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Abstract

If A < &k are infinite cardinals, a linear order L is isomorphic to a maximal
chain in [k]** (resp. [k]**; []*I*) iff L is weakly Boolean, the weight of
all initial segments of L is equal to x (resp. A\, AT) and the weight of all final
segments of L is equal to & (resp. AT, \). We also provide an application of
this result in topology.
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1 Introduction

The purpose of this paper is to investigate maximal chains in certain subfamilies
of posets of the form (P(X), C). For all undefined notions, please refer to Section
2. This topic has already been explored in the earlier work of, for example, Ku-
ratowski in [2] or Day in [1], and the authors in [3, 4, 6, 5, 7]. The fundamental
difference between the work of Kuratowski and Day on one hand, and the authors
on the other hand, is that the previous work of the authors only dealt with the
countable case - in a sense that we were investigating maximal chains in various
subfamilies of the poset P(w).
In this paper we continue the investigation of maximal chains in subfamilies of
the poset P(x) for an uncountable cardinal «, in the spirit of the following already
mentioned result.
(T2369) . e . . .

Theorem 1.1 (Kuratowski) Let x be an infinite cardinal. A linear order L is iso-
morphic to a maximal chain in P(k) iff L is isomorphic to Init(L; ), for some linear
order L of size k.

We will mostly deal with families where we obtain Boolean maximal chains,
and this is closely related to results of the first author about maximal chains in
positive families on countable sets. Recall that a positive family on w (as defined in
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[3]) is a family P C P(w) which does not contain () as an element, which is closed
under taking supersets of its elements, which is closed under finite modifications
of its elements, and which contains a set whose complement is countably infinite.
The central result in [3] is the following (Theorem 1 in [3]).

Theorem 1.2 Let P C P(w) be a positive family. For each linear order (L, <)
the following conditions are equivalent:

1. L is isomorphic to some maximal chain in the poset (P U {0}, C);

2. L is an R-embeddable complete linear order with dense jumps, and 01, has
no Successor;

3. L is order-isomorphic to a compact nowhere dense set K C [0, 1]g such that
0e K'and1 € K.

The structure of this paper is the following. In Section 2 we introduce all the
necessary notions for reading the paper. In Section 3 we provide characterization of
order types of maximal chains in posets of the form [/1])‘“‘ where k, A, u are infinite
cardinals such that x = A + p. In Section 4 we isolate a particular topology 7 on
 such that the set of all topologies on x homeomorphic to 7 is order-isomorphic
with [n]’““. We then apply already obtained results to give a characterization of
maximal chain of topologies on x homeomorphic to 7.

2 Basic notions and facts

We use mostly standard notation. Note that for sets A and B, the relation A C B
means that A is a subset of B - it is possible that A = B in this case. For a
function f : A — B,and X C Aand Y C B we write f[X] = {f(z) : x € X}
and f~1[Y] = {z € A: f(x) € Y}. Cardinality of a set X is denoted | X|. For a
set X and a cardinal , we define [X]® = {4 C X : |A| = k}. We define [X]|<"
and [X]=" in a similar obvious way. For cardinals #, A, ;1 such that x = X + u we
also define
KM ={ACkh:|Al=AA|k\ Al = pu}.

As for topological notions, we also use mostly standard notation. For example,
for a topological space X and K C X, we denote by K the set of all accumulation
points of the set K in the space X.

If (L, <) is a linear order, then the end-points, the minimum and maximum of L,
if they exist, will be denoted by 0 and 1 respectively, sometimes with appropriate
subscripts. The intervals (x,y)r, [x,y]r, (—oo, ), etc. are defined in the usual
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way. Open intervals in L are the sets of the form (—oo, x)r, (z,y)r, and (z,00).
Often, in order to simplify notation, we will omit the subscripts.

A pair (A, B) is a cut in a linear order (L, <) iff L = AU B, A,B # ) and
a < b, foreacha € Aand b € B. A cut (A, B) is a gap iff neither max .4 nor
min B exist; (A, B) is called a jump iff max A and min B exist.

A linear order (L, <) is called: Dedekind-complete iff there are no gaps in
(L, <) (iff each non-empty subset of L having an upper bound has a least upper
bound (supremum) iff each non-empty subset of L having a lower bound has a
greatest lower bound (infimum)); complete iff each subset of L has a supremum
(iff each subset of L has an infimum) - note that sup(()) = 0y, and inf(Q)) = 1z;
dense iff (z,y) # 0, for each z,y € L satisfying = < y; R-embeddable iff it is
isomorphic to a subset of the real line, R; scattered iff there is no L1 C L such that
L with the inherited order is a dense linear order (iff QQ does not embed into L). A
linear order (L, <) is said to have dense jumps iff there is a jump between each two
elements of L, that is iff for each a,b € L satisfying a < b there are ¢,d € [a,b]L,
such that ¢ < d and (¢,d);, = (. A complete linear order having dense jumps is
called Boolean and a Dedekind-complete linear order having dense jumps will be
called weakly Boolean.

A subset D of a linear order (L, <) is called dense (respectively, weakly dense)
in L iff for each z,y € L satisfying x < y thereis 2 € D suchthatz < z < y
(respectively, z < z < y). We remind the reader that, if (L, <) is a dense linear
order, then a set D C L is weakly dense in L iff it is dense in L. Let

w(L) = min{|D|: D C L A D is weakly dense in L}.

C C L is called convex iff for each x,y € C' and each z € L satisfying x < z < y
we have z € C. A subset I of L is said to be an initial segment of L iff L 5 x <
y € I implies x € I. It is clear that the set Init(L) of all initial segments of L is
linearly ordered by the inclusion.

3 Maximal chains in [x]\*

(s:kappalambda) I this section we characterize the order types of maximal chains in the posets of
the form ([x]**, C) where #, A and p are infinite cardinals satisfying k = \ + .
We will use the following fact.

(T2366) Theorem 3.1 (Day [1]) A linear order is isomorphic to a maximal chain in a < x-

complete atomic Boolean algebra if and only if it is < x-complete, has 0 and 1 and
has dense jumps.
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Note that in the following theorem, the three cases we have written down are
actually all the possible cases. This is because for infinite cardinals, if K = A + p,
then A = Kk or u = k.

Theorem 3.2. Let x > X\ > w be cardinals. Then

(T3200)

(a) A linear order L is isomorphic to a maximal chain in ([x]"*, C) iff L is
weakly Boolean and w((—o0, a]) = w([a,>0)) = K, for each a € L.

(b) A linear order L is isomorphic to a maximal chain in ([x]*, C) iff L is
weakly Boolean and w((—o0, a]) = X and w([a,00)) = AT, foreacha € L.

(c) A linear order L is isomorphic to a maximal chain in ([x]*1*, C) iff L is
weakly Boolean and w((—o0, a]) = A" and w([a, c0)) = A, foreach a € L.

Proof of (a)

(=) Let £ be a maximal chain in [«]** and £’ a maximal chain in P(x) con-
taining £. By Theorem 3.1 £’ is a Boolean linear order and, hence, its convex
subset L is weakly Boolean.

Also we have

INL] <k and |\ UL| <k, (1)[EQ3200]

because | () £| = x would imply that, for o € (£, the set LU {( L) \ {a}}
is a chain in [/4;]”'“ extending £, which is impossible by the maximality of £. The
assumption |k \ |J £| = & produces a similar contradiction. For v € | J £\ [ £ let
us define

An=U{CeL:agC} and B,=({CeL:aeC}.

Claim 1. For a, 8 € |J £ \ [ £ we have
(i) Ay, B, € L
(ii) Bo = Ao U{a};
(ili) o # B = Aq # Ag A By # Bg.

Proof. (i) We have £ = L~ U LT, where L~ = {C € L : a & C} # 0 (since
agNL)and LT ={C € L:a € C} # () (because o € |J £). Since (L, C) is
a linear order, for C; € £~ and Cy € L1 we have C; & Cs, which implies that
Ay = UL €N L" = B,. These sets are comparable with each element of £
s0, by the maximality of £, A, B, € L.

(ii) Clearly we have A, U{a} C B, and the proper inclusion would imply that
LU{A,U{a}} is a chain in [£]"!* bigger than £. Thus A, U {a} = B,.

(iii) By (ii), the equality B, = Bg would imply that « € Az \ A, and 5 €
As \ Ag, but by (i), Ay, Az € L and, hence, A, C Ag or A3 C A,. The
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equality A, = Ag would imply that o, 3 € A, and the sets B, = A, U {a} and
Bg = A, U {3} would be incomparable, which is false because B,, Bg € L. O

Claim 2. w((—o0, A]z) = k, foreach A € L. Infact,if A = {A, : « € A\ L},
B={By:aec A\ ()L} and D is a weakly dense subset of (—oo, A|, then
(i) AUB C (—o0, Al and |A| = |B| = &;
(ii) The set A is weakly dense in (—oo, A] ¢ and, hence, w((—o0, A]z) < k;
(iii) DN {Aq, Boa} # 0, foreacha € A\ (N L;
(iv) |D| > K, thus w((—o0, Al) > k.

Proof. (i) By Claim 1(i), Ay, B, € L and, since « € A, A, C B, C A.
|A| = |B| = & follows from |A| = &, (1) and Claim 1(iii).

() IfS,T € (—o0, Al and S & T, then, by Claim 1, for € T'\ S we have
SCAL G B, CTso[S,TlNAH#0.

(iii) By Claim 1(ii) we have (A,, By ) = (). Thus, by the assumption, the set
DN [Aq, Bl = DN {A,, By} is nonempty.

(iv) By (iii) the function f : A\ (£ — DN (AU B) given by: f(a) = Aq,
if Ay € D; f(a) = By, if Ay & D; is well defined. If f(«a) = A, for k-many
values of «, then, by Claim 1(iii), |D N A| = k. Otherwise we have |D N B| = &,
thus |D| > k. O

Clearly, £* = {k\ A : A € L} is a maximal chain in [s]** anti-isomorphic to
L. Hence the weight of the final parts of £ is equal to the weight of the initial parts
of £* and, applying Claim 2 to L* we obtain w([A, c0)) = k, foreach A € L.

(«<=) Let L be a weakly Boolean linear order and w((—o0, a]) = w([a,c0)) =
K, for each a € L. Let Jump(L) = {{a,b) € L? : a < b A (a,b)y = 0}.

Claim3. Let D ={b€ L:3a < b (a,b);, = 0}. Then
(1) D is a weakly dense subset of L;
(ii) | D| = k.

Proof. (i) Since L has dense jumps, for a, b € L satisfying a < bthere are c,d € L
such that ¢ < ¢ < d < band (¢,d)r, = 0, which implies d € [a,b] N D. Thus D is
weakly dense in L.

(ii) By the assumption we have w(L) = & so, by (i), |D| > k. Let G be a
weakly dense subset of L such that |G| = & and let | Jump(L)| = A. For each
(a,b) € Jump(L) we have GN{a, b} # 0 so the function ¢ : Jump(L) — G given
by g({a,b)) = a,if a € G; g({a,b)) = b, if a € G; is well defined. Now (since for
different (a,b), (a’,b') € Jump(L) we have a # o’ and b # V) if g({a,b)) = a,
for A-many (a, b), then |G| > A. Otherwise, g((a,b)) = b, for A-many (a, b) and
|G| > A again. Thus | Jump(L)| < k and, since D = mo[Jump(L)], we obtain
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|D| < k. O

Claim 4. Let L = {D N (—o0,a]r : a € L}. Then
(i) £ C [D]"l;
(i) (£, &) is a linear order isomorphic to L;
(iii) £ is a maximal chain in the poset ([D]**, C) isomorphic to ([x]**, C).

Proof. (i) By Claim 3(i) D N (—o0, a]r, and D N (a, c0)y, are weakly dense subsets
of (—o0, alr, and (a, o), respectively so, by the assumption and Claim 3(ii), they
are of the size x.

(ii) Clearly, the function f : (L, <) — (£, &) defined by f(a) = DN(—o0,alr
is a surjection. If a,b € L and a < bthen f(a) C f(b). Suppose that f(a) = f(b),
that is D N (a,b], = 0. Then (a,b) is not a jump so there is ¢ € (a,b)r, and,
clearly, DN[c, b];, = (), which is false by Claim 3(i). Thus f is a strictly increasing
function and, consequently, an isomorphism.

(iii) Suppose that £ U { A} is a chain in ([D]**, C) and A & L. Let

L ={ac€L:DnN(~o0,alp G A} and LT ={a € L:A¢ DN (—0c0,a]}.

Since (N, D N (—00,a]r = @ and | J,c; D N (—00,a]r = D and since A €
[D])<l%, we have L™ # () and Lt # (), thus (L~, L*) is a cutin L.
Suppose that L~ has the maximum, say ag. Then

DN (=o0,a0]lL & ACNygsgy PN (=00, alL. (2)[EQ3001]

If L has the minimum, a1, then A ¢ DN (—oc0,a1];, = (DN (—o00,aplr) U{ai}
and (2) is impossible; otherwise () DN (—o0,alr, = DN (—o0,ap|r, and (2)
is impossible again.

Thus L~ has no maximum and, since L is a Dedekind complete linear or-
der, L™ has the minimum, say a1, and, clearly, a; = sup L. Hence we have
Uaca, PN (00,0l = DN (—00,a1)r C A& DN (—00,a1], which implies
a1 € D. But a; is not the right point of a jump. A contradiction. O

a>ao

Proof of (b)

(=) Let £ be a maximal chain in [x]*. Like in (a) we show that £ is a weakly
Boolean linear order and that | () £] < A and || £] > A, which implies cf(L£) >
AT, Since a chain of sets having the cofinality > At must have a member of size
AT, we have cf(£) = AT, which implies | |J £] = AT. Thus

INLI<A and ef(£) = |UL| =A™, (3)[z03207
Claim 5. w((—o0, A]z) = A, foreach A € L.
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Proof. Let (A, : a < AT) be a strictly increasing cofinal sequence in [A, 00) ..
Then |[A)\ A| = X and, hence, A € [A)\]M. Since (—o0, A is a chain in [A)]N,
there is a maximal chain £’ in [A,]}* such that (—oo, A]; C £’ and we prove that

(=00, Al = (=00, Al (4)[£03203)

The inclusion “C” is trivial. If C' € £" and C' C A, then, since (—o0, 4], C L/,
C'is comparable with all elements of (—oco, A] ¢ and, clearly, with all elements of
[A,00) . Thus LU {CY} is chain in []*, and, by the maximality of £, C' € L. The
inclusion “2” in (4) is proved. Applying (a) of this theorem to the maximal chain
L' in [Ay]** we obtain w((—o0, A]/) = A and, by (4), w((—o0, A]z) = A. O

Claim 6. w([A,00)z) = A1, foreach A € L.

Proof. By (3) we have cf([A4, 00) ) = cf(L£) = AT and, hence, w([A, 00) ) > AT.
Let (A, : @ < AT) be a strictly increasing cofinal sequence in £. By Claim 5,
for each a < AT there is a weakly dense subset D, of (—oo, Ay, such that
|Do| = A Now D = |J,cr+ Dq is a weakly dense subset of £ and |[D| < AT,
which implies w([A, 00)z) < AT. ]

(<) Let L be a weakly Boolean linear order and let w((—o00,a]) = A and
w([a,00)) = AT, for each a € L. Let Jump(L) = {{a,b) € L? : a < b A
(a,b)L = 0}.

Claim7.Let D ={be€ L:3a < b (a,b), = 0}. Then
(1) D is a weakly dense subset of L;
(i) |D| = AT,

Proof. (i) See the proof of Claim 3.

(ii) By the assumption we have w(L) = AT so, by (i), |[D| > A*. Let G be a
weakly dense subset of L such that |G| = AT. As in the proof of Claim 3(ii) we
show that | Jump(L)| < |G| and |D| < A ™. O

Claim 8. Let £L = {D N (—o0,a]r : a € L}. Then
(i) L c [DPT;
(ii) (£, &) is a linear order isomorphic to L;
(iii) £ is a maximal chain in the poset ([D]**", c).

Proof. (i) By Claim 7(i) D N (—oo,a|r, is a weakly dense subset of (—oo,alr,
so, by the assumption, |D N (—oo,a|r| > A. Let G be a weakly dense subset
of (—o0,a|r, such that |G| = A. As in the proof of Claim 3(ii) we show that
|IDN(—o00,a]r| < [Jump(L)N(—o0,a]r| < |G| = A. Thus |[DN(—o0,alr| = A
and, since [D| = A1, |D\ (DN (—oc0,a]r)| = AT.
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(i1) See the proof of Claim 4(ii).
(iii) Suppose that £ U {A} is a chain in ([D]*" C) and A & L. Let

L ={a€L:DN(-00,aly & A} and LT ={a€ L:Ag DN (—o0,a].}.

Since (,cp, DN (—00,a]r, =0 and |J,c;, DN (—00,a]r| = [D] = AT and since
A € [D}*, wehave L™ # ()and L* # (), thus (L, L") is a cut in L. The rest of
the proof is identical to the corresponding part of the proof of Claim 4(iii). a

By Claim 7(ii), there is a bijection f : D — AT C k. Let the function
F: P(D) — P(\") be defined by F(S) = f[S] and let

L1 =F[L]={f[DN(—00,a|r]:a € L}.

Claim 9. (i) F[[D]*] = [\ ¢ [+
(ii) F' | [D]" is an isomorphism of the posets ([D]*, C) and ([A\T]*, C);
(iii) £; is a maximal chain in ([A*]*, C) isomorphic to £ and, hence, to L;
(iv) £1 is a maximal chain in the poset ([x]*, C).

Proof. Assertions (i) and (ii) are evident and (iii) follows from (ii) and Claim 8.
(iv) Suppose that A € []* \ £1 and that £1 U {A} is a chain. Let

L~ ={a€L:f[DN(-00,a]r] ¢ A}, LT ={a € L:Ag f[DN(—0c0,a]r]}.

Using (iii), as in the proof of (3) we obtain | () £1] < A and |[J£1] = AT and,
hence, L=, LT # (). But this implies that A € [A\*]*, which is impossible, by the

maximality of £; in [AT]*. O
Proof of (c)

The mapping f : [s]* — [£]*1* defined by f(A) = « \ A is an isomorphism
of the posets ([x]**, ) and ([x]*1*, D) so (c) follows from (b). 0

In particular, for maximal chains in the poset ([w]“, C) we have

Theorem 3.3. For each linear order L the following conditions are equivalent:
(a) L is isomorphic to a maximal chain in the poset ([w]“|¥, C);
(b) L is R-embeddable, weakly Boolean and without end-points;

(¢) L= K\{0,1}, for some compact nowhere dense set K C [0, 1]r satisfying
0,1 K'.
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Proof. The equivalence (a) < (b) follows from Theorem 4.1(a). Namely, first, the
initial and final segments of L have weight Vg iff L is of weight Xy and without
end points. Second, it is well known that L has weight Xy iff it is R-embeddable.

(a) & (c) From Theorem 1.2 it follows that a linear order L is isomorphic to a
maximal chain in the poset ([w]“, C) iff L = K \ {0}, for some compact nowhere
dense set K C [0, 1]g such that 0 € K’ and 1 € K. Now, £ is a maximal chain in
the poset [w]*l iff for some (each) A € £ both

- the interval (—oo, 4], is a maximal chain in [A]¥ 2 [w]“ and, hence, iso-
morphic to Ky \ {0} for a compact nowhere dense Ky C [0, 1]g such that
0 € K{and1 € Ky, and

- the interval [A, 0o) is anti-isomorphic (via complementation) to a maximal
chain in [w \ A]¥ = [w]¥ and, hence, anti-isomorphic to K; \ {0} for a
compact nowhere dense K7 C [0, 1]g such that 0 € K and 1 € K;;

iff £ is isomorphic to the sum (K¢ \ {0}) + (& \ {0})*, which is, clearly, isomor-
phic to a linear order of the form K \ {0, 1} described in (c). O

Example 3.4. Simple maximal chains in [£]}”. By Theorem 3.3, in [w]“*’ there

)? are maximal chains isomorphic to: C \ {0,1}, where C C [0, 1]g is the Cantor
ternary set; o + 3, where a and 8 are countable limit ordinals; in particular, to
Z = w* + w. By Theorem 3.2, if K > A > w, then the linear order x* + k (resp.
N AF, (AT)* ) is isomorphic to a maximal chain in [£]%% (resp. [k]}*, [£]*1*).
The sum ) C is isomorphic to a maximal chain in [x]**, etc.

?(EX3200

K*+K

Regarding the size of its elements, the poset P (k) naturally splits into convex
classes. For example

Pw) = [wn] < U [wn]* U fwr 19 U] Uil (5)[E03204]

In the sequel we give some comments concerning the intersections of maximal
chains with these classes.

Example 3.5. Maximal chains intersecting all classes from (5). If L = w1 + wy,

?(EX3201)? then, by Kuratowski’s theorem, Init(L) 2 w; + 1+w?* is a maximal chain in P(L).
If f: L — w is abijection, then { f[I] : I € Init(L)} is a maximal chain in P(w;)
intersecting all the classes listed in (5). Note that some of these intersections are
not maximal chains in the corresponding classes.

Example 3.6. Maximal chains in P(x) \ {0, x} contained in one class. If L =
EX3202)? w} +wi, then, by Theorem 1.1, Init(L) = (w1 +1)* +w; + 1 is a maximal chain in
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P(L).If f : L — wy is a bijection, then { f[I] : I € Init(L)\ {0, L}} is a maximal
chain in P(w;) \ {0, w:} contained in [w;]*1“* and isomorphic to w} + wy.

If L =w* 4w, thenInit(L) = (w+ 1)* +wj + 1 is a maximal chain in P(L)
again. If f : L — wy is a bijection, then { f[I] : I € Init(L)\ {0, L}} is a maximal
chain in P(w;) \ {0, w;} contained in [w;]*“1 and isomorphic to w* + wy.

4 An application to topology

(s:topology) Iy this section we apply Theorem 3.2, and describe some classes of homeomorphic
topologies on a cardinal . Recall that Top,. denotes the set of all topologies on &,
that for two topologies 7 and o we write 7 = ¢ to denote that they are homeomor-
phic, and that for 7 € Top,, we also denote

[T]~ = {0 € Top,. : T =0o}.

Theorem 4.1. Let x, A\, i be infinite cardinals such that x = A + p. Then there is

(T3201) 5 topology 7 on k such that the following two conditions hold:

(@) ([7]=, C) = ([&]**, C) (note that this is an isomorphism of posets);
(b) For any linear order L:

(i) if Kk = XA = p, then there is a maximal chain £ € [7]~ such that
L = L if and only if L is weakly Boolean linear order and w((, a]) =
w(la,-)) = kforeacha € L

(ii) if A < K, then there is a maximal chain £ € [7]~ such that £ = L if
and only if L is weakly Boolean linear order and both w((-,a]) = A
and w([a,-)) = AT hold for eacha € L

(iii) if g < K, then there is a maximal chain £ € [7]~ such that £ = L if
and only if L is weakly Boolean linear order and both w((-,a]) = u™
and w([a,-)) = phold for eacha € L

Proof. Let us define a topology 7 on « in the following way. Take any S C k such
that |S| = X and | \ S| = p. Now define 7 = P(S) U {k}. Note that 7 € Top,,
since clearly 7 is defined on «, both () and x belong to T as elements, since arbitrary
union of elements in 7 is still in 7, and since intersection of arbitrary elements of
T is again in 7. We will show that 7 satisfies both conclusions from the statement
of the theorem.

Proof of (a). To see this first note that if o is in Top,, and o = T, this means that
there is a bijection f : K — & such that 0 = {f[O] : O € 7}. On the other hand,
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for any bijection from & to x we have that { f[O] : O € 7} = P(f[S])U{x}, which
is clearly a topology on x homeomorphic to 7. Hence, if for a topology o € Top,,
and f : k — k we define f*(0) = {f[O] : O € o}, then we have

[l = {f*(7) : f € Sym(x)}.

Let us denote A = {f*(7) : f € Sym(x)}. We will prove that (A4, C) is iso-
morphic to []M* as partially ordered sets. Define ® : A — [r]}* as follows: for
f € Sym(k) let ®(f*(7)) = f[S]. Since each f € Sym(k) is a bijection from
onto  and S € [k] MK, it is clear that f[S] € [k]** as well. Hence, ® is a well
defined map. Next, we show that ® is a bijection. Suppose that f*(7) # ¢*(7) for
some f, g € Sym(k). By the observation from the beginning of the proof, then we
have

P(fIS)) Uik} = f7(7) # g"(7) = P(g[S]) U{~}.
Thus, f[S] # g[5], i.e. D(f*(r)) # P(¢*(7)) and so ¢ is 1-1. Now take any
T € [k]M¥. Since |S| = |T| = X there is a bijection f; : S — T. Since
|k \ S| = |~ \ T| = pthere is a bijection f2 : K \ S — « \ T. Now it is clear that
f = f1 U fa is bijection from & to « such that f[S] =T, i.e.

so ® is onto as well. We still have to show that ® preserves the order. Let f*(7) C
g*(7) for f, g € Sym(x). Then

{fl0]:0er}=f"(1)Cg’(r) ={9l0] : O €7}

In particular, since S € 7 there is some O € 7 such that g[O] = f[S]. By the
definition of 7, there are two options, either O = x or O C .S. Note that O = « is
not possible since g[x] = k # f[S]. Hence, O C S. Then

(f*(1)) = f1S] = g[O] C g[S] = @(g7(7)),

as required.
Proof of (b). Follows directly from (a) together with Theorem 3.2 and the
observation that if K = A 4 p, then A or x has to be equal to k. O
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