p’). So L is a left zero semigroup
and similarly R is a right zero semigroup. Furthermore, for any

p,q.r €S,

pr = pqpr [by the law with x = p and y = ¢]
= pqrqpr  [bythelawwithx =gand y =] ¢ (S.23)
= pqr. [by the law with x = r and y = gp]

Definey : S — L x Rby py = (pt, tp). Then

(py)(qy) = (pt.tp)(qt. tq)
= (pts tQ)
= (pqt,tpq) [using (S.23) in both components]

= (pq)vy,

so y is a homomorphism. Notice that this also shows that for any
pt € L,tq € R, we have (pq)y = (pt,tq); thus v is surjective.
Finally, for any p,q € S,

py =qy
= (pt,tp) = (qt,tq)
= pt=qtN\Ntp =1q
= ptp=qtp AN qtp = qtq
= ptp = qtq
= p=q [applying the law on both sides]

so ¥ is injective. So S is [isomorphic to] a rectangular band and
so S € RB.

c) Any rectangular band satisfies the law xyz = xz by (S.23). Every
element of a rectangular band is idempotent, so x? = x is also
satisfied.

Let S satisfy the laws x> = x and xyz = xz. To prove that S
is a rectangular band, follow the reasoning in part b) with the
following minor differences: First, L is a left zero semigroup since
ptp't = ptt = pz by applying first xyz = xz and then x* = x;
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similarly R is a right zero semigroup. Second, to prove v is a
homomorphism, apply xyz = xz to both components. Finally,
the last step in proving v is injective becomes ptp = gqtq = p* =
q* = p = g, by applying first xyz = xz and then x* = x.

d) Let S be a non-trivial null semigroup. Then for any x, y,z € S, we
have xyz = 05 and xz = 05. However, S is not a rectangular band
because x* # x for any x # 0.

8.5 Let S = G X L x R, where G is a group, L is a left zero semigroup, and
R is a right zero semigroup. Let ¢ : S — T be a homomorphism. Fix
(1,8, 1) € S.Let H = (G x {€} x {rhe, Ly = ({15} x L x {r})¢ and
Ry = ({15} x {€} X R)¢. Reasoning parallel to Example 8.4 shows that
T =H X Ly X Ry.

Notice that (g, ¢,7)™" = (g7', ¢, 7). Let T be a subalgebra of S. Let
H={geG:(3{Xr) e LxR)(g,8Lr) e T} Wefirst prove that if
(g, r) € T,then H x {(¢,r)} € T.Leth € H; then (h,¢',7") € T for
some €’ € L, 7’ € R. Hence T contains

(9, 87)(g, &, 7)  (h, ', 7")(g,8,7)(g, &, 1)
= (99 'hgg™". &.7)
= (h’ e: r))

and thus H x {(£,7)} € T. Now reason as in Example 8.4 to see that
T =HxLyxRyandthus T € X.

Let {S; : i € I'} be a collection of semigroups in X. Then for all
i € I, wehave S; = G; x L; X R; for some group G;, left zero semigroup
L; and right zero semigroup R;. Hence

l_[Si = H(Gi X L; X R;) = (H G;) % (H L;) x (H R;);

iel iel iel iel iel

since [ [,.; G; is a group, [ ]..; L; is a left zero semigroup, and [[.; R
is a right zero semigroup, we see that [[._; S; is [isomorphic to] the
direct product of a group and a rectangular band. So []..; S; € X.

Let S = G x L x R, where G is a group, L is a left zero semigroup,
and R is a right zero semigroup. Let x = (g,¢,7r) and y = (¢',¢',7').
Then

xxl = (9,8, r)(g_l, e,7)

= (]'G’ 8, T)
=(g7 L, ¢r)(g,87)
=x1x

and

xyylx = (gL ) (U, )WL, 1) (g, 6 r)
=(g 'hh g, t,r)
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= (IG) e) r)

= (g_l’ £, 7’)(9; e,r)
1

=X X
So § satisfies these laws.

Now suppose that S satisfies the given laws. For any x, y € §,
we have x = xx7'x = xx7'yy~'x € SyS. So S is simple by the
analogue of Lemma 3.7 for simple semigroups. Let e, f € S be idem-
potents; then e = xx™! and f = yy~! for some x,y € S. Then
efe=xx"yyxx! = xx'xx7! = xx7! = e. So the idempotents
of § form a rectangular band by Example 8.4. Since rectangular bands
are completely simple, they contain primitive idempotents. Hence S
contains a primitive idempotent. So S is completely simple. Since the
idempotents of S form a subsemigroup, S is orthodox. Hence Sis a
direct product of a rectangular band and a group by Exercise 5.6(b).

8.6 Let S € (), ;V;. Then S €V, forall i € I. Let T be a homomorphic
image (respectively, subalgebra) of S. Since each V; is a pseudovariety,
T € V;foralli € I. Hence T € ()., V;. So [, V; is closed under
forming homomorphic images and subalgebras. Now let S, ..., S,, €
Nie; Vi- Then S; € V; foreachi € ITand j = 1,...,n.505; X... XS, €V,
foreachi € Iandso S; x... xS, € (.., V;.So[)..; V; is closed under
forming finitary direct products. Therefore (), V; is a pseudovariety.

8.7 Let V be an S-pseudovariety of semigroups. Then

Se (VMon)Sg
=5 e€ Vion [by (8.7)]
= §'is a monoid in V

=SeV. [since S is closed under taking subsemigroups]

Let V be the S-pseudovariety of rectangular bands. Then Vy;,, =1,
since the only monoid that is a rectangular band is the trivial monoid,
and so (Vyjon)sg = Vs(1) =1# V.

8.8 Let S be a completely regular semigroup. Let s € S. By Theorem 4.15,
s lies in a subgroup G of S. If 9 : O, S — Sis such that x9 = s, then
x“9is the idempotent power of S, which much be the identity of G. So
x99 = (x*9)(x9) = 1s = s = x9, so S satisfies the pseudoidentity
xw+1 = x.

Now suppose that S satisfies x*** = x. Let s € S and choose
9 : 0,yS — Swith x9 = s. Then x“9 = sk for some k € N. So
sk = x*9 = x9 = 5. Thus s lies in the cyclic group {s, s?, ..., s '}.

Hence every element of S lies in a subgroup and so S is completely

regular by Theorem 4.15.

1

8.9 Let S be a completely simple semigroup; thus S = M[G; I, A; P] for
some group G, index sets I and A, and matrix P over G. Let (i, g, A)
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9.1

9.2

93

and (j, h, ) be elements of S. If 9 : Q;;S — S is such that x9 =
(i,9,A) and y9 = (j, h, u), then we have (xy)9 = (i, g, A)(j, h, u) =
(i, gpajh, ). Now, (i, gpa b w)* = (i, (gpahp,)* gpajhs p) for all
k € N. Thus (xy)*9 is (i, (gijhpMi)k_lgijh, ) for some k. Since
(xy)“9 is always an idempotent, we have (xy)“9 = (i, p;il, @). There-
fore we have ((xy)*x)9 = (i, p;}, w(i, g, h) = (@, p;,-l,y)(i, g A) =
(i, p;il Puig>A) = (i,g,A) = x9. Thus § satisfies the pseudoidentity
(xy)?x = x.

Now suppose that S satisfies (xy)“*! = x. Let s,t € S and choose
9 : OyS — Swith x9 = sand y9 = t. Then (xy)“x9 = (st)ks for
some k € IN. Hence s = (st)*s € StSand so S is simple by the analogue
of Lemma 3.7 for simple semigroups. Arguing as in Exercise 8.8 but
with x9 = y9 = s, we see that s lies in the {s,s?, ... ,s2k}. Hence
every element of S lies in a subgroup and so S is completely regular by
Theorem 4.15. Since S is completely regular and simple, it is completely
simple by Theorem 4.16.

Let S be left simple. Let e be an idempotent of S. Then Se = S since
S is left simple. Let s € S; then s = s’e for some s’ € S. Therefore
se = s'ee = s'e = s, and so e is a right identity for S. For any ho-
momorphism 9 : ﬁ{x’y}(S), the element y“9 is an idempotent of S.
Hence (xy“)9 = (x9)(y*“9) = x9. Thus § satisfies the pseudoidentity
xy“ = x.

Now suppose S satisfies xy“ = x. Let s,t € S. Let 9 : Q{W}s be
such that x9 = sand y9 = t. Then (y*)9 will be some idempotent
power of t, say t* for some k € N. Then st* = (xy®)9 = x9 = s.
Hence s € St. Thus S = St for all t € S and so S is left simple.

EXERCISES FOR CHAPTER 9

[See page 199 for the exercises.]

Suppose L is rational. Then it is recognized by a finite semigroup S by
Theorem 9.4. By Proposition 9.6, SynM L divides S. Hence SynM L is
finite.

Suppose SynM L is finite. The monoid SynM L recognizes L by
Proposition 9.6. Since L is recognized by a finite monoid, it is rational
by Theorem 9.4.

Let S be the three element semilattice {0, x, y} with x > 0 and y > 0.
Let ap = x and by = y. Then {x}¢p™! = {a}* and {y}p~! = {b}";
hence {0}y ! = L.

By definition, SynM D = {(, ) }*/op. Letw; - w, € { (, ) }*. Then
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for any i, j,

C(w; -+ w,, i) ifi < j,

. Clw,-—w,, )+1 ifi=j+1,

Clwy wy (Y wyy o w,ei) = 4 700 2T
Clw, - w,, j) iti=j+2,

Clw; -+ w,, i) ifi>j+2.
In particular,

a1 W+ 2) =0 & C(w; -+ w,,n) =0,

Clw; -+ w; () Wy, ++ Wy, i) > 0 foralli

& C(w, -~ w,,i) > 0forall i.

Hence for any words p,q € { (, ) }*, we have p () g € D ifand only if
pq € D.Hence () op €. Thatis, [ ( ](,D[ ) ]UD = [e]UD. Furthermore, ) (
is not a Dyck word, so ) ( is not op-related to . Thatis [ ) ]GD[ ( ]UD +
[8]%. Hence, by Exercise 2.12 with x = [( ]GD, y=1) ]UD, ande =
[els,» and noting that [ (] op and y =[) ] o, generate SynM D, we see
that SynM D is isomorphic to the bicyclic monoid.

9.4 Let K,L € N(A"). If both K and L are finite,then KULand KN L
are finite and so K UL, K NL € N(A"). If one of K or L is finite
and the other cofinite, then K U L is cofinite and K N L is finite and
so KUL,KNL e N(A"). If both K and L are cofinite, then K U L
and K N L are cofinite and so KUL,KNL € N(A"). So N(A") is
closed under union and intersection. If K is finite, A" \ K is cofinite
and so A" ~ K € N(A"); if K is cofinite, A" ~ K is finite and so
A"~ K € N(A™). So N(A™) is closed under complementation.

Let L € N(A") and a € A.If L s finite, it contains only word of
length less than n for some fixed n € N. Soa'L and La™' contain
only words of length less than # — 1. So a™' L and La™! are finite and
soa'L,La™! € N(A"). On the other hand, if L is cofinite, it contains
all words in A" of length greater than n for some fixed n € IN. So
a 'L and La™! contain all words in A* of length greater than n — 1.
Soa 'L and La™! are cofinite and so a™'L, La™! € N(A").

Let L € N(B")andlet g : A* — B" be a homomorphism. If L
is finite, it contains only word of length less than # for some fixed
n € N.Let w € A" have length greater than n. Then w¢ has length
greater than n and so wg ¢ L. So Ly contains only words of length
less than n; thus Le™! is finite and so L™ € N(A"). On the other
hand, if L is cofinite, it contains all words in A" of length greater than
n for some fixed n € N. Let w € A" have length greater than n. Then
wg has length greater than n and so wg € L. So Le™" contains all
words in A" of length greater than n; thus Lo is cofinite and so
Lo~! € N(AY).
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9.5 Suppose that K is a +-language over A recognized by some finite
rectangular band S. Then there is a homomorphism ¢ : A" — §
such that K = Kg¢™'. Recall from Exercise 8.4(c) that S satisfies
the pseudoidentities x> = x and xyz = xz. Thus, for a,a’ € A
and w € A, we have (awa')p € K¢ if and only if (aa’)p € K¢, or
equivalently awa’ € K ifand only if aa’ € K. Therefore

aA*ad' NK + @
= (Ju € A*)(aua' € K)
= aa €K
= (Yw € A*)(awa’ € K)
= aA*a' C K.

On the other hand, if aA*a’ < K, then obviously aA*a’' N K #+ &.
Therefore:

aA*a' CK © aA*a' NnK + @. (S.24)
Reasoning similar to the above and also using (aa)¢ = a¢ proves that
aA*fac K & acK. (S.25)

Let Z be the subset of A that liesin K and let K, = ZU | J,_, aAa.
Then by (S.25), K; € K. Again by (S.25), K; must be precisely the
words in K that start and end with the same letter. Let K, be the set of
words in K that start and end with different letters. By (S.24), if there a
word in K, that starts with a and ends with a’, then all words in aA*a’
lie in K. There are only finitely many possible choices for a and a’,
so K, = |JI_, a;A"a’; for suitable a; and a’;. Hence K = K; UK, is a
language of the form (9.12).

Now suppose that K has the form (9.12). Then whether a word
in A" lies in K depends only on its first and last letters. Let s, € A™.
Then for any p,q € A*, the first letters of pstsq and psq are either
both the first letter of p, and thus equal, or (when p = ¢) both the
first letter of s, and thus equal. Similarly, the last letters of pstsq and
psq are equal. So pstsq € K if and only if psq € K. Hence sts ox s,
or [s]gK [t]UK [s](,K = [s]aK. Since s,t € A" were arbitrary, this proves
that SynS K satisfies the pseudoidentity x yx = x. Hence SynS K is a
rectangular band and SynS K € RB.

20
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Index

Never index your own book.

— Kurt Vonnegut, Cat’s Cradle, ch. 55.

## In this index, the ordering of entries is strictly lexico-
graphic, ignoring punctuation and spacing. Symbols outside the Latin
alphabet are collected at the start of the index, even if ‘auxiliary’ Latin
symbols are used: thus S' is included in this set, since it is the notation

< 1>

that is being defined. Brief definitions are given for notation.

ﬁ% This index currently covers only Chapter 1 and part of Chapter 3, plus
names and ‘named results’ It will gradually be expanded to a full index.

A: logical conjunction; ‘and’

0-simple, 57-60

V: logical disjunction; ‘or’

1, 1: identity of a semigroup S

0, Og: zero of a semigroup S

S': monoid obtained by adjoining an
identity to S if necessary; 4

§°: semigroup obtained by adjoining a
zero to S if necessary; 4

(X): subsemigroup generated by X; 10

[1Y, x 1 y: meet; 17

L]Y, x U y:join; 17

p": reflexive closure of p; 22

: symmetric closure of p; 22

: transitive closure of p; 22

: equivalence relation generated by p;

22

p©: smallest left and right compatible
relation containing p; 24

p*: congruence generated by p; 24

p,: transformation that right-multiplies
by x; 19

m = wn

p
p
p

action: see ‘semigroup action’

Almeida, Jorge, v, 172, 249

Andersen, Olaf, 70

antichain, 15

anti-homomorphism, 20, 30

anti-symmetric binary relation, 15

Aratjo, Gongalo Gomes, vii

associativity: see ‘binary operation,
associative’

automaton: see ‘finite state automaton’;

vi-vii

Baader, Franz, 53, 249

biber, 261

BIBIATEX, 261

bijection, 13

binary operation, 1
associative, 1-2

binary relation, 11-15, 20, 22

Birkhoff’s theorem, 152

Book, Ronald Vernon, 53, 249

Bourbaki, Nicolas, v

bracket, 2

Brown, Arthur A., 251

By: set of binary relations on X; 12

Cain, Alan James, i-ii, vi-vii, 90, 249
cancellative semigroup, 6, 7, 20, 32
finite implies group, 32
cartesian product, 4
finitary, 4
category theory, 1, 33, 35
Cayley graph, 30-1
of a group, 31
right/left, 30-1
Cayley’s theorem, 19
chain, 15, 58
Chesterton, Gilbert Keith, 71, 249
Clifford, Alfred Hoblitzelle, 34, 70, 89-90,
117, 127, 249
commutative semigroup, v-vi, 6, 7-8
of idempotents, 18-19
comparable elements, 15, 16
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compatible binary relation, 20, 24-6
complete lattice: see ‘lattice, complete’
complete lower semilattice: see
‘semilattice, complete’
complete upper semilattice: see
‘semilattice, complete’
composition of binary relations, 11
congruence, 20-1, 28
lattice of congruences, 26
congruence generated by a binary
relation, 24-6
characterization of, 25
converse of a relation, 11
correction, vi
coset, vii
Costa, Alfredo Manuel Gouveia da, 249
Cottingham, John, 173, 249
Couto, Miguel Angelo Marques Lourengo
do, vii
Creative Commons, ii
Curioso, Beatriz de Almeida, vii
cyclic group, 1

D: see also ‘Green’s relation’; 55-7, 56

D,: D-class of a; 57

Danskin, John Moffatt, 251

Darwin, Francis, 251

Descartes, René, 173, 249

determinant: see ‘matrix, determinant of
&

dihedral group, 1

direct product, 1, 4, 8, 28, 30

Disraeli, Benjamin, 250

Disraeli, Isaac, v, 250

Distler, Andreas, 34, 172, 250

distributivity, 33

dom p: domain of p; 12

Dyck, Walther Franz Anton von: see
‘Dyck word’

Dyck word, 199

E(S): set of idempotents of S; 5
Eco, Umberto, 249-50
Egri-Nagy, Attila, vii
Eilenberg correspondence, 187-98
Eilenberg, Samuel: see also ‘Eilenberg
correspondence;, ‘Eilenberg’s
theorem’; 172, 200, 250
Eilenberg’s theorem, 188
‘empty semigroup; 1, 35
End(S): endomorphisms of S; 19
endomorphism, 19
epimorphism, 34
categorical, 33-4
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of groups, 35
equivalence class, 15, 20
equivalence relation, 15, 227, 55
characterization of join, 26
commuting
characterization of join, 27
generated by a binary relation
characterization of, 22
lattice of equivalence relations, 267
exponent, 5
laws, 5

factor group, vii

factor semigroup, 20-2, 59-60

Feyerabend, Paul Karl, 147, 250

Feynman, Richard Phillips, 1, 250

finitely generated, 10

finite semigroup, v-vi, 5, 33
cancellative implies group, 32

finite state automaton, v

Foley, D., 251

‘folklore), 34

free semigroup, vi

full map: see ‘map’

full transformation: see ‘transformation’

Gallagher, Peter Timothy, 53, 250
Garcia Martinez, Xabier, vii
Garcia-Sanchez, Pedro A., 127, 253
Gell-Mann, Murray, 119
generating set, 10
Goodstein, David Louis, 250
Goodstein, Judith Ronnie, 250
Gould, Sydney Henry, 251
graph, vii
greatest lower bound: see ‘meet’
Green, James Alexander: see also ‘Green’s
lemma, ‘Green’s relations’; 70
Green’s lemma, 60
Green’s relation: see also ‘“H, L, R, D, T}
55-7
inclusion of, 567
partial order from Z, R, 7, 57
Grillet, Pierre Antoine, 34-5, 70, 127, 250
Grinberg, Darij, vii
group, vi, 1-2, 6, 10, 32, 55-6, 58, 60
composition series, 60
group-embeddable semigroup, 20
group of units, 9
groupoid, 1

H: see also ‘Green’s relation’; 55, 56
H,: H-class of a; 57
Hall, P, 89, 252



Hamming, Richard Wesley, 201, 250
Ham, Nick, vii
Harju, Tero Juhani, 53, 250
Hasse diagram, 15, 16-18, 56
Heath, Peter Lauchlan, 37, 253
Herman, Samuel, vii
Hewitt, Edwin, 251
Higgins, Peter Michael, 34, 53, 250
homomorphic image, 19
homomorphism, 19-20, 21, 28-30, 33-4
kernel: see ‘kernel’
monoid, 19, 33
Hopcroft, John Edward, 200, 250
Howie, A., 252
Howie, John Mackintosh, v, 34, 53, 70, 89,
117, 172, 200, 250-1
Huxley, Thomas Henry, 129, 251

I(x): the set J(x) ~ J; 59
idy: identity relation on X; 11
ideal, 9-10, 34, 55-60
left: see ‘left ideal’
minimal
uniqueness of, 58
principal, 9
right: see ‘right ideal’
two-sided: see ‘ideal’
ideal extension, 22, 28—9
idempotent, 5, 7-8, 32
partial order of, 17
idempotents
semigroup of: see ‘semigroup of
idempotents’
identity: see also ‘monoid’; 1, 3, 7, 9, 12, 32
adjoining, 4, 32
left: see ‘left identity’
right: see ‘right identity’
two-sided: see ‘identity’
uniqueness of, 3
identity relation, 11, 12, 15, 32
im p: image of p; 12
index of an element, 5
infimum: see ‘meet’
integers
as a partially ordered set, 15
as a semigroup, 3
inverse, 1, 6-7, 8
inverse semigroup, v-vi
invertible element, 6, 8-9, 33
isomorphism, 19, 21

J: see also ‘Green’s relation’; 55, 56-7
J,: J-class of a; 57
J(x): principal ideal generated by x; 9

join, 17, 56

join semilattice: see ‘semilattice’

‘Jordan-Holder theorem’ for semigroups,
60

K(S): kernel of a semigroup; 58

ker p: kernel of the map p; 15

kernel, 15, 21, 58, 59

Kleene, Stephen Cole: see also ‘Kleene’s
theorem’; 200

Kleene’s theorem, 178

Knuth, Donald Ervin, v

Koga, Akihiko (##& BHE), vii

Korzybski, Alfred Habdank Skarbek, 55,
251

Krohn, Kenneth Bruce: see also
‘Krohn-Rhodes theorem’; 146, 251

Krohn-Rhodes theorem, 144

1L: see also ‘Green’s relation’; 55, 57
commutes with R, 56
L,: L-class of a; 57
L(x): principal left ideal generated by x; 9
Lallement, Gérard, 146, 251
language, vii
regular: see ‘regular language’
lattice, 17, 33
complete, 17
of congruences: see ‘congruence,
lattice of congruences’
of equivalence relation: see also
‘equivalence relation, lattice of
equivalence relations’
Lawson, Mark Verus, 117, 200, 251
least upper bound: see join’
left-cancellative semigroup, 6, 32
left-compatible binary relation, 20
left congruence, 20, 57
left ideal, 9-10
0-minimal, 58
minimal, 58
principal, 9
left identity, 3, 32
left inverse, 6
left-invertible element, 6, 33
left zero, 3, 32
left zero semigroup, 3, 6, 8, 34
Leibniz, Gottfried Wilhelm, 91
Linderholm, Carl Eric, 35, 251
linear algebra, vii
Lisbon, i
Ljapin, Evgenii Sergeevich (/Ianus,
Esrenuii CepreeBuy), 34, 251
Lothaire, M., 53, 251
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lower bound, 17

lower semilattice: see ‘semilattice’
Lual2ATEX, vi, 261

Lyndon, Roger Conant, 251

Mac Lane, Saunders, 35, 251
magma, 1
Malcev, Anatoly Ivanovich (MabIies,
Anatosui MiBanoBHY), 53

Maltcev, Victor, vii
map, 12

domain of, 12

image of, 12

notation for, 4, 30

preimage under, 12
matrix

determinant of a, 7
matrix semigroup, 7
maximal element, 16-17
maximum element, 16-17
McEwen, Alastair, 250
meet, 17, 56
meet semilattice: see ‘semilattice’
Miller, Don Dalzell, 70
minimal element, 16-17
minimum element, 16-17
Mon(X): submonoid generated by X; 11
monogenic semigroup, 10
monoid: see also ‘identity’; 3, 7, 11-12,

28-9,32-3
presentation of: see ‘monoid
presentation’

trivial: see ‘trivial semigroup’
monomorphism, 19, 34

categorical, 33-4
multiplication, 2
Munn, William Douglas, 117, 252
Murdoch, Dugald, 249

natural homomorphism: see ‘natural map’
natural map, 21, 29
natural numbers

as a semigroup, 2, 10, 30, 60
nilpotent group, 6
nilpotent semigroup, 5
nilsemigroup, 5
Nine Chapters on the Mathematical Art

(JLEHIA; Jitizhang Suanshiy), vii

Nipkow, Tobias, 53, 249
null semigroup, 3, 58-9

opposite semigroup, 8

order, 15, 16
Ore, Qystein: see also ‘Ore’s theorem’; 127
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Ore’s theorem, 126
Otto, Friedrich, 53, 249

PX: power set; set of all subsets of X

Py set of partial transformations on X;
12

partially ordered set, 15, 16

subset of, 15

partial map, 12

partial order, 15-19, 17

partial transformation, 12-13

Paulista, Tania Patricia Lopes, vii

periodic element, 5

periodic semigroup, 5, 33, 56-7

infinite, 32

period of an element, 5

Petrich, Mario, 90, 117, 252

PGF/TikZ, 261

Pin, ]ean-Eric, Vv, 172, 200, 252

Porto, i

Porto, University of, v

poset: see ‘partially ordered set’

power, §

positive, 5

power semigroup, 32

power set, 16, 18

presentation, v-vi

monoid: see ‘monoid presentation’
semigroup: see ‘semigroup
presentation’

Preston, Gordon Bamford: see also
‘Vagner—Preston theorem’; 34, 70,
89-90, 117, 127, 249-50

principal factor, 59-60

principal series, 59-60

product of elements, 2

product of subsets, 5

pseudovariety, v-vi

quaternion group, 1
quotient semigroup: see ‘factor
semigroup’

R: see also ‘Green’s relation’; 55, 57
commutes with Z, 56

R,: R-class of a; 57

R(x): principal right ideal generated by x;
9

Rabin, Michael Oser (1727 711y X2°1), 200

rectangular band, 8

Rédei, LaszIo: see also ‘Rédei’s theorem’s
127, 252

Rédei’s theorem, 125

Rees congruence, 21



Rees, David: see also
‘Rees-Suschkewitsch theorem’; 89,
127, 252

Rees factor semigroup, 21-2

Rees-Suschkewitsch theorem, 78, 81

reflexive binary relation, 15, 20, 22
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