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Introduction

White noise theory, as a discipline of infinite dimensional analysis, had a
fast development due to its broad spectrum of applications in the modeling
of stochastic dynamical phenomena arising in physics, economy, biology etc.
White noise is an excellent model for prompt, extremely large fluctuations,
but since it does not exists in classical sense, it requires the notion of a
generalized random process. In [HKPS|, [HOUZ|, [Ku] generalized random
processes are considered as functions X (¢,w) generalized by the argument w
(w is an element of a probability space €2) and continuous by the time vari-
able t, while in [SM], [Ul], [Wa] generalized random processes are considered
as generalized functions in the ¢t argument. Various conditions of continu-
ity lead to differences in the structure of these classes of processes, which
demand different methods in order to solve differential equations involving
these types of processes. In [AHR1], [AHR2], [OR1], [OR2], [RO], stochastic
differential equations are solved by regularization methods in the framework
of Colombeau theory. On the other hand, in [HOUZ], [LOUZ], [Oks| equa-
tions are solved using the Wick product and the Hermite-transformation or
the S-transformation. The authors in [MFA] make use of operator semi-
groups, and their solutions are generalized random processes with values in
a separable Hilbert space.

The investigation of the structure of various types of generalized random
processes is a prerequisite to solving various classes of stochastic differential
equations with singularities. Many physical, economical, biological or even
social phenomena can be represented by a mathematical model in form of a
stochastic differential equation involving singular coefficients, singular data
and singular initial values. In order to solve these equations, one needs the
concept of a generalized random process which can deal with these types of
singularities, i.e. one needs processes which are generalized by both argu-
ments (w and t). Processes of this type were introduced in [Se], [PS1] and
will be subject also of this dissertation. A further step is to consider pro-
cesses taking values in an infinite dimensional space; for this purpose we will
consider a separable Hilbert space as the state space of the process.



The dissertation is organized in three chapters. Chapter 1 is expository
and it represents a short overview of generalized functions theory. Spaces of
deterministic and stochastic generalized functions are introduced, which will
be used in the sequel. All theorems are stated without proof since they are
parts of well-developed mathematical theories.

Chapter 2 and 3 contain the original parts of the dissertation. The subject
of Chapter 2 are generalized random processes and their structure represen-
tation. We will use the acronym GRP for ”generalized random process” and
the already established acronyms SDE, SPDE, CONS for "stochastic dif-
ferential equation”, ”stochastic partial differential equation” and ”complete
orthonormal system”, respectively. Generalized random processes by vari-
ous types of continuity are considered and classified as GRPs of type (O),
(I) and (II). In particular, structure theorems for Hilbert space valued gen-
eralized random processes are obtained: Expansion theorems for GRPs (I)
considered as elements of the spaces L(A, S(H)_1) are derived, and structure
representation theorems for GRPs (II) on K{M,} spaces on a set with arbi-
trary large probability are given. Especially, Gaussian GRPs (II) are proven
to be representable as a sum of derivatives of classical Gaussian processes
with appropriate growth rate at infinity. For GRPs (I) a Colombeau type
extension is introduced, and Wick products are defined. Also, in Chapter 2
applications to some classes of stochastic ordinary differential equations are
presented. In order to emphasize the differences in the concept of generalized
random processes defined by various conditions of continuity, the stochastic
differential equation y'(w,t) = f(w,t) is considered, where y is a generalized
random process having a point value at t = 0 in sense of Lojasiewicz. Other
SDEs considered in Chapter 2 are P(R)X = g and P(R)X = X W + g,
where g is a GRP (I) and W is white noise.

Applications to the eponymous singular stochastic partial differential
equations are the subject of Chapter 3. The main part of it is devoted
to elliptic equations; elliptic SPDEs in economics are typical of steady—state
problems such as perpetual options in multi—factor models, in physics they
describe diffusion processes in anisotropic media, while in medicine they are
a good model for brain functions.

We treat the linear elliptic stochastic Dirichlet problem in the framework
of GRPs (I) combined with Sobolev space and Colombeau algebra methods.
The equation Lu = h + Vf with given stochastic boundary condition is
uniquely solved, where the boundary condition, as well as the data h and f
are GRPs regarded as linear continuous mappings from the Sobolev space
into the Kondratiev space, or as Colombeau extended GRPs. The operator L
is assumed to be strictly elliptic in divergence form Lu = V- (A-Vu+bu)+c-
Vu—+du. Its coefficients: the elements of the matrix A and of the vectors b, ¢



and d are (in the most general setting) assumed to be Colombeau generalized
random processes. Stability and regularity properties of the solutions are also
obtained. Another SDE considered in Chapter 3 is the stochastic Helmholtz
equation, which is solved by means of the Fourier transformation.
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There is no branch of mathematics, however
abstract, which may not some day be applied
to phenomena of the real world.

(Nikolai Lobatchevsky)

Chapter 1

Generalized Function Spaces

In this introductory chapter we give a brief overview of some classes of
deterministic (e.g. Schwartz, Zemanian, Colombeau) and stochastic (Hida,
Kondratiev etc.) generalized function spaces. Definitions of some basic con-
cepts, their most important properties and relations are given, which are
necessary to understand the methods used in the sequent chapters of the
dissertation. Most of the material presented here is familiar and therefore
given without proof but with references for further reading.

Some basic notation we will use throughout the dissertation is the follow-
ing: Let V be a topological vector space, V' its dual space, and L(V, U) be the
space of all linear continuous mappings from V' into a topological vector space
U. Let (Q,F, P) be a probability space and ZP = LP(2), p > 1, be the space
of random variables X such that [, [X[PdP < co. By L"(R"), r > 1, we
denote the space of r—integrable functions with respect to the Lebesgue mea-
sure m, by C*(R") denote the space of k—times continuously differentiable
functions, and by Cy(R™) the space of continuous functions with compact
support.

1.1 Nuclear Spaces

For convenience of the reader not so familiar with notions in functional
analysis, we provide a basic overview of some concepts such as nuclear spaces
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or Gel’'fand triples, which are fundamental in infinite dimensional analysis
and white noise theory. It is outside the scope of this chapter to give a
comprehensive discussion of all concepts and details related to nuclear spaces.
The reader is referred to [GV], [HKPS] and [Tt] for proofs and further details.

Projective and inductive topologies

Let E be a vector space, {Eq}aca a family of locally convex topological
vector spaces and {h, }oeca a family of linear mappings such that h, : E — E,
and (,ca h;1(0) = 0. The projective topology is the strongest locally con-
vex topology on F with respect to which all mappings h, are continuous.
Let {ga}aca be a family of linear mappings such that g, : £, — E and
Uaen 9o(Eo) = E. The inductive topology is the finest locally convex topol-
ogy on F with respect to which all mappings g, are continuous.

Countably Hilbert spaces

Let V and W be separable Hilbert spaces. An operator A : V. — W is
of Hilbert-Schmidt type if there exist an orthonormal basis {e,} in V' and
{f.} in W, and if there exist A, > 0, n € N, such that Y, A2 < oo and
A(x) = Y ,en Mnlen|z) fr. An operator A : V' — W is nuclear, if there exist
an orthonormal basis {e,} in V and {f,} in W, and if there exist A\, > 0,
n € N, such that Y A, <ooand A(x) = Anlen|z)frn

Let Ejy be a separable Hilbert space endowed with the inner product (+|-)o
and let (-|-), be a countable family of inner products. The space Ey endowed
with this family of inner products is called a countably Hilbert space if it is
complete with respect to the metric |z| =7 2_1’%.

Without loss of generality we may assume the inner products are ordered
in an ascending way, i.e. ||, <|-|p1+1, p € No. Denote by E, the completition
of Ey with respect to |- |,. Clearly, E, is a separable Hilbert space, ... E,;; C

E,...C Eyand E = projlimy ... E, = m;DENO L.

Topologies on the dual

On the dual of a countably Hilbert space E’ the strong topology is defined
by the basis of neighborhoods of zero B(A;e) = {L € E' : supgeal(L,z)| <
e}, where A varies through all bounded sets and ¢ > 0. The strongest
topology on E’ such that for each fixed z € E, all mappings £’ — C given
by L — (L,z), L € E’are continuous, is called the weak topology. The dual
of a countably Hilbert space is complete with respect to the strong topology.

Denote now by E_, the dual of £,. Thus, we obtain an increasing chain
of Hilbert spaces £y C E_; C ... E_, C E_¢,11)..., and for all p € Ny the
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inclusion E, C E, C E_, is continuous. Let E' = UpeNO E_, and endow it
with the inductive topology. Since F is dense in each F,, the dual of E is
(in algebraic sense) E’ and the inductive topology on E’ is equivalent to the

/
strong topology on (ﬂ;oeNo Ep) :

Nuclear spaces

A countably Hilbert space E is called nuclear, if for every p € N there
exists ¢ > p such that the inclusion mapping E, — E, is nulcear. Recall
that the inclusion E, — E, is nuclear if there exists a CONS {e;} in E, such
that >,y lex]2 < oo. All finite dimensional spaces are nuclear. Moreover,
nuclear spaces have similar properties as finite dimensional spaces, e.g. if F
is nuclear, then A C F is compact if and only if it is bounded and closed.
Infinite dimensional Banach spaces are not nuclear. The notion of a nuclear
space is not reduced only to countably Hilbert spaces; one can define also
nuclear topological vector spaces (for this we refer to [Tr]). For example,
the dual of a nuclear countably Hilbert space is a nuclear topological vector
space. Some examples of nuclear spaces we will use in this dissertation are the
Schwartz spaces 8, &', D, D', but also Cy, C§°. Also, the Zemanian spaces
A, A’ which are yet to be introduced, are nuclear under some additional
conditions.

Gel’fand triples

Let V' be a nuclear space and V' its dual. If there exists a Hilbert space H
such that V is dense in H, then the triple VC H C V' is called a Gel’fand
triple. In fact, here we identified H with its dual H’. In case of nuclear
countably Hilbert spaces we have the Gel’'fand triple E C Ey C E’.

Tensor products

In order to define a topological structure on the tensor product of two
topological vector spaces X ®Y', there are two possibilities at our disposal (see
[Tr]). One possibility is to construct a seminorm topology relying directly on
the seminorm topologies of X and Y (this will be the so called 7-topology).
The other possibility is to use an embedding of X ® Y in some space related
to X and Y, over which a topology already exists (this construction will
lead to the so called e-topology). In general, the m-topology is finer than the
e-topology.

The m-topology on X ® Y is the strongest locally convex topology such
that the canonical bilinear mapping X XY — X ®VY, (z,y) — 2 ®y
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is continuous. In terms of seminorms, the m-topology can be described as
follows: Let p, ¢ be seminorms on X, Y, respectively and let 6 € X ® Y.
Define (p ® q)(0) = inf >°7_, p(z;)q(y;), where the infimum is taken over all
representations of 6 of the form 6 = Z;;l r; ®y; for some z; € X, y; € Y,
j=12,...nand n € N. Especially, forz € X,y €Y, (p®q¢(zr®y) =
p(z)q(y). The completition of X ® Y with respect to the m-topology is in
[Tr] denoted by X®,Y .

In order to define the e-topology, we observe that there exists a canon-
ical bilinear mapping X ® Y — B(X',Y’), defined by (z,y) — [(2/,y) —
(', 2)(y,y)]. Here B(X',Y") denotes the space of continuous bilinear forms
on X' xY'. Thus, X ® Y = B(X',Y’). Denote by B.(X’,Y’) the space of
separately continuous bilinear forms on X ® Y equipped with the topology
of uniform convergence on the products A® B, where A is an equicontinuous
subset of X’ and B is an equicontinuous subset of Y. Since B(X',Y”) is a
subspace of B.(X',Y”’), it inherits this topology. Due to the above result,
X ®Y also can be provided with this subspace topology. We call this sub-
space topology on X ® Y the e-topology. The completition of X ® Y with
respect to the e-topology is in [Tr] denoted by X®.Y .

It is known that if X is a nuclear topological vector space, and Y is a
Fréchet space, then X®.Y = X®,Y. Since we will deal only with tensor
products of spaces, where at least one of them is nuclear, we will suppress
the index and simply denote by X ® Y the completition of the tensor product
space with respect to either of the topologies.

1.2 The Space of Tempered Distributions

We use notation @ = (o, . .., aq) € N¢ for multiindeces, D* = 9" - - - 93¢
for the differential operator, and 2 = z§* -+ - 24 for x = (x1,...,24) € R%
The length of a multiindex « is defined as |a| = a1 + as + -+ - + ay.

1.2.1 Hermite functions

The Hermite polynomial of order n, n € Ny, is defined by h,(x) =
172 mn fE2
(—=1)"eT L (e=7), z € R. It is well known that the family {\/Lnf'hn ;

dx™
n € Ng} constitutes an orthonormal basis of the space L*(R,dp), where

2
x . . . .
dp = %e‘sz is the Gaussian measure. The Hermite function of order

n+ 1, n € Ny, is defined as

Eni1(x) = %{/mex;hn(\/ﬁx), r €R.
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Let o = (ay,ay,...,aq) € N? be a multi-index. Define &, = &,, ® &, @
-+ ®¢&q,- The set of multi-indeces o can be ordered in an ascending sequence
as it is described in [HOUZ]. Denote by a) the jth multi-index in this
ordering. Hence, the family of vectors &, can also be enumerated into a
countable family n; = £,), 7 € N. The family of functions {n; : j € N} is an
orthonormal basis of the space L*(RY).

1.2.2 Schwartz spaces

The Schwartz space of rapidly decreasing functions is defined as
$(RY) = {f € EX(R) : Vo, B € Ng, [|fllap < o0},

and the topology on §(RY) is given by the family of seminorms || f|la.s =
SUp,era |2*DP f(x)|, o, B € Nd. Tt is well known that §(R?) is a nuclear space.
The Schwartz space of tempered distributions is the dual space 8'(R?).

An equivalent construction of the topology on §(R?Y) can be obtained
using the self-adjoint operator A = —A + |z|? + 1, where A is the Laplace
operator. The operator A is densely defined on L?(IR%); more precisely the
domain of A contains §(R?). The Hermite functions {n,}, n € N, which form
an orthonormal basis of L?(R?) are the eigenvectors of A, i.e. An, = A\u7a,
where {\, = 2(ny +-+-+ng) —d+1: (ng,...,ng) € N} is the spectar of
the operator A. Since zero does not belong to the spectrum, there exists the
inverse operator A~', and moreover ||[A'|| = 1.

For p € N define the norm |- |, on L*(R?) by |f|, = |A?f|;2rae). Let
S,(RY) be the closure of {f € €*°(R?) : |f|, < oo} in L*(R?). Then S,(R%)
is a Hilbert space with scalar product (f|g), = (A”f|APg)o. For each p € N,
8(R?) is dense in S,(RY) and the inclusion S,.1(R?) C S,(R?) is of Hilbert-
Schmidt type. The family of seminorms {| - |45 : a, 3 € N¢} and the family
of norms {| - |, : p € N} are equivalent on §(R?). Thus, the projective limit
of spaces S,(IR?) is isomorphic to §(RY), i.e.

S(RY) =[] Sp(RY) = {f € €*(RY) : Vp € N, |f], < o0}

peN

For p € N define |f|_, = |APf|2gae) and let S_,(R?) be the com-
pletition of $(R?) with respect to | - |_,. The |- |-, norm topology is
equivalent to the strong topology on the dual space S]’)(]Rd) defined by
|- |p = SUDyesray g, <1 ()] Thus, S_,(R?) is isomorphic to S} (R).

In set-theoretical sense we have 8'(R?) = (J ¢y S—p(R?), and moreover
the locally convex inductive limit of the spaces S_,(R?) is isomorphic to
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8'(R?) equipped with the strong topology. Thus, §(R?) C L?(R?) C §'(R?)
form a Gel’fand triple. Moreover, we have continuous inclusions

$(R?) C S,(RY) C L*(R?) C S (R?) C §'(RY).

For each p € N the operator A? is of Hilbert-Schmidt type on L%(R?),
with Hilbert-Schmidt norm [|[A7P||%,¢ = Do, A, ?P. The vectors {\,?n,}
form an orthonormal basis of S,(R?).

One can easily characterize the Schwartz spaces by Hermite functions
(recall, A, are the eigenvalues of the operator A, and 7 is the Hermite
CONS of L*(R%)): A function f belongs to §(R?) if and only if it is of the
form f = 37, yarne, where Y, Al|ag|* < oo for each p € N and the
coefficients are given by a, = (f, ) € C. A function f belongs to 8'(R?) if
and only if it is of the form f = Y, axnk, where >, AP |ax|* < oo for
some p € N and the coefficients are given by ax = (f,nx) € C.

Note that the space of tempered distributions can be constructed also on
a bounded open set I C R?. In this case, 8'(I) coincides with &(I), where
&'(I) denotes the space of distributions having compact support.

1.2.3 Hilbert space valued tempered distributions

Let H be a separable Hilbert space with orthonormal basis {e; : i € N}.
By 8(R%; H) and 8'(R¢; H) we will denote the H-valued Schwartz test func-
tion space, and the H—valued Schwartz generalized function space, respec-
tively. Since §(R?) is nuclear, we have (see [Tr, p.533]) that

S(RLH) =2 $(RY® H, §RLH)=(S(RY) e H) =28 R ® H,

where the symbol ® is understood as the tensor product on the test space,
and the m—completition (or in this case the equivalent e-completition) of
the tensor product of dual spaces in the second case. Also, since H is a
Hilbert space, we may identify it with its dual and thus consider 8'(R%; H)
as B(S(R?), H) i.e. as the space of bilinear continuous mappings §(R?)x H —
R. We will denote by (-, ) this dual bilinear pairing.

Since the family {e;ny, : i,k € N} is an orthogonal basis of L?(R?)® H, we
get a Hermite basis characterization also in the H—valued case: A function
f belongs to 8§(R?%; H) if and only if it is of the form f = >, > pcn ikiei,
where Y, D pen Anlaixk]* < oo for each p € N and the coefficients are given
by a;x = (f,mke;) € C. A function f belongs to 8'(R% H) if and only if it
is of the form f = 3",y > ey @ik, where Y, >, o AP laix]? < oo for
some p € N and the coefficients are given by a;, = (f, nre;) € C.
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1.3 Zemanian Spaces

Let I be an open interval in R, and let R be a formally self-adjoint linear
differential operator of the form

R = 60,D™6,---D™0, = 0,(—D)™ --- (—D)"20,(— D)™ 6, (1.1)

where D = d/dx, 0 are smooth complex functions without zero-points in I,
and ny are integers k = 1,2,...,v. Suppose that there exist a sequence of
real numbers (\,,)nen, lim, .o |A,| = 00, and a sequence of smooth functions
() nen in L?(I) which are the eigenvalues and eigenfunctions, respectively,
of the operator R, i.e. R, = A\,0,, n € N. We can enumerate them in an
ascending order: |A] < |Ag] < |A3] < --+ — 00. This re-ordering is made just
for technical reasons, but it is neither unique nor unavoidable. In Example
2.3.1 we will use a Zemanian space without this ordering. Suppose that
{¢, : n € N} forms a CONS in L*(I) with respect to the usual inner product
denoted by (+]-). Each function f € L?*(I) can be represented as an infinite
sum f = Y7 (f|¥n)n converging in L*(I). Define inductively: R° = 7,
RFFL = R(R¥), k € N. Note that \, = 0 for some n € N implies \; = 0 for
every k < n. From now on, if A, = 0, we replace it with :\\; = 1, else we put

A=A, n €N,

1.3.1 The spaces A, A, A, A’
Define:

A ={f = E Anp E an)* e < 00}, k€EZ.
n=1 n=1

If k¥ € Ny, then Ay, C L*(I). For each k € Ny, Ay is a Hilbert space

when provided with the inner product (f[g)y = > o, angnx%, where f =
> L antn, g = > 07 by, € A Denote by || - [|x the norm induced by
this inner product. The dual space A}, equipped with the usual dual norm,
is isomorphic with A_,. Thus, we have a sequence of linear continuous
canonical inclusions

CApp1 CARC A= L) CA L CALC -

The set .
S={feLl’(I): f=) any, a, € C,m €N}, (1.2)
n=1
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i.e. the linear span of the set {¢,, : n € N}, is dense in each Ay, k € Z.
Define:

A=) A= {f eL*): f= ianwn, w{:,i lanl < oo} :
n=1 n=1

keNy

o e}

A= ] A= {f DIESY balPn < oo} .
keNg n=1 n=1

The Zemanian space of test functions A is equipped with the projective

topology, and its dual A’, the Zemanian space of generalized functions, is

equipped with the inductive topology which is equivalent to the strong dual

topology. The action of a generalized function f = 3> a,, € A’ onto a

test function ¢ = Y~ | b,1, is given by the dual pairing (f, o) = > > | anb,.
~Tk
The orthonormal basis of Ay, k € Ny, is the family of functions {\,, ¢, : n €

~ 12
N}. Note that A is nuclear if for some p > 0 the condition )\ An ¥ <

holds.
Example 1.3.1 In particular, for the choice R = —% + 22+ 1, defined on
a maximal domain in L*(R), A’ is the space of tempered distributions 8'(R).

1.3.2 The spaces exp, A, exp, A’, ExpA, ExpA’

Let p € N. Denote exp, z = exp(exp(--- (expx)) - --) and define (see [Pi])

p
exp, A as the projective limit of the family

exp, A ={p = antn: D lan*(exp, \)* < 00}, k€N,
n=1 n=1

equipped with the norm |||, = >0y |an|*(exp, An)**, k € Ny. Thus,

exp, A = ﬂ exp, A, exp, A’ = U exp,,_j,A.
keNp k€Ng
Clearly, S is dense in each exp,, ,, A. The canonical inclusions exp,, ., A C
exp, A are compact. Moreover, exp, A is nuclear if for some ¢ € Ny the

series » > (exp, An) % converges. Define the pair of test and generalized
function spaces ExpA and ExpA’ as

ExpA = projlimexp, A, ExpA’ = indlimexp, A".

Pp—00 p—o0
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The canonical inclusions exp,,; A C exp, A are continuous and compact.
The set S is dense in exp, A for each p € N. Hence, ExpA is dense in each
exp, A as well as in A.

1.3.3 Hilbert space valued Zemanian functions

Similarly as we considered H-valued Schwartz functions for a separable
Hilbert space H with orthonormal basis {e; : ¢ € N}, we generalize this
concept also to Zemanian functions. We will assume that A is nuclear, i.e.

that there exists some p > 0, such that > >~ X;_Zp < o0. This is necessary
in order to have an isomorphism of A’(I; H) with the tensor product space
A'@H (refer to [Tr, Prop.50.7]). In general case, A’® H would be isomorphic
to a subspace of A'(I; H).

Denote by Ax(I; H) the space of functions f : I — H of the form
fr= 22012000 aipthne; such that || fller = 2272, 2000, |ai,n|2)‘n2k < 0.
Let A(I; H) = projlim,_,Ax(I; H). Clearly, Aj([; H) is isomorphic to
A_r(I; H) and we may define A'(; H) = indlimy_,oo A_x(I; H).

A similar construction can be carried out also for the spaces ExpA and
ExpA’. We denote their Hilbert space valued versions by ExpA(I; H) and
ExpA'(I; H).

1.4 Sobolev Spaces

Let I be an open subset of R?. The ath weak derivative of f, denoted by
D® f is given by the action

/I D* f(2) () = — / f(2) D () d,

for all p € C5°(R?).
Denote by W#P(I) the space of weakly differentiable functions f such
that D f € LP(I) for all || < k. We endow W*P(I) with the norm

[ lwer = Z ||Daf||Lp(1)-

o<k

Clearly, W*2(I) is a Hilbert space.

Another important space we will consider is W(f P(I) defined as the closure
of C3°(I) in W*»(I). The dual space of W,”(I) will be denoted by W% (I).
An isomorphism between WJ?(I) and W~*?(I) can be established via the
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Laplace operator. By its Hilbert structure, we also may identify W(f 2(1)
with WW=*2(I). Thus, we obtain a Gel'fand triple

WeA(1) € L2(1) € WH(1).

For further notions and properties of Sobolev spaces we refer to the mono-
graph [Ad].

1.5 XK{M,} Spaces

Now we give a brief overview of some basic notions from the theory of
K{M,} spaces, which are constructed similarly as the tempered distributions,
but are more general. For further details refer to [GS] or [PS].

1.5.1 The weight functions },

Let (M,)pen, be a sequence of continuous functions on R such that the
following conditions are satisfied:

1< My(x) < My(z), z€R, p<p. (1.3)
(P)  For every p € Ny there is p’ € Ny such that
‘ l|im My, ()M () = 0.
(N)  For every p € Ny there is p’ € Ny such that MI,MP_,1 e L'(R).

K{M,} is defined as a space of smooth functions ¢ € C*°(R) endowed
with the family of norms

lelly = sup{M,(2)|0" (2)| - = €R, i <p}, p € No.

We refer the reader to [GS] for the properties of K{M,} and its strong dual
K'{M,}. In this paper we will consider a subclass of such spaces. Namely, as
in [GV, p.82], we will assume that {M,, p € Ny} are smooth functions such
that

(I) for every k,p € Ny there exist p’ € Ny and C' > 0 such that

M) (2)] < CMy(z), z€R.



1.5 K{M,} Spaces 17

With the quoted conditions on M,, p € Ny, the sequence of norms | - ||,,
p € Ny, is equivalent to the sequence of norms

ellp2 = Sup{(/]R | M ()" (2)Pdz) /2 : i < p}, p € No.

For example, if we choose M, () = (1+|z|?)2, we obtain the space of rapidly
decreasing functions $(R) as K{M,}.

Further on we will also assume that the weight functions M, satisfy con-
dition
(T) for every p € Ny there exist p € Ny such that

M,(x —u)M,y(u) < Mz(z), 0<u<]|z|, z€R

Note that the functions M,(z) = (1 + |z|?)%, and the functions defined
to be M,(x) = e?l*I", for |x| > 2o > 0 and smooth around zero, r € [1, 00)
satisfy condition (T).

1.5.2 The functions f¥, f**

We now give a brief overview of the techniques we will use in the sequel.
Let d € Ny and K, be the closure of K{M,} with respect to || - |42, i-e.
Ky ={p € C®R): My|lp?| € L*(R),i =1,2,...,d}. Denote:

K; ={p€XKq: supp ¢ C (—o0,b) for some b € R},
5(2 - :Kd N Co,
Ky ={peXKy: supp ¢ C (b, 00) for some b € R}.
Let for t € R,
H(t)ts!
(#5 s>0

fs(t) = 1) (1.4)
f(i)n(t)a <0, s+n>0neN,

S

where H denotes the Heaviside function. Note that for s < 0 we have
fs(s) = ¢, where 0 denotes the Dirac delta distribution . For s,r € R we

have fs * f, = fsir-
For fixed z € R denote

f:_(t) fs(l’—t), tG]R,
x+(t):fs(t_x)a teR

s
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Clearly, f=, fi* € C*7*(R) and supp f&~ C (—o00,z], supp fi* C [z,00).
Note that for ¢ € K{M,} following holds:

( /R ff+z(t)c/>(t)dt> " ( /_ g; Ffaro(x — t)¢(t)dt) - é(z),

(/R f;:2(t)¢(t)dt) o = (/:O fara(t — x)¢(t)dt) o = ¢().

Now, let g € K'{M,} such that supp g C (a,00) for some a € R. There
exist C' > 0 and d € N such that

(g, D) < Clidlla, ¢ € K{M,}.

Then, g can be extended onto every ¢ € X;. Moreover, g can be extended
onto every ¢ € C°(R) such that supp ¢ C (—00,b), for some b € R. Thus, g
can be extended to every f;,,, z € R. Note that the mapping = — (g, f7 )
is continuous. Thus, for G(z) = (g, f7;5), € R, we have

G = g, (1.5)

where the derivative is understood in distributional sense. A similar ar-
gument holds for G(z) = (g, f7/5), ©* € R, where g € X'{M,} such that
supp g C (—o0,a) for some a € R.

1.5.3 Point value of a distribution

Recall the definition from [Lo] that a distribution g € X'{M,} has at
t = to the point value in sense of Lojasiewicz, denoted as g(ty) = C, where
C eR,if

lim(g(to-+ <o) 9(o)) = € [ ploddo, ¢ € K(M,).

Let h € K'{M,}, supp h C (a,00), a € R. We say that H is a primitive
of h in a neighborhood of ¢y, ty € (a,00), if H' = f in a neighborhood of t.

1.5.4 H-valued X{M,} spaces

Conditions (P) and (N) imply (see[PS]) that K{M,} is a nuclear space.
Thus, if H is a Hilbert space with orthonormal basis {e; : i € N}, we
can consider the H-valued K{M,} spaces, denoted by K{M,}(H), as the
tensor product XK{M,}(H) = K{M,} ® H. Thus, a function ¢ belongs to
K{M,}(H) if and only if it is of the form ¢ = 7, dse;, ¢; € K{M,}, i € N,
and G125 = 3%, 412, < o for all p € Ny,
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1.6 Colombeau Generalized Functions

Main references for the so called simplified and full Colombeau algebras
are [Col], [Co2], [Mo], [GKOS|. However, we want to extend this concept
and construct other Colombeau-type algebras of generalized function spaces.
For this approach we refer to [NP] and [DHPV].

Let V be a topological vector space on C with an an increasing sequence
of seminorms {p; : k € N} defining the topology on V. The vector space
En(V), called the space of moderate nets, is constituted of functions R :
(0,1) = V, € — R(¢) = R,, such that for every k € N there exists a > 0
with the property pr(R.) = O(e~*). The space of nets R, € €(V) with the
property pr(R.) = O(e?) for all £ € N and all a > 0, is called the space of
negligible nets and will be denoted by N(V'). The quotient space

S(V) =Em(V)/ N(V)

is called the polynomial Colombeau extension of V. Its elements (equivalence
classes) are denoted by [F], [F(], ... etc. If V is an algebra whose products
are continuous for all seminorms, i.e. pg(ab) < Cpy(a)pk(b), for all a,b € V|
k € N, then N(V) is an ideal of the algebra €,,(V). In this case §(V) is an
algebra.

The following two cases were originally constructed by Colombeau:

If V= C, then G(V) is called the Colombeau algebra of generalized con-
stants.

If V= C>=(I), I is an open subset of R% and p(f) = sup{|D*f(x)] :
r € Uy, |a] < k}, where Uy, k € N is an increasing sequence of compact
sets exhausting I, then G(V') is called the simplified Colombeau algebra of
generalized functions and is usually denoted by G(7). Here one can easily deal
with differentiation and multiplication, which are defined by D*[F,] = [D*F]
and [f|[ge] = [fege]. The space of Schwartz generalized functions 8'() can
be embedded into G(I) by regularization: If f € 8'(/) and has compact
support, then for a fixed mollifier function p, we have f x p. — f € N(I) and
[f * pe] € S(1).

In the following chapters we will apply this type of construction also to
Sobolev spaces, and spaces of stochastic processes.

One can also consider H—valued Colombeau functions; for the case of a
Banach space H and the simplified Colombeau algebra see [GKOS, p.70]. The
H—valued simplified Colombeau algebra is denoted by G(/; H). Note that H
can be identified with a subspace of §(I; H) via the constant embedding
H> f~ [(x,e) — f] € §(;H). If H is finite dimensional with a basis
{hj 3 = 1,2,...,m}, then S§(I; H) = @Dj-, G(I;R)h;. This idea will be
used in Chapter 2 to construct Colombeau algebras of generalized random
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processes (we will put some space of generalized random variables in place

of H).

1.7 Spaces of (Generalized Random Variables

The spaces of generalized random variables are stochastic analogues of
deterministic generalized functions: They have no point value for w € €,
only an average value with respect to a test random variable. For details
refer to the sources that have been drawn upon: [HKPS]|, [HOUZ] or [Ku].

1.7.1 White noise space

Consider the Gel'fand triple §(R?) C L?(R%) C §/'(R%), the Borel o-
algebra B generated by the weak topology on 8'(R%) and the characteristic
function C(¢) = exp{—%|¢|i2(Rd)}. According to the Bochner-Minlos the-

orem, there exists a unique measure p on (8'(R%),B) such that for each
¢ € 8(R?) the relation

| e 9du) = c(o)
8/(R9)

holds. Here (w,®) is the dual pairing of §'(RY) and S§(RY). The triplet
(8'(R%), B, i) is called the white noise space and y is called the white noise
measure or the Gaussian measure on 8'(R%).

From now on we assume that the basic probability space (2,F, P) is
the space (8'(R?), B, ). Put (L)? = L?(8'(R?), B, ). It is a Hilbert space
equipped with the inner product (F|G)1y2 = E,(FG).

In a multi-dimensional case, for a given m € N, m > 1, define §,, =
[T, 8i(R?), where 8;(R?) is a copy of 8(R?), and let 8/, = [], Si(R?).
Equip the space 8/, with the product Borel o-algebra and with the product
measure fi, = X ---x u. The triple (8, B, i) is called the m-dimensional
d-parameter white noise space. Put (L)*™ = L*(8! , um), and for N € N,
N > 1, let (L)>™N = @~  (L)*™ be the direct sum of N identical copies of
the m-dimensional d-parameter white noise space. Here the finite dimension
N is the state space dimension. Later, instead of the N-dimensional state
space, we will also consider the infinite-dimensional case, when the state
space is a separable Hilbert space H.
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1.7.2 The Wiener — It6 chaos expansion

Denote by J = (N}). the set of sequences of integers which have only
finitely many nonzero components. For a given a = (ay, am,...) € J define
the Fourier-Hermite polynomial as H,(w) = [0 ha, ({w,m)), w € 8'(RY).
In the multi-dimensional valued case (m > 1) the orthonormal basis of the
space K = @,", L*(R%) is constituted of vectors of length m of the form
e® =(0,...,n;,0,...), where n; takes the ith place in the sequence, and i, j
are integers such that k =i+ (j — 1)m, i € {1,2,...,m}, j € N. In this
case we define H{™ (W) =TT, Py, ({w, e®)), w € 8. The Fourier-Hermite
polynomials H™ form an orthogonal basis of (L)*>™. Tt is also known that
IHE || yem = Venlagl -, o = (g, 0, ...) €7,

The Wiener-1t6 expansion theorem (see [HOUZ]) states that each element
F € (L)>™" has a unique representation of the form

F(w) = Z%Hém)(w), weSs  cn€RY ac],
aeld
such that || F||2omy = 2o ,eqalca, where ¢ = (calca) is the standard inner
product in RV,

Example 1.7.1 Let ¢; = (0,0,...,1,0,...) be a sequence of zeros with the
number 1 as the jth component. The one-dimensional d-parameter Brownian
motion B(t,w) = (w, ki) has expansion

o0

B(tw) =Y (/Ot nj(u)du> H. (w), teR’ we§(RY.

j=1

For every t € R? fived, B(t,-) is an element of (L)?. Brownian motion is a
Gaussian process whose almost all trajectories are continuous, but nowhere
differentiable functions.

1.7.3 The Kondratiev spaces (S);”’N and (S)T_nbN

We will use notation a® = a11a§2 -+« for given multi-indeces «, 3 € 7,
and -
(2N) = [ J(24),
j=1

where v = (71,72,...) € J. Then, > ,(2N)™* < oo if and only if p > 1,
and > e PPN < o0 if and only if p > 0.
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We will use the definition of the Kondratiev spaces given in [HOUZ]
where the authors provide an equivalent construction of the original one
introduced by Kondratiev. The space of the Kondratiev stochastic test func-

tions (space of Kondratiev test random variables) (S)7" consists of elements

f= Zaeﬂ Cch(vm) € (L)Z’m’Na co € RN, a €7, such that

If

/QJ,p = Zci(a!)ler(zN)pa < oo forall pe Ny.

aed

The space of the Kondratiev stochastic generalized functions (space of Kon-
dratiev generalized random variables) (S)”," consists of formal expansions

of the form FF =3, b H™ b, € RN, o € 9, such that

IF|J?,_, = Zbi(a!)l_p(QN)_pa < oo for some p € Ny.
a€ed
The action of F onto a test function f is given by (F, f) = > ;(balca)a!

where (-|-) is the standard inner product in RY.

The generalized expectation of F' is defined as E(F) = (F, 1) = by.

Note that the space (S);”’N can also be constructed as the projective
limit of the family (S,)7"" = {f =3 cgcaHa : || fllpp < 00}, p € Ny. Also,

space (S)T;)N can also be constructed as the inductive limit of the family

m,N .
(5p)% ={f = XaesCata : [Ifll-p—p <00}, p € No.
In particular, for p = 0 the Kondratiev spaces are called the Hida spaces
of test and generalized stochastic functions.

Example 1.7.2 One-dimensional d-parameter singular white noise s de-
fined via the formal expansion

W(tv w) = Z Uk(t)Hak (w)

where t € R, and e, ny, are as in the previous example. For every t € R?
fixed, W (t,-) belongs to the Hida space of generalized stochastic functions.
Singular white noise is the distributional derivative of Brownian motion.

1.7.4 The Spaces exp(S);"" and eXp(S)T/’,N

In [Se], [PS1] following space of generalized random variables was intro-
duced: The space of stochastic test functions exp(S )Z”N consists of elements

f = Zaef} CQH‘S‘m) € (L)Q,m,N’ Ca € RN, a € j, such that

||f“/2),p,earp = Zci(a!)”pe”(m)a < oo, forall pe N,
aed
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The space of stochastic generalized functions exp(.S ):n;JN consists of formal

expansions of the form F =3 _, b H™ b, € RN, o € 9, such that

||F||_p Cpeap = Zbi(a!)l_pe_p(m)a < oo, for some p € Ny.
acd
Note that for each p € [0, 1], exp(S)mN is nuclear and exp(S)mpN C
exp(S)™" (the canonical inclusion eXp(S)m’N C exp(S)y»N is compact).
Moreover, following relationship to the Kondratiev spaces holds:

exp(S);"" C (S);"N € (L)P™N C ()7, C exp(S)™,",

i.e. the generalized random variable space exp(S )TI’DN is wider than the cor-
responding Kondratiev one. The canonical inclusion exp(S)y" € (S)m"

is compact. From the construction it follows that exp(S)mN is dense in
(L)2™N ie. exp(S)mN C (L)>™N C exp(S)™" is a Gel'fand triple.

1.7.5 Hilbert space valued generalized
random variables

Let H be a separable Hilbert space with orthonormal basis {e; : ¢ € N}.
As already suggested in Section 1.7.1, we will treat H as the state space, i.e.
we replace the N—dimensional case with an infinitedimensional state space
(see [MFA] and the references therein). While in [MFA] the case m = 1 is
considered, we keep our white noise space dimension to be m > 1.

Recall that the basic probability space is (8!, B, uy). Denote by
L>™(2; H) the space of functions on Q with values in H, which are square in-
tegrable with respect to p,,. The family of functions {Hém) e;: 1 €N ael}
is an orthogonal basis of the Hilbert space L*™(Q; H). Each element of
L*>™(Q; H) can be represented in either of the following forms:

= Zai(w)ei, a; = (f,ei)m € (L)*™, Z Hai”?L)va < 00,
i=1 i=1

e}

:ZZGZ,QH €i> aza <f el ER ZZO(“CZZQ‘2<OO

i=1 a€ld 1=1 a€l

= ZaaHém)(w), Ao = <f> H(Ecm)>(L)2'm € Ha ZOAHCLO&H%{ < 0.

aeld aed
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Now, one can build up spaces of H—valued generalized random variables
(H—valued Kondratiev spaces and others) over L>™(Q; H) following the same
pattern as in the RV -valued case. Let p € [0, 1].

Define S(H)}" as the space of functions f € L*™(Q; H),

fw) =325 aia HI (W)es, aio € R, such that for all p € Ny,

A1 i = ZZa‘”f’!aay (2N) Zzall+p\a 2(2N)P < oo.

i=1 acd aed i=1

Define S(H)™, as the space of formal expansions
F(w) =221 0es bi,aHo(lm) (w)es, b o € R, such that for some ¢ € Ny,

TR ) =SS al b P(2N) < oo,

i=1 a€ed a€ed i=1

Note, we can also write

Zzal aH(m ZaaH(m = a;(w)e;,

a€ed i=1 acd i=1

where a, =Y a;06; € H and a; = ) ai,aHC(ym) (w) € ()5 Also,

a€ed

11 e = D @ llaall7 (2N)? Z lailz,

ac]d
The same holds also for

ZmeH(m = b H( Zb w)e;,

acd =1 a€d

where by, = Y 0 bjoe; € H and b; =) bi,aHC(ym) (w) € (5)™,. Also,

aed

N2 g = D @l [ball 3 (2N)~ leb [

ac]
The action of F' onto f is given by
= al(ba, ac)u
ac]

Similarly as in the finite-dimensional case, we have

S(H)™ € S(H)™ C S(H){™ € L*™(Q; H) € S(H)"Y) € S(H)™
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The same construction can be carried out for the exponential growth rate
spaces. Let exp S(H)7 be the space of functions f € L>™(Q; H), f(w) =

PR P ;o HY™ (W)es, aiq € R, such that for all p € Ny,

o0

o0
FI2 e = D Dl 2P =N " al¥0]g, o 2PN < oo,

i=1 a€ld acd i=1
The corresponding space of stochastic generalized functions exp S(H )Tp

consists of formal expansions of the form F(w) =", > wa&m) (w)ei,
bi.o € R, such that for some ¢ € Ny,

o0 oo
||F||2—p,—q,emp;H = Z Z all—p|bi’a|2e—q(2N) _ Z Z Oé!l_p|bi7a|2€_q(2N) < 0.

i=1 acJ agd i=1

Both S(H)}" and exp S(H)}' are countably Hilbert spaces and
exp S(H)" C S(H))" C L¥™(Q; H) C S(H)™, C exp S(H)™,.

In general, S(H)}" and exp S(H)}" are not nuclear spaces. They would
be nuclear e.g. if H were finite-dimensional (see [Tr, Prop.50.1,Cor.]).

Note that since (5)}" and exp(S)}* are nuclear spaces, by [Tr, Prop.50.7]
we have again (as for the Schwartz spaces in the deterministic case) an iso-

morphism with tensor product spaces:
S(H)Tp = (9)",® H, exp S(H)Tp = exp(5)”, ® H.
As in [MFA] one can define H-valued Brownian motion and singular
white noise:
Example 1.7.3 Let n : N x N — N, (i,7) — n(i,7) be the usual bijection
given in the following table:

12 3 4 5 6 7T

111 3 6 10 15 21 28
2l 2 5 9 1, 20 27

31 4 8 13 19 26

Il 7 12 18 25

5111 17 24

6|16 23

7

22
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Let ¢; = (0,0,...,1,0,...) be a sequence of zeros with the number 1 as the
Jjth component and &; the Hermite functions. Then,

i (t, w) Z/fj s)dsH.,, (w), i€N

is a sequence of independent (one-dimensional d-parameter R—valued) Brow-
nian motions. Rewrite this as

Bilt,w) = Ou(t)H, (w), Ou(t) = { Jo&i(s)ds, k= ngz,j)

The formal sum

Z Bi(t,w)e Z 05, () O(t) = Gnijy i / £;(s)ds e;
0

(1.6)
is an H-valued Brownian motion. Note that while R-valued Brownian mo-
tion was an element of (L)? for fized t > 0, now B(t,w) does not (!) belong
to L*(Q; H). However, the sum in (1.6) does converge in S(H)_q for each
t >0 fixed.

Example 1.7.4 H-valued (one-dimensional, d-parameter) singular white
noise is defined by the formal sum

W(t,w) =Y wn(t)He, (W), Ki(t) = Sngigas(t) e

It is also an element of S(H)_y.



The infinite! No other question has ever moved
so profoundly the spirit of man.

(David Hilbert)

Chapter 2

Generalized Stochastic
Processes

Generalized random (stochastic) processes can be defined in various ways
depending on whether the author regards them as a family of random vari-
ables or as a family of trajectories, but also depending on the type of con-
tinuity implied onto this family. It is well-known that a classical stochastic
process X (t,w), t € T C RY w € Q, can be regarded either as a family of
random variables X (¢,-), t € T, as a family of trajectories X (-,w), w € Q, or
as a family of functions X : 7" x 2 — R™ (R" is the state space) such that
for each fixed t € T', X (t,-) is an R"—valued random variable and for each
fixed w € 2, X(-,w) is an R"—valued deterministic function (called a trajec-
tory). For classical stochastic processes these three concepts are equivalent,
but if one replaces the space of trajectories with some space of determin-
istic generalized functions, or if one replaces the space of random variables
with some space of generalized random variables, then different types of gen-
eralized stochastic processes are obtained. Each of these approaches is an
acorn from which a great theory has grown. The classification of generalized
stochastic processes by various conditions of continuity leads to structural
theorems such as integral representations and series expansions, which will
be subject of the following sections. Let us give now a historical overview of
various definitions of the concept of generalized random processes (GRPs).



28 Generalized Stochastic Processes

Processes generalized with respect to the ¢t argument

One possible definition of a GRP is the one used by J.B. Walsh (see [Wa])
as a measurable mapping X : 2 — D'(T'). For each ¢ € D(T), the mapping
Q— R, wr— (X(w), o) is a random variable. This definition is motivated by
the fact that trajectories of Brownian motion are nowhere differentiable and
can be considered as elements of D'(T).

K. It defined in [It] a GRP as a linear and continuous mapping from
L?*(R) to the space L*(Q) of random variables with finite second moments,
while Inaba considered in [In] a GRP as a continuous mapping from a certain
space of test functions to the space L?(f2). Also, Gel'fand and Vilenkin [GV]
have considered GRPs in this sense. Further on, we will refer to GRPs defined
in this sense as to GRPs of type (I).

On the other hand, O. Hans, M. Ullrich, L. Swartz and others (see [Hal,
[LP], [LP1], [LP2], [SM], [Ul]) defined a GRP as a mapping £ : 2 x V' — C
such that for every ¢ € V, £(-, ¢) is a complex random variable, and for every
w € Q, {(w, ) is an element in V', where V' denotes a topological vector space
and V" its dual space. Further on, we will refer to GRPs defined in this sense
as to GRPs of type (II).

Note that if a GRP is of type (I), then we do not have continuity of
sample paths for each fixed w € €1, only continuity in distributional sense. If
we assume for a GRP (I) the continuity for a.e. fixed w € €, then it is also of
type (II). However, in [Wa] Walsh proved that, if the underlying test space
V' is nuclear, then for a GRP (I) there exists a version which is also a GRP
(IT). This result need not hold true if V' is not nuclear, e.g. if it is a Hilbert
space, as it will be shown in Example 2.5.1.

Vice versa, if a GRP is of type (II), this does not ensure its continuity as
a mapping from the test space KX{M,} into L*(Q) or even L°(Q) equipped
with convergence in probability. Nevertheless, we show in Theorem 2.5.2
under which conditions is a GRP of type (II) also a GRP (I) up to a set
of arbitrarily small measure. This result can not be improved, i.e. one can
not obtain a version up to a set of measure zero, as it is shown in Example
2.5.5. In Example 2.5.1 we show that the the result need not hold true if we
consider GRPs (II) on a Hilbert space.

It remains as an enticing open question to investigate the general relation-
ship of GRPs (I) and (II) and to find which conditions one should propose on
not nuclear spaces in order to obtain an equivalence between the two types
of continuity.

Another possibility to generalize the concept of a stochastic process is to
take advantage of Colombeau generalized function spaces. This approach was
recently used by M. Oberguggenberger, F. Russo, S. Albeverio, M. Nedeljkov,
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D. Rajter and others (see [OR1], [OR2], [RO], [AHR1], [AHR2], [NR].) In
this framework a GRP is defined as a mapping X : Q — G(T'), (9(T) is the
simplified Colombeau algebra of generalized functions) having the property
that there exists a net of functions R, : Q@ x T" — C, € € (0,1), such that
R.(w,-) represents X (w) for a.e. w € €, and for every € € (0,1), (w,t) —
R.(w,t) is a measurable (classical) stochastic process. Recall that D’(T") can
be embedded into §(7'), thus this is a generalization of the Walsh definition
of a GRP.

Also, in [LPP], Colombeau GRPs of second order were considered as
elements of the vector-valued Colombeau algebra §(T'; L*(€2)), where L?(Q)
is the Hilbert space of random variables with finite second moments.

Processes generalized with respect to the w argument

T. Hida, Y. Kondratiev, B. @ksendal, H.-H. Kuo, and many others (refer
to [HKPS], [HOUZ], [Ku]) have developed a very general concept of GRPs via
chaos expansions. In [HOUZ] GRPs are defined as measurable mappings 7" —
(S)_1, where (S)_; denotes the Kondratiev space, but one can consider also
some other spaces of generalized random variables instead of it. Thus, they
are pointwisely defined with respect to the parameter t € T' and generalized
with respect to w € Q. Further on, we will refer to GRPs defined in this
sense as to GRPs of type (O).

Examples of GRPs (O) are Brownian motion and singular white noise
defined via the chaos expansions in Example 1.7.1 and Example 1.7.2, re-
spectively.

Processes generalized with respect to both arguments

GRPs of this type were introduced in [Se] and [PS1], where we in fact
generalized and unified the concept of a GRP in Inaba’s sence and the concept
of a GRP (O), and considered GRPs as linear continuous mappings from
the Zemanian test space into (S)_;. There we gave structural properties of
these GRPs by series expansions in spaces of Zemanian generalized functions
and a simultaneous chaos expansion. Since these processes, as elements of
L(A,(S)_1), are very close to the concept of a GRP (I), we will also call
them GRPs of type (I).

As in the deterministic theory of distributions, where we identify locally
integrable functions and regular distributions, we can identify elements f €
LL (R? (S)_1) with the corresponding linear mappings f € L(S(R%), (S)_;).
In other words, the class of locally Pettis-integrable GRPs (O) can be em-
bedded into the class of GRPs (I).
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We will follow a similar idea in this dissertation and replace L*(Q) with
the more general (S)_; and consider the Colombeau extension of a GRP
(I) i.e. we will consider GRPs as elements of G(R? (S)_;). Similarly as in
the deterministic theory of distributions, where 8'(R¢) can be embedded into
G(R%), we will have the vector-valued analogy of it: The space of GRPs (I)
L(8(R?), (S)_1) can be embedded into G(R?; (S)_;).

2.1 Generalized Random Processes
of Type (O) and (I)

We give now an overview of the results obtained in [Se] and [PS1].
Elements of the spaces L(A,(S)-1) and L(A,exp(S)-1), but also of
L(ExpA, (S)-1) and L(ExpA,exp(S)_1) are GRPs (I). As already men-
tioned, these processes are generalized both by the time-parameter ¢ and
by the random parameter w.

Let t — U(t,-) € (S)-1 be a GRP (O) which is locally integrable in the
Pettis sense, U € L} _(R? (S)_;). Then there is an associated GRP (I), i.e.

loc

a linear, continuous mapping U € L(8(R%), (S)_;) such that
U, ¢l(w) = / Ult.w)p(t)dt, ¢ € 8(RY), we 8 (R, (2.1)
Rd

where [, -] denotes the action of U € L(8(R?),(S)_;) onto a ¢ € $(R?); so
that [T, ¢] € (S)_;.

Further we will also denote by [-,:] the action of an element from
L(A,(S)-1) or L(A,exp(S)-1) onto an element from A, and with (-,-) the

classical dual pairing in A" and A.

Series expansion of GRPs (O)

Since GRPs (O) with values in (L)>™" are defined pointwisely with re-
spect to the parameter t € R?, their expansions follow directly from the
Wiener—1t6 theorem: Let Z : R? — (S)T,’ON be a GRP (O). Then it has an
expansion

Z(t) =) cat)H™,  teR (2.2)

a€ed

where ¢, : RY — RY o € J are measurable functions. If ¢, € L'(R?, RY),
a € 7, and if there exists p € Ny such that

/Rd 1Z(8)]lp-pdt = Al Plea(t)}1 g (2M) 7 < o0,

aed
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then Z € L'(R, (S)™"), that is Z is a Pettis-integrable process.
The expansion theorems of GRPs (I) will give an extension of the ex-
pansion of the Pettis-integrable GRPs (O) in the sense that the coefficients

co(t), a € 7, in (2.2) will be generalized functions from A’.

Series expansion of GRPs (I)

Consider for example GRPs (I) as elements of the space A* =
L(A,(S)-1). Elements of Ay = L(Ay, (5)-1) are called GRPs (I) of R-order

k. We have a chain of continuous canonical inclusions

(LX) =A; CAT C--- CA CA" = ] A5

keNp

For technical reasons we assume that the set of multi-indeces J is ordered
in a lexicographic order and denote by o/, j € N, the jth element in this
ordering.

Definition 2.1.1 Let f; € A', j = 1,2,...,m and let 0,; € (S)_1, j =
1,2,...,m. Then Z;nzl i ®8, is a GRP (1), more precisely an element of
A* defined by

= (i 0)0as,  pEA (2.3)

Jj=1

[Z Ji ®0as, 0
j=1

Theorem 2.1.1 Let k € Ny. The following conditions are equivalent:
(i) ® € Aj.

(ii) ® can be represented in the form
©=) fj®Hy, fi€Ay jEN (2.4)
j=1
and there exists kg € Ny such that for each bounded set B C Ay,

sup Y |(f;, )7 (2N) Foo’ < oo, (2.5)
peB 1

(1ii) ® can be represented in the form (2.4) and there exists ki € Ny such
that

S 12 62N+ < o (2.6)
j=1
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Since A* is constructed as the inductive limit of the family A}, k € N,
we obtain the following expansion theorem for a GRP (I).

Theorem 2.1.2 & € A* if and only if there exist k, ky € Ny such that series
expansion (2.4) and condition (2.5) hold.

Consistency of the expansions of GRPs (O) and GRPs (I)
Let U be a GRP (O) given by the expansion

Ultw) =Y a(t)Hu(w), teR, wes(R),

such that a;(t) € L} (R), i € N. Then due to (2.1), there is a GRP (I,

A loc

denoted by U associated with U, such that

o0

0.61w) = [ 3t Hul)o(O)dt = 3w o Hal), € STR)

i=1

where a; € 8'(R) is the generalized function associated with the function
a;(t) € L} (R), i € N. Thus, U has expansion

loc

ﬁ:iamgﬂai.

i=1

This means that the expansion theorems for GRPs (I) are consistent with
the expansion theorems for GRPs (O).

Expansion theorems for “PA* = L(A,exp(S)-1)

Analogously to the previous theorems concerning GRPs (I) with values in
(S)_1, one can consider GRPs (I) taking values in other spaces of generalized
stochastic functions. The expansion theorems can be carried over, mutatis
mutandis, to these GRPs.

Consider for example the space exp(S)_1, which will provide a larger class
of GRP (I). Let “PA* = L(A, exp(S)_1) and “PA; = L(Ay, exp(S)_1) be
GRPs (I) and GRPs (I) of R-order k, respectively. Further, let all the other
terms be defined analogously as for A*; i.e. we replace (S)-; with exp(S)_4
in Definition 2.1.1 and else where necessary.

Theorem 2.1.3 Let k € Ny. The following conditions are equivalent:
(i) & € ““PA;.
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(i) ® can be represented in the form

=Y fi®Hy, fi€Au JEN, (2.7)
j=1
and there exists kg € Ny, such that for each bounded set B C Ay,
sup S [(f. ) P R0 < o, (2.8)
peB =1

(iii) ® can be represented in the form (2.7) and there exists ki > 0, such
that

° J
SR P < o
j=1

For examples of GRPs (I) and definition of the Wick product in spaces
A* refer to [PS1].

2.2 Hilbert Space Valued Generalized
Random Processes of Type (1)

Now we expand the results of [PS1] and consider Hilbert space valued
GRPs. Throughout this section, and also further on, H will denote a sepa-
rable Hilbert space with orthonormal basis {e; : ¢ € N}.

We replace the Kondratiev space (S)_; with the H—valued Kondratiev
space S(H)_; and define H-valued GRPs (I) as linear continuous mappings
from the Zemanian test space A into S(H)_; i.e. as elements of

A(H)* = L(A, S(H)_y).

Elements of A(H); = L(Ax, S(H)-1) are called H-valued GRPs (I) of R-
order k. Thus, L € A(H); if and only if there exists kg € N such that
L e L(Ay, S(H)-1 k). Note that L(Ay, S(H)-_1,—k,) is a Banach space with
the usual dual norm

Ik = sup {I[TLs glll -1 —kosr = g € Ags [lglli < 13
Clearly, A(H), € A(H);, and || f[* ).y = | fll-p:m if f € A(H)_. We have

a chain of continuous canonical inclusions

LX(I; H) = A(H)y CA(H); C -+ CA(H), CAH) = | A(H);

keNy
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Definition 2.2.1 Let f; € A, j =1,2,...,m and let 6,; € S(H)_1, j =
1,2,...,m. Then Z;n:l [ @645 is an element of A(H)* defined by

m

[Z fi ®ba, 80] = (fi0)0as, pEA (2.9)

j=1
Recall that each 6, € S(H)_; can be represented as
Z Z ]lkHak )61, 9]2]{ e R. (210)
i=1 k=1
Thus, (2.9) can be written in an equivalent form

Zf]a Zzejzka ZZ lk,(,OHk
7=1

=1 k=1 =1 k=1

ZZ zk@Hak 62790 )

=1 k=1
where F, = Z;nzl fjejik cA.

Lemma 2.2.1 Let (f,)nen be a sequence in A’ and (0,i)jen be a sequence
in S(H)_1. If there exists kg € Ny such that for any bounded set B € A,

sup > [(f1 @)+ 10as =1, —kostr < 00, (2.11)
peB =1

then 3777, f; ® 05 defined by

D @0 = lim > f; @0,
i=1 =

is an element of A(H)*.

Proof. Denote T =}, fj®0,; and T, = 37", fj®0,5, m € N. Clearly,
T,, € A*. If (2.11) holds, then Y, € L(A, S(H)_1,_k,)-

The sequence of partial sums Y,,, m € N, is a Cauchy sequence in A(H)*
because, for given € > 0 and m > n,

1y ] = [Ty @l -rmiostr = D KF5 ) 6 |- it <&

Jj=n+1
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if n,m are large enough.
Since

ITonl[* = sup{[[[T, Pl -1, hostr ¢ € A, ll] < 1}

< sup{> (520N - 0asll 1 —hotr = @ € A, lloo]| < 1},
it follows that

sup |[ Y] < sup (SUP{Z! [y 0as |1, —kos = 0 € A, ol < 1})

7j=1
< sup{d  [{fs @) - N0asll-1,-kostr = ¢ € A llioll < 1} < o0,
=1
by condition (2.11). According to the Banach-Steinhaus theorem, T =
LiMm—oo T, also belongs to L(A, S(H)_1,_k,)- O
Theorem 2.2.1 Let k € Ny. The following conditions are equivalent:
(i) ® € A(H).
(ii) ® can be represented in the form
©=>"> fi®Hue,  f €Ay, ij€EN (2.12)

i=1 j=1

and there exists kg € Ny such that for each bounded set B C Ay,

sup Z Z [{fijs ) —koo? . (2.13)

B i1

Proof. Let ® € Aj(H) = L(Ag, S(H)-1). There exists ky € Ny, such
that ® € L(Ay, S(H)_1-k,). The mapping f;; : Ay — R given by ¢ —
([P, @[ Has€i) 1 ooy 18 linear and continuous for each Hyse;, ie. fij € Aj =
A_y, for each i, j € N. Thus,

(fijs o) = (@, l|Hosei) g > ¢ €Ar, JEN

Also, [®, ] € S(H)_1,—k, has the expansion

= ZZ Pl Hasei) ) s Hasei- (2.14)

i=1 j=1
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The series on the right-hand side of (2.14) converges if and only if

50 [l 2507 = D A <

=1 j=1

which yields (2.13). Now, by Definition 2.2.1, (2.14) is equal to

[(I),go] = ZZ< ij790> ai€i = [Zfzj ®Haﬂeza@]

i=1 j=1 J=1
and this implies (2.12).

Conversely, let ® = 77 >°7° | fij ® Hyie;, where fi; € Ay, 4,5 € N,
and let (2.13) hold for any bounded set B C Aj.

Since [®, ] € S(H)_1 _k,, it has the expansion

@, =

1

([P, l|Hpi€i)—1,—ko; Hai€i

ﬁ,
M = 3

[
M
WE

@
Il
—
<.
I
—_
o~

oo o0

(DD i ® Haver, @) Hosei) -1 —kor Hases
k

=1 1

0
Z flka akel|Hajei)—1,—ko;HHajei

=1 k=

<f’lj> >( ) koajHaJ'eh p € Ay,

[
WE
Mg

N
Il
—
.
Il
—
—

[
NE
Mg

Il
—

=1 J

where the orthogonality of the basis H,je; was used in the last step.

The sequence of partial sums ®,, = > ", Z] L fis ® Hpie;, m € N, is a
Cauchy sequence in L(Ay, S(H)_q, ko) because, for given € > 0,

)~ B 11 i = 30 D W) (2N S <

i=n+1j=n+1

if we choose n, m large enough. This yields that (®,,)nen is a Cauchy se-
quence in A(H)j. Also, (2.13) implies that

up [ % < sup {3 Do fs PN 2 € A gl <1} < oo
m

i=1 j=1

Thus, due to the Banach-Steinhaus theorem, ®y = lim,, o ®,, € A(H);. So
it has to be of the form

= ZZJEU ® Hyie;.

i=1 j=1
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It remains to show that &y = ®. Since

(fijr o) = (fijo 0) = ([P0, @l Har€i)—1,—rosrr — ([B, 0] Hasei)1,—koitr
= ([nll_r)noo (I)ma @]’Haﬂ'ei)*lﬁko;H - ([(1)7 @]’Hajei)*lﬁko;H

= lim ([0, — @, ¢][Hosei) 1, ks

= mhi%()([ Z Z fij ® Hozjeh(p”Hajei)—l,—kO%H

i=m+1 j=m+1

= dim > ST [P @N) Y =0

i=m+1 j=m+1
for any ¢ € Ay, it implies that fij = fij, 1,J € N. O

Corollary 2.2.1 If ® can be represented in the form (2.12) and there exists
ki1 € Ny such that

ZZ 1fi ]2 (2N) 1 < o0, (2.15)
=1 j=
then ® € A(H)j.

Proof. According to the Cauchy-Schwartz inequality, it is obvious that
(2.15) implies (2.13). O

Remark: Note that in the finite dimensional valued case we had an
equivalence between (2.5) and (2.6) in Theorem 2.1.1. But now (2.13) does
not necessarily imply (2.15). This implication would be true only if S(H)_;
were a nuclear space (see [GV, Theorem 1, p. 67]), which it is not.

Since A(H)* is constructed as the inductive limit of the family A(H)j,
k € Ny, we obtain the following expansion theorem for a H-valued GRP (I).

Theorem 2.2.2 & € A(H)* if and only if there exist k, ky € Ny such that
series expansion (2.12) and condition (2.13) hold.

Let U be a H—valued GRP (O) given by the expansion

:iia w)e;, teR, we’s(R),

i=1 j=1

such that a;;(t) € Lj,.(R), i,j € N. Then there is a H-valued GRP (I),
denoted by U associated with U, such that

/ZZ“U O‘J 6190 :Zzazg7 a] GI,WGS( )

=1 j5=1 =1 j5=1



38 Generalized Stochastic Processes

where a;; € 8'(R) is the generalized function associated with the function
a;;(t) € Lj,.(R), i,7 € N. Thus, U has expansion

loc
0o 00
U= E E El,ij®Haj €;.
=1 j=1

The expansion theorems for “PA(H)* = L(A,expS(H)_1) can also be
stated as in the case of a one—dimensional state space:

Theorem 2.2.3 Let k € Ny. The following conditions are equivalent:
(i) ® € “PA(H).
(ii) ® can be represented in the form
O=>"> fi®Hye, fi€A, i,jEN, (2.16)
i=1 j=1

and there exists kg € Ny, such that for each bounded set B C Ay

sup 37 3 figy ) 2R < oo, (2.17)

s

Corollary 2.2.2 [f ® can be represented in the form (2.16) and there exists

ki1 > 0, such that
SN Al < o,

i=1 j=1

then ® € ““PA(H);.

Theorem 2.2.4 & € “PA(H)* if and only if there exist k, ko € Ny such
that series expansion (2.16) and condition (2.17) hold.

Example 2.2.1 Let R = —L + 2% + 1 and I = R. Then A = $(R),
A" =8 (R) and (t) = &(t), k € N, where &, are the Hermite functions.

(i) In Ezample 1.7.4, H-valued one-dimensional d-parameter singular
white noise as a GRP (O) was defined by the formal sum

Wi(tw) = 3 me(OHo, @), milt) = duugi &(0) e
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With the Hermite function fj we assocmte a generalized function
£ € 8(R) defined by (&,¢) = = [p&)pt)dt, ¢ € S8(R). Define
R = Onig)k fj() e;. Then, white noise W as an H-valued GRP
(I) has the expansion

W = imk ® H.,, € L(8(R),S(H)_1).

k=1

Condition (2.15) is also satisfied, because

ZZ(% (4.4)s H@Hm R) (2N)7Pe = Z

=1 j=1 k=1

if we choose p > 1.
Note also that Ry, is an element of 8'(R; H).

(i) Let | > 3 and t1,to,t3,... € R such that t; <ty < t3 < -+ — oo.

It is known that the Dirac delta distributions o;,, j € N, belong to
.A_l = S_I(R). Let

Ay = dngijk 0t; €i, kK EN

(to avoid confusion: the first delta is the Kronecker symbol, the second
one is the Dirac distribution). With

> AL ® Hyp (2.18)
k=1

is given a GRP (1) which is not @ GRP (0O). We will check condition
(215) Since 5tj(x) = Zzozl gn(tj)fn(x)i j € N; and fn = O<n_%)7

n € N, we have

Z Z 5n(z‘,j),kH5tj H%z(QN)ipaj = H(Stk Hgl(QN)ip
k=1

i=1 j=1 —

- ZZ én tk 2l(2N)
k=1

C’iQN po‘anéQn 2 < o0,

=1

for some constant C > 0 and p > 1. Hence, the process given by (2.18)
meets the definition of a GRP (I).
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2.2.1 GRPs (I) on nuclear spaces

Recall that since (S5)_; is a nuclear space, we have S(H)_; = (S)_; ® H.
Assume now, that A is also a nuclear space (this is not a strict restriction
since in most cases it is one); then we have by Proposition 50.7. in [Tr]
L(A,S(H) 1) 2 A ®S(H)_1. Combining this with the previous remark, we
can now consider GRPs (I) as elements of A’ ® (S)_1 ® H, or if we regroup
the spaces, also as elements of A’ ® H ® (S5)_1, which is again by nuclearity
of A isomorphic to A'(I; H)® (5)_1. In other words, it is equivalent whether
we consider the state space H as the codomain of the generalized random
variables, or as the codomain of the deterministic generalized functions rep-
resenting the trajectories of the process.

Similarly as we did for GRPs (I) in Theorem 2.2.1, we have a representa-
tion for elements of A'(I; H). A function g belongs to A_x([; H) if and only
if it is of the form 7%, g; ® €5, gi € Ay and sup,ep > ooy [(9i 9)|* < o0
holds for each bounded set B C Aj. The sum ) .° ¢; ® ¢; is defined by
the action (3 o) 9 ® €;,0) = > 2 (gi, ¢)es, ¢ € A, provided the latter sum
converges in H.

Thus, if ® is a GRP (I) given by the expansion ® = 7, 3™, fi;@Hysei,
fij € A_j, we can rewrite its action in the following manner:

Z Z Jij @ Hyjei, | = Z Z(fip o) H,je; = Z<Z fij @ ei, o) Hyi.
i=1 j=1 i=1 j=1 j=1 i=1

Also, from sup,cp P Z;iﬂ(fij,so)]Q(?N)_paj < oo, B C Ay, we get
SWPyep 2oy [1(95: P 17 (2N)77*" < oo, where g; = 3277, fij®@e; € Ay (I; H)

2 _ 00 12Y—k
and ||gj||—k;H =D i [l
In view of these facts we can now reformulate our representation theorem

for GRPs (I):
Theorem 2.2.5 Let k € Ny. The following conditions are equivalent:
(i) © € A(H);.
(ii) ® can be represented in the form
=) fi®Hy, fieA;H), jEN (2.19)
j=1

and there exists kg € Ny such that for each bounded set B C Ay,

sup Y ||(f5. @I (2N) 7R < oo, (2.20)
peB =1
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Corollary 2.2.3 If ® can be represented in the form (2.19) and there exists
ki1 € Ny such that

Z HfjHZ—k;H@N)fklaj < o0, (2.21)
=1
then ® € A(H)j.

Example 2.2.2 Denote by 6, € 8'(R; H) be the H-valued Dirac delta dis-
tribution at y € R. Lett; € R, j € N, such that t; <ty <t3 < --- — oo.

Then,
Z 01, @ Hos
j=1

defines a H-valued GRP (I). Indeed, since {&,e; : n,i € N} is an orthogo-
nal basis of 8'(R; H), we can write 6, = Y 2, > | din(y)énes, 10yl1* gy =
Doy > |din(y)1?(2n) 7 < 00, and moreover ||, ||? . does not depend on
y. Thus, 32, 1166, 1|2 4. (2N) 7797 = Constz;il(QN)_paj < o0 forp > 1,
proving that (2.21) holds.

2.2.2 Differentiation of GRPs (I)

Deﬁnltlon 2.2.2 Let F € A( )*. The distributional derivative of F, de-
noted by oI is defined by [ F, go} — [F, %gp] , for all p € A.

Lemma 2.2.2 Let =377 "7 fi; ® Hye; € A(H)*. Then,

a (o] o 8
&F — Z Z Efm X Hajei, (2‘22)

i=1 j=1
where %fij is the distributional derivative of f;; in A’

Proof. The assertion follows from the fact that

ZZ fZJ®HaJ61790 Zz<afij7§0>Hajei
ot ot

=1 j=1 =1 j=1

for all ¢ € A. Obviously, condition (2.13) is satisfied. O
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It is a well-known fact in the (deterministic) generalized functions theory
that if a function f : R — R is differentiable on R\ {x¢} and has a jump in
xg € R, then Df = f'(x) + Cé,,, where Df is the distributional derivative
in 8'(R), f'(x) is the classical derivative on R\ {z¢}, d,, € 8'(R) is the Dirac
delta distribution, and C' = f(x§) — f(xy). In this light, the GRP defined
in Example 2.2.2 is a stochastic analogue of the Dirac delta distribution.

Example 2.2.3 Let ' = 7 fiH., fj : R — R be a GRP (0), i.e. for
each t € R fized Z]Oil |fj(t)|2(2N)_paj < oo for some p > 0. Denote by
9, € 8'(R) be the Dirac delta distribution at y € R. Assume that for each
Jj €N, the function f; is differentiable on R\ {t;}, has one jump in t; € R,
and t; <ty <t3 < --- — oo. Assume that )77 |fJ’-(t)|2(2N)*p°‘j < oo for
each fized t € R\ {t1,ts,...}. Let c; = f(t]) — f(t7), j € N, be the jump
heights. Assume there exists C' > 0 such that |c;| < C, j € N (i.e. the jump
heights are bounded). Then,

(e}

0 — 9 :

j=1

Since Y72, j||5t7|| x(25)7P < C? Zjol||5t]|| k(27)7P < oo, the process
above is well-defined. Note 2 fi(t)Hyi is a GRP (0) and Z 101, ® Hyi
is the GRP (I) defined in Example 2.2.2.

2.2.3 Application to a class of linear SDEs
Let R be of the form (1.1) and P(t) = put" + pp_it" ' + -+ + pit + po,

t € I, be a polynomial with real coefficients. We give two examples of
stochastic differential equations using GRPs (I), and a differential operator
P(R) defined as P(R) = p,R" + p, 1R+ +p R+ pol. Note that if ¥,
is an eigenfunction of R, then
PRy, = (kR™ + pua R+ -+ + piR + pol )y
= (k)" k4 Pt ()" W+ -+ - + D1k + Potr = P(Ak) Uk
Consider an SDE of the form

where g € A(H)} is a GRP (I).

Let v and g be given by series expansions

ZZUU ®HaJ )€i7 - Zlglj ®Ha] )ei’
J

=1 j=1 =
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t € I,w € §'(R), respectively, where u;;, g;; € A, 1,5 € N.
Let wg; = Y00y alithe, 9ij = Y opey Uithk, i, € N. Then we have

U—ZZP Juij @ Hyie;

i=1 j=1
S (mmzazzwk) © Huei= 3255k PR © Hover
i=1 j=1 k=1 i=1 j=1 k=1

(2.24)

In order to solve (2.23) we may use the method of undetermined coefficients.
From (2.23) and (2.24) we have

> di PO =gy, i EN.
k=1
Finally, we obtain the system
ak.P(\,) = b,

177

i,j,k € N.

k

First case: If P(\) # 0 for all k € N, then af; = % i,j,k € N, and the
k
solution of the equation is given by

=3 (Z pdk)””“) & Hoer

k=1

In this case the solution exists and it is unique. Note, there exists a constant

C > 0 such that P(/\~k) > C, for all k € N. Thus,

2 oo o
> Z (2N) 7 < Z >
i=1 j=1 || k= ) r =1 j=1
for some p > 1, because g € A(H);. Thus, u € A(H);.

Second case: Let P(/\k) =0 for k = ky, ko, ... k,,. Then a solution exists
if and only if bk1 = ka = = b%’” =0, 7,7 € N. The solution in this case is

not unique, and the Coefﬁments of the solution u are given by

o0

2
P

)P < oo,

-r

= b = .
Ui = Z ’JV wk + Zcfj¢ksv 1,] € N7
k=1 P<>\k> s=1
P(Ap,)#0

where ¢j;, s =1,2,...m, 4,5 € N, are arbitrary real numbers.

Remark. In case P()Tk) # 0, k € N, the solution is unique in sense that
in Section 1.3.1 we fixed A\, = 1 for all k¥ € N such that A\, = 0. But we
could have chosen also some other convention, thus in this sense the solution

actually depends on the eigenvalues of the operator R.
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2.3 The Wick Product of Generalized
Random Processes

It is a well-known problem that in general one can not define a pointwise
multiplication of generalized functions; thus, it is not clear how to deal with
nonlinearities. In framework of white noise analysis this difficulty is solved
by introducing the Wick product. We will consider the Wick product for
GRPs of type (I) and (O). Also, we carry over the Wick type product also to
the spaces of deterministic generalized functions. In Example 2.3.1 we will
show that in a special case (when the orthonoramal basis are trigonometric
functions) the Wick product coincides with the ordinary product. For GRPs
(IT) the Wick product does not make sense, since GRPs (II) are generalized
in the ¢ parameter and not in the w parameter.

Wick products in spaces of generalized random variables

First we recall the definition and some basic properties of the Wick prod-
uct in the Kondratiev spaces (see [HOUZ]).

Definition 2.3.1 Let F,G € (S)_; be given by their chaos expansion

F(w) = Zaej faHa(CU), G<w> - ZﬂejgﬁHﬁ(w); megﬁ € R Th@ WZCk pTOd—
uct of F' and G is the unique element in (S)_1 defined by:

FOG(w) = Z( ) fagﬂ> H, ().

y€J \a+pB=y

The Wick product is a commutative, associative operation, distributive
with respect to addition. By the same formula we defined in [PS1] the Wick
product for F, G € exp(S)_;. It is known that the spaces (S)1, (S)-1, exp(S);
and exp(.S)_; are closed under Wick multiplication.

In the Hilbert space valued case, the Wick product is defined analogously
(see [MFA]); with a slight abuse of notation, we denote with the same symbol
the Wick products in (S)_; and S(H)_;.

Definition 2.3.2 Let F,G € S(H)_1 be given by their chaos expansion

Fw) =351 Y aer fiaHalw)ei, G(w) = 32521 3 peq 9ipHp(w)ei, fiar 9ip €
R. The Wick product of F' and G is the unique element in S(H)_, defined
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by:

FOG(w) = Z Z < Z fi,agiﬂ) H,(w)e;

i=1 ~veJ \a+B=vy
= Z(FiOGz‘(w))ei,
i=1

where Fz(w) = Zaej fi,aHa(W>7 Gl(w> = Zﬂej gi,ﬁHﬁ(w) < (S)*l'

This definition is legal, since S(H);, and S(H)_; are closed under Wick
multiplication. In the same manner we can define FOG for F,G €
exp S(H)-1 and it is an easy exercise to show (combining the methods in
[MFA] and [PS1]) that FOG € exp S(H)_y. Also, if F,G € exp S(H); then
FOG € exp S(H).

Note that one can also Wick-multiply a R-valued and a H-valued gen-
eralized random variable: If F' € (S)_; and G € S(H)_; have the forms

F(w) = X aes fala(w), G(w) = 3221 3 pey 9ipHp(w), then FOG € S(H),
has expansion > 2%, 37 4 <Za+ﬁ:7 fagi,[a) H,(w)e;.
The Wick product of GRPs (O) is defined pointwisely (as in [HOUZ|) by

the formula
FOG Z( Z fa gﬁ > ( )

~veJ \a+pB=y

for F(t,w) = 3 aeg fa(t) Ha(w), G(t,w) = 3 5eq 95(t) Hp(w).

The Wick product in Zemanian spaces

Now we recall the definition of a deterministic multiplication of Wick
type in A’, which was introduced in [Se] and [PS1]. From now on, when we
use Wick products, we will always assume that A is nuclear, i.e. there exists
some p > 0, such that

oo
=2 "<

Definition 2.3.3 Let f,g € A’ be generalized functions given by expansions

F =0 axtn, g = poy betly. Define f o g to be the generalized function
from A’ given by

o0

Fog=>_| > ab;|tn (2.25)

n=1 i,JEN
itj=n+1
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Proposition 2.3.1 If f =Y~ a;t; € Ay and g = > by, € A_y, then
[ o9 €A _(kyirp). Moreover,

(09,00 < MIFIZ Ll Nl 1p, (2.26)

for each test function ¢ € A.

Similarly, one can also define the multiplication of test-functions, under
an additional assumption:

Lemma 2.3.1 Let there exist a constant C' > 0, such that
My <CNN;, i EN,
Iff=>%7" a1 € Ay and g =732 bith; € Ay, then fog € App).

For example, we have v; ¢ 1; = ;1 ;_; for arbitrary ¢, 5 € N.

Example 2.3.1 Let [ = (—m,7), R = —iD. Then, the orthonormal basis of
A is given by the family of trigonometric functions ¥, (z) = f}—;%, and A\, = n,
n =0,+1,+£2 43,... etc. In this case, we leave the enumeration running
through the set of integer numbers Z. Instead doing a reordering in the space

A, we make a slight modification in the definition of the Wick product and
put instead of (2.25) fog=> ", (Z i.jez aibj> Y. Then,
i+j=n

1 o
Yoy =iy, Y- py = \/_Q—Wwiﬂ i, € Z,

1.e. the Wick product and the ordinary product coincide up to a constant.

The Wick product of GRPs (I)

The notion of the Wick product to GRPs (I) was also extended in [PS1].
We summarize the basic results here.

Definition 2.3.4 Let & € A;, ¥ € A} be two GRPs (1) given by expansions
¢ = Z;.ilfz QHuyi, fi € A, 1 €N, and ¥ = Z;ilgj ® H,;, g; € Ay,
7 € N. The Wick product of ® and V is defined to be

OOV =) > fiog | @ Han (2.27)
P\ et San
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Theorem 2.3.1 The Wick product ©4V from the previous definition is a
GRP (I), precisely 4V € Ay, .

The Wick product for GRPs (I) taking values in exp(S)_; can be defined

in an analogue way.

Theorem 2.3.2 The Wick product P4V defined by formula (2.27) of ® €
“PA; and VU € “PAf is a GRP (I), precisely D#V € “PAL . .

The Wick product ¢ in A’ can be embedded into the Wick product 4 in
A*, since each deterministic function can be (trivially) regarded as a stochas-
tic process. Also, the Wick product ¢ acting on A* is an extension of the
Wick product ¢ acting on (5)_;.

2.3.1 The Wick product of H—valued GRPs (I)

Now, the main difference is that we are not able to define the Wick
product 4 for the whole class of H-valued GRPs (I). This is due to the fact
that S(H)_; is not a nuclear space. Therefore, the Wick product will be
defined for the class of H-valued GRPs (I) satisfying condition (2.15).

Definition 2.3.5 Let ® € A(H);, ¥ € A(H); be two H-valued GRPs (1)
given by expansions ¢ = Zf; Z;L fi; ® Hpiei, fij € Ay, 4,7 € N, and
U=37>219®Ha, gij €Ay, 0,5 €N, and letry >0, 2 > 0 be such

that 32, Z;il ||fz‘,j”2—k(2N)_haj < oo and )%, Z;il Hgi,jHQ—l(QN)_maj <
0o. The Wick product of ® and ¥ is defined to be

(I)“I] = Z Z Z fi7s S Gir (%9 Han €;. (228)

i=1 n=1 s,mEN
asS+al=an+1

We may write (2.28) also as

OOV =) (Fi4G)e;,
=1

where F, = Z;’il fij® Hy € A, Gy = Z;’il gi; ® Hy € A and F, 4G, is
defined as in Definition 2.3.4.

Theorem 2.3.3 The Wick product PV from the previous definition is an

H-valued GRP (1), precisely D4V € A(H)j .,
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Proof. Due to Lemma 2.3.1 it follows that f; ;0g;, € A_y_;—p foralli,s,r €
N, and thus, > .. r_qni1 fis © gir € A_k_i—p, n € N. Since [D@V, ] =
Yo Y esrar—anti (fis © Gir, ) Hanes, it remains to prove

3y |

(2N) "3 < oo,
pEB i=1 n=1

Z <fz',s Ogi,m (10>

as+ar=antl

for any bounded set B C A and some r3 > 0. Put r3 = r; 4+ ro + ¢, where
g > 1. Then, according to (2.26)

3y

LpeBz 1 n=1

2

Z <fi,s <o gi,r) §0> (2N) —rselt

as+ar _anJrl

2

Yo asllklgorll-dlelleripvM| (2N)"

as+a” _an+l

<supzz

zlnl

00 2

MY (@N)T Y

i=1

Yo aslls(2N) gerll(2N) % Sup||90||k+z+p

s +ar:an+1 30

SMZ@M‘””Z(ZIILSIP (o) e zw (o) e sup||¢||k+l+,,)

_MZ (2N) 79" ZZHLSIP (2N) e ZZngrll2 (2N) 7" Sup||90||k+z+p

i=1 s=1 i=1 r=1
< 00, where we used the property (2N)*+" = (2N)*"(2N)«". O

Note that the Wick product ¢ acting on S(H)_; can be embedded into
¢ acting on A(H)*.
Also, following theorem holds, similarly as in finite dimensional case.

Theorem 2.3.4 The Wick product P4V defined by formula (2.28) of ® €
“PA(H); and ¥ € “PA(H)f is a H-valued GRP (I), precisely P4V €
“PA(H )y 14, provided there exist vy > 0, 19 > 0 such that

al _ ol
> it Z;il Hfi,jHQ—lce_rl@N) < oo and )77, Zjil 19i411% ¢ N7 < oo,
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2.3.2 A Class of nonlinear SDEs

Now we will consider a class of a nonlinear SDEs with Wick products
involving H—valued GRPs (I). Here we illustrate a simple method of solving
by means of series expansions.

Let P(R) be the differential operator defined as in (2.23). Assume that
P(M) —1#0and P(\,) # 0 for all k € N. Consider a nonlinear SDE of the

form

P(R)X = X6W + g, (2.29)

where W is singular white noise in A(H)§ given by the expansion

ZZUJM ® H., (w)e;, tel, weQ,

=1 n=1
where o
. :{ G5(8), n=mli,j)

0, else

and m(i, j) is defined as in Example 1.7.3.
Let g € A(H)} be of the form

Zng )® He,(w)e;, telweQ,

i=1 n=1

such that g;, € A_,, i,n € N; and assume there exist ¢ > 0, such that

>

i=1n

Mg

lginlZ, (2N) 725 E:X:IIQWII2 2n)” : (2.30)

1 i=1 n=1

Expanding each g;,, in A_, we get
gl,n(t) - Zgl,n,kwk<t)7 Gin,k € Ra te I? ia n c N7

which yields
S 1ginsl N < oo (2.31)

We will look for the solution X of the equation in the form

X(t,w):iia t)® H., (w)e;, tel,we,

i=1 n=1
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where a;, € A’, i,n € N, are the coefficients to be determined. Let a;,(?),

t € I, be given by expansion

oo

Ain(t) = ainpthe(t),  aink €ER, €I, nEN.

k=1

Then,

i=1 n=1 =

and due to the definition of Wick product:

X(t,w)QW(t, w)+g(t,w) =

Z Z ( Z a;s(t) 0w (t) + gn(t)> ® H., (w)e;,

r+s=n+1

00
a; s <> wy, r Z Aj g kwk S Wiy (t) = Z ai,s,kwk (t
k=1

= Z @i sk WVk+j—1 (1)
k=1

for j € N such that r = m(i, j), relation (2.33) becomes

X(t,w)QW(t w)+g(t,w) =

i=1 n=1 \r+s=n+1 k=1

From (2.32) and (2.34) we obtain

ii (i ai,n,kp()’\\;q)wk@)) ®H., (w)e;, tel, we,

(2.32)
tel, well.
(2.33)

) o 1;(t)

ZZ( Z Zazsk¢k+] 1 +gn( )> ®H57L(W)€i, tEI,LUGQ.

(2.34)

Z Zazskwk—k] 1 +Zgznk¢k Zaznkp )\k ¢k )7 i,neN.

s,m7eEN k=1
s+r=n+1,r=m(, ])

(2.35)
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From the system of equations (2.35) one can recursively determine the
coefficients a; , 1., ,m, k € N.

For + = 1, n = 1 we have only one possibility how to get r + s = 2
(s =1,r =1) and for r = 1 the corresponding j is j = 1. Thus, (2.35) gives

Zal,l,kwk + 291,1,k¢k Zal 1 P( )\k)%( ), tel,

which implies
91,1,k

_ Gk 9 (2.36)
P(\) —1

a1k =

Fori = 1, n = 2 we have two possibilities how to get r+s =3 (s = 1,r = 2
and s =2,r =1). For r = 1 we have j = 1, and for r = 2 we also get j = 1.
Thus, from (2.35) we obtain

Zal,l,kwk + 2912%/% Zam,kp )\k: JWr(t), tel,
k=1 k=1

and since a1 ; are known from the previous step, now we get

11kt 12k o
Qo) = —2b TIL2E =1,2,...

P(\x)

For i = 1, n = 3 and consequently r + s = 4 we get following triples:
s=1r=3,7=2,s=3,r=1,j=1and s =2,r =2,j = 1. Thus,

Z a1,k Uk1 + Z a1 35Uk + Z a2 kWr + Z G135k = Z a1,3,kP()Tk)¢k-
k=1 =1 =1 =1 =1

After reordering the indeces in the first sum we get

@121+ 91,31

131 = ——~_ >
P(\)—1
G = a1,1 k-1 +Nal,2,k + g1,3,k7 k=23
P(M) —1

We follow this schedule for n = 4,5,.... Then we fix ¢ = 2 and obtain
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the coefficients for n = 1,2, 3, ... given by following recursion formulae:

a1k = —%’M ) k=1,2,...

P(A\) —1
a2k = D21k T 922k +~92’2’k, k=1,2,...

P(Ax)

221 1 92,31

231 = — ~_
P(A\) —1
Goss = 2.1 k—1 +32,2,k + 92,3,k7 k=23 ...
P(X\,) —1

Then we fix ¢ = 3, and so on....
Since for each r € N its corresponding j € N from r = m(i, j) always
satisfies j < r, we get a general formula

QGpp=—2E 12 jeN, neNjk=nmn+1,... (2.37)

where L is a linear combination of a; ,, x, for ny <n, k; < k.

Since P(A\;) — 1 # 0, k € N, there exists a constant K > 0 such that
|P(\) — 1| > K, k € N. Relation (2.31) yields that there exists C(i,n) > 0,
such that

Ginsk| < ClER)N,  keN.

Similarly, according to (2.30) there exists D > 0, such that

||gi,nH2 Z |gznk| )\k > (2?1) 1,n € N.

Hence, for each i,n € N we have C(i,n) < D(2n)? and consequently
9insl < DE)A, inkEN. (2.38)

We prove now the estimate
~r 1
|ai,n,k’ S D<2n)q>‘k Qn(?)a 7;7 ne N, k 2 n, (239)

where (), is a polynomial of order n. The proof can be done by i mductlon
For i =n =1 we get from (2.36) and (2.38) that |a1,1 4| < D29 Mo o keN.
Assume now (2.39) holds. Then, from (2.37) and (2.38) we get

1 1 —r
@it 1mr1e] < e (L] + 1giv1nr1kl) < — <’L’ + D(2(n + 1)) A1 ) :
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Since L is a linear combination of n coefficients a; ,, ,, usmg the induction

hypothesis we get |L| < D(Zn)q)\k Qn( ). Thus, since Ak < )\kH, and
(2n)? < (2(n + 1))?, we obtain

1

1 1 .,
|Gir1ns1e] < D2(n+1)) Aiga 17 (1 + Qn(g)) = D(2(n+1))"A\ppa Rn+1(})»

where R, is some polynomial of order n + 1. This proves (2.39).
Let p be given as in (2.3). Then, due to (2.39)

—2r—2 -2
Z|aznk| N < DX20)MQ2 (= Z/\k " < oo,
=1

and thus,
||a’i7n||2—(r+p) < 00, ian € Na

which yields that all coefficients a;,,, 7,n € N, belong to A_(,4p).
Also, it holds that,

oo 00 ~ . oo 00 1 o
SO il gy 0 < DAY S @M@ ()P (2.40)

i=1 n=1 i=1 n=1

The series on the right-hand side of (2.40) can be made convergent if we
choose s large enough. Thus, there exists a solution X of equation (2.29) in
the space “PA(H);,,. Since every GRP (I) is uniquely determined by the
coefficients in its expansion, it follows that the solution is unique. (Again,

we assume the fixed convention Az = 1 for Ay = 0).

2.4 Colombeau Algebras for Generalized
Random Processes of Type (I) and (O)

In this section we construct Colombeau type extensions for the spaces of
generalized random processes; we consider the case of GRPs (I) and (O).

2.4.1 Colombeau extension of L(A, (S)_1)

~—2
Throughout this section we assume that A is nuclear (M = > "7, \; "<

oo for some s > 0) and that there exists a constant C' > 0, such that
)\H] < ON )\J, 1,7 € N. These assumptions are necessary for the Wick—
multiplication of Zemanian test functions (see Lemma 2.3.1).
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o Let Ex/(A;(S)-1) be the vector space of functions R : (0,1) — A ®

(9)-1, € = R(t,w) = Y cqTac(t) ® Ho(w), 7o, € At € [Lw € Q,
such that for every k € Ny there exist a sequence {C, }qeg of positive
numbers, ¢y € (0,1), p € Ny, and there exists a sequence {a,}acs
bounded from above (i.e. there exists a € R such that a, < a, o € J),
with following properties:

|Taclle < Coe e, forall a €7 e < e, (2.41)
> CAEN) T < o (2.42)
agd

Clearly, from (2.41) and (2.42) we have

Sl BEN) 7 < 37 G2 (aN) P < 23T CR(ON) P = K

a€ed aed a€ed

for € < €y,, where K =Y __, C2(2N)~7>

aed

Let N(A;(S)-1) denote the vector space of functions R, €
En(A; (S)-1) with the property that for every k € Ny there exist a
sequence {C, }aey of positive numbers, ey € (0,1), p € Ny, and for all
sequences {aq}aes bounded from below (i.e. there exists a € R such
that a, > a, a € J), following hold:

ITaclle < Coe, forall a €J,e < e, (2.43)
> CAEN) T < o (2.44)
agd

Clearly, from (2.43) and (2.44) we have
D raclZ@N) e < 3T G2t (2N) P < )T C2(2N) P = e,

aeld aeld a€eld

for € < €, where K =Y___,C?(2N)~?

acd

Define the multiplication in &/(A; (S)-1) and N(A, (S)_l) in the
following way: For F.(z,w) = )  cqfaec(®) ® Ho(w), Ge(z,w) =
2 aeg Goue() @ Ho(w) let

F.O0G (z,w) Z ( Z Joe(T) © gl )) ® H,(w), (2.45)

veJ \a+pB=v
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i.e. we use the Wick product for multiplication in (S)_; and in A as
well. We recall following estimate from [Se] (see also Lemma 2.3.1): If

f?g € *Ak’v then ”ngHk—s S Ck \% MHfHk’Hng

Lemma 2.4.1 (i) Ep(A;(S)-1) is an algebra under the multiplica-
tion rule given by (2.45).

(1) N(A; (S)-1) is an ideal of Epr(A; (S)-1).

Proof. (i) Let F.,G. € Epn(A;(S)-1) and prove that F.0G. €
Em(A;(S)-1). Let k € Ny be arbitrary. Since Fi = Y _j fa.(7) ®
Ho(w) € €1r(A: (S)1) and G, = > per 9p. ()@ Hg(w) € Enr(A; (5)-1),
for k = k 4 s there exist a,b € R, p,q € Ny, e1,62 € (0,1),
and there exist sequences {Cy}tacs, {Datacss {da}tacs, {ba}acd, such
that an, < a, by, < b for all o € I, |[facllkrs < Cue % for
€ < €1, ||gaellirs < Dae P for € < €, and Y. 4 C2(2N)™P* < oo,
Y weg D2(2N)79* < 0o. We will prove that for ey = min{ey, e} there
exist r > 0, a sequence {M, },c7 and a sequence {m., },c5 bounded from
above such that || 32,5 fae(2) © gae(z)|r < Mye™™ for € < € and
> ey MZ(2N) ™ < o0

For a fixed multiindex v € J put M, = C”‘“\/Mzoéw:7 CaDy and
m, = max{a, +bg: o, €I, a+ =~} (note, for v fixed, there are
only finite many « and  which give the sum ). Now using the fact
that (A,¢) is an algebra, we get

1) fael@) @ gac@)le < CVM Y | fae(@)ligsllgac(@)llres <

a+p=y a+pB=~

CFM Z C’aDge_(““+b/’) < ™ORN M Z CoDg = e ™ M,.
atf=y a+pB=y
Clearly, m, < a+b, v € J, thus the sequence {m, }¢g is bounded from
above. Let r = p+¢+2. Then, using the nuclearity of (5)_;, we obtain

> OMZEN)TC < CHFMY ( > Can;) (2N)~ (Pt

S v€T \a+pf=y

<CPMDY (2N)7TY CC2(2N) ) D DR(2N) Y < oo

y€eJ a€eld ped

(17) Let us check first that N(A; (S)_1) is a subalgebra of €/(A; (S)_1).
Let F.,,G. € N(A;(S)_1) be of the form as in (i). Let k& € Ny
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and {m,},eg be an arbitrary sequence bounded from below. Put
ay = b, = 5, v € J. Now for the sequences {a,}eg, {b}es also
bounded from below, and for k = k + s, since F.,G. € N(A;(S)_1),
there must exist p,q € Ny, €1,62 € (0,1), and {C,}acs, {Daltacy
such that ||focllres < Ca€™/? for € < €1, ||gaellbrs < Dae™/? for
€ < €, and > C2(2N)™P* < oo, > ., DZ(2N)"% < oo. Let
€0 = min{ey, e}, r = p+ g+ 2 and M, = Ck\/MZa+/BZVCaDg,
7 € J. Now we may proceed as in (i) to get >, 5 [[fae © Gaellr <

c* \ MZaJrB:'y Hfa,erwLSHQa,erJrs < MWEWW and z'yeﬂ M72<2N)_m <
Q.

In order to prove that N(A;(S)-1) is an ideal of €y (A;(5)-1), we
must check that for all G. € N(A; (S)-1) and all F. € &y (A;(S)-1),
we have G OF, = F.0G. € N(A;(S)-1). Let k € Ny and {n.,},ey be
an arbitrary sequence bounded from below (i.e. n, > n, v € J). Since
F. € Ep(A;(S5)-1), there exist p € Ny, €5 € (0,1), {Ds}ges, b € R and
a sequence {bs}ges such that bs < b, B € I, || facllrrs < Dge™%, € < ey,
and Y5 D3(2N) 77 < oc.

For a fixed multiindex o € J, let a, = b+ n,. Clearly, the se-
quence {as}aes is bounded from below by a = b+ n, thus since
Ge € N(A;(S5)-1), there exist ¢ € Ny, ea € (0,1), {Chl}aeg, such
that ||gaellirs < Ca€™ ™, € < €, and Y C2(2N)™% < oco. Let
€0 = min{ey, €2} and N, = C”“\/MX:OCJFBZ7 CoDg, v €.

Now for G.OF, = 2763 Za+6:v Gae © fa,e ® H, we have that

Z ||goc,e||k+s||fﬁ,6||k’+5§ Z CaD/geaa_bﬁ

atf=y a+f=y

1
< g C’aDﬂebJr"“*bﬂ < g CaD/gebBJr"a*bﬁ < C’*kM*ENVE"”, € < €.
a+p=y a+p=y

It is clear that >, N2(2N)™"7 < oo for r = p+¢+2. Thus, GOF, €
N(A; (5)-1). 0

The quotient space
S(A; (S)-1) = Em(A; (S)-1) / N(A; (S)-1)

is the (S5)_1—valued Colombeau extension of A, and its elements are
Colombeau generalized random processes. We denote the elements of
G(A; (S)-1) (equivalence classes) by [R].
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Note that (S)_; can be embedded into G(A; (S)_1) by

(S 19F Zfa a Zfa 69( ( ) 1)7

a€ed a€ed

where f,(t) = f, is the constant mapping.

Remark. In some special cases, one can take the ordinary product in-
stead of the Wick product in the multiplication rule (2.45). If A is the
Schwartz space 8(R) of rapidly decreasing functions (see Example 1.3.1),
then (8(R),-) is also an algebra and one can construct a Colombeau algebra
G(8(R); (S)-1) in the same way but with following multiplication rule:

FOG, (x,w) Z( S fael@) - Guela >) ® H,(w), (2.46)

veJ \a+pB=v

The same holds true if A is generated by the operator R = —iD (see Example
2.3.1). In this case the Wick product and the ordinary product coincide up
to a constant.

2.4.2 Colombeau extension of C*(I;(S)_;)

In the previous case we constructed a Colombeau extension for the
space of GRPs (I). Now, we consider the space of infinitely differentiable
GRPs (O) i.e. C®(I;(S5)-1). Recall that ' € C>(I;(S)_y) if it is of the
form F(t,w) = > o9 fa(t)Ha(w), fo € C°(), and for each t € I fixed,
Y aey | fat)P(2N) P> < oo for some p > 0.

The (usual) topology on C'*(I) is the topology of uniform convergence
of the function and its partial derivatives of each order on compact subsets
of I. Endowed with this topology C'*°(I) is a nuclear space.

Note that since I is an open subset of R? and (S)_; is complete, we have
(see [Tr, Theorem 44.1)) C*(I;(S)-1) = C>®(I) ® (S)-1 and C(I) ® (S) 1
is dense in C>(I; (5)_1).

For example, singular white noise and Brownian motion defined in Ex-
ample 1.7.2 and Example 1.7.1 are infinitely differentiable GRPs (O).

The algebra now to be constructed is the (S)_;—valued version of the
simplified Colombeau algebra for deterministic generalized functions. Recall
that the simplified Colombeau algebra was also constructed on C'*(1).

e Let €y/(I;(S)-1) be the vector space of functions R : (0,1) — C*°(I)®
(S)-1, € = Re(t,w) = Y cqTae(t) Ho(w), Ta,e € C(I),t € I,w € €,
such that for each compact subset U, CC I, k € N, there exist a
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sequence {C,}aeg of positive numbers, ¢y € (0,1), p € Ny, and there
exists a sequence {a, }aeg bounded from above with the property that

for all |f] < k,

sup |DPro.(t)] < Coe™®,  forall a € J, ¢ < ¢, (2.47)
teUyg
> CAEN) T < oo (2.48)
aeld

Let N(I; (S)_1) denote the vector space of functions R, € €y/(I;(S)_1)
with the property that for each compact subset U, CC I, k € N, there
exist a sequence {C,}aecg of positive numbers, ¢, € (0,1), p € Ny,
and for all sequences {aq }aes bounded from below, and for all |3 < k
following hold:

sup |DPro (t)] < Cue®,  for all a € J,¢ < e, (2.49)
teUy
> C2EN) ™ < oo (2.50)
aeld

Define the multiplication in &€,/(7;(S)-1) and N(I;(S)-1) in the
following way: For F(z,w) = > g faec(x) ® Hy(w), Ge(z,w) =
E:aejgaﬁ($)69}{aﬁﬂ)let

F.OG (2,w) = Z( D focl@) - Gaelz )>®H7(w), (2.51)

~veJ \a+B=v

i.e. we use the Wick product for multiplication in (S)_; and the ordi-
nary product in C*®([). Clearly, (C*(I),-) is an algebra.

Then N(I; (S)-1) is an ideal of €/(1;(S)-1) and the quotient space
S(1; (5)-1) = Em(I;(5)-1) / N(L; (5)-1),

the (S)_1-valued Colombeau extension of C*°(I) is also an algebra. Its
elements are Colombeau generalized random processes.

Note that (5)_; can be embedded into G(I;(S)_1) by

(8)-13 F(w) =) faHa(w) ~ > falt) w) € §(I;(5)-1),

ac]d aed

where f,(t) = f, is the constant mapping.



2.5 GRPs of Type (II) 59

The space G(I;(S)-1) is constructed so that it involves singular GRPs
(O) i.e. GRPs (I). Like in deterministic case, where &'(I) can be embedded
into G(I), here L(8(1),(S)-1) = &(I) ® (S)-1 can also be embedded into
§(1;(S)-1) via convolution. For a fixed mollifier function p., € € (0,1) we
have that if f € 8§(I) ® (S)_1, then f.(t,w) = f(-,w) * p(t) € $(I) ® (S)_4
and clearly, f — f. € N(Z;(S)-1). Thus, [f] € G(I;(S)-1). The embedding
L 8(1) ® (S)-1 — G(L;(S)-1), f+— [f], can be extended to an embedding
o 8'(I)® (S)-1 — G(I;(S)-1), defined by

§'(I)® (5)-1 3 F = [Fxpd € §(I;(5)-1).

Also, §(I) can be embedded into §(I; (S)-1) by

S() > f=[f@®)]~ D [fl)]Halw) € G (S)-1).

a=(0,0,0,...)

In Chapter 3 we will construct also some other algebras as polynomial
Colombeau extensions of GRP (I) spaces; especially we will make use of
Sobolev spaces instead of the Zemanian test function spaces. We also note
that this Colombeau-type construction cannot be carried out for H-valued
GRPs (I): Since S(H)-; is not nuclear, Lemma 2.4.1 need not hold true.

2.5 Generalized Random Processes
of Type (II)

The results presented in this section were mainly subject of [PS2]. We
begin with an example showing that the classes of GRPs of type (I) and (II)
are not contained in each other. As main topic, we examine the structure
representation of GRPs (II) and their correlation operators on the space of
test functions K{M,}. In order to analyze assumptions for general repre-
sentation theorems, we give in Theorem 2.5.1 a representation theorem for
a GRP (II) on L"(G), r > 1, where G is an open interval in R". Analyzing
the continuity condition [{(w, )| < C(w)||@|lpw)2,; ¢ € K{M,},w € €, for a
GRP (II), we obtain a structural characterization for it and for its correla-
tion operator on X{M,}. More precisely, we show that for each € > 0 there
exists a set M with measure P(M) > 1 — ¢, and there exist d € Ny such
that [{(w, )| < C(w)|l¢llaz, ¢ € K{M,},w € M. Thus, if C € LP(Q), this
assures the continuity of £ as a mapping K{M,} — LP(Q2), where LP(Q) is
equipped with convergence in mean of order p for p > 1, and convergence in
probability for p = 0.
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Especially, in Theorem 2.5.3 we consider Gaussian GRPs, and using an-
other technique obtain generalized Gaussian GRPs (II) on K{M,} as a sum
of derivatives of classical Gaussian processes, which have appropriate growth
rate at [t| — oo.

Several examples show that the assumptions which we made are substan-
tial for the characterization of a GRP (II).

In order to motivate our considerations and demonstrate the preferences
of our structural theorems, we will present the simplest equation ¢y’ = f in
the frame of GRPs (II). The notation we will use further on is given below.

Let f: Q x K{M,} — R be such that for all ¢ € K{M,}, f(-, ) is
a Gaussian random variable, and for every w € €2, f(w,-) is an element in
K'{M,}. Let w — X(w),w € 2, be a Gaussian random variable. Consider
the stochastic differential equation

) = (0,1, v, 0) = X(w), (2.52)

where the value at zero, y(w,t) at t = 0, is understood in the sense of
Lojasiewicz.

To solve (2.52) we use the decomposition of K{M,}: Every ¢ € K{M,}
is of the form

¢ = Cypdo + 1, where ¢, € K{M,}, Cp = / o(t)dt,
R

/gbg =1, and ¢ = %9, for some 6 € K{M,}.
R

Now, fixing w € €2, and using the continuity of f(w,-) : K{M,} — R, we
solve this equation in the usual way:

Y(w, 9) = CoX(w) — (f(w,1),0(t)), ¢ € K{M,}. (2.53)
But now we obtain that

l%(f(w,at), 6(t)) =0, for e K{M,} (2.54)
is a necessary condition for the existence of y.

Another procedure is to use the representation stated in Theorem 2.5.3,
which can be used in more general cases: Under certain conditions on f,
which are weaker than (2.54), we can still find a solution y on a somewhat
smaller set M C ). We will show this explicitly in Corollary 2.5.1.
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GRPs (II) vs. GRPs (I)

As already defined at the beginning of Chapter 1, we denote by Z2 the
space of random variables with finite second moment. Recall now the defini-
tion of GRPs of type (II), which we study in this section:

Definition 2.5.1 A GRP (II) is a mapping & : Q2 x V' — C such that for ev-
ery p €V, &(+, ) is a complex random variable and for every w € Q, &(w,-)
is an element in V'.

Example 2.5.1 LetV be a separable Hilbert space and (¢n,)nen be a complete
orthogonal system in V' converging to zero in V. — e.g. if (€n)nen is a CONS
in'V, then we can take ¢, = <=, n € N. We will choose a sequence of random
variables (X, )nen in Z? satisfying certain conditions - depending on whether
we want to construct a GRP (I) or (II) — and use the following construction:
Define a GRP on Q x {¢; : i € N} by putting &(-, ¢n) = X, n € N, and
extending this by linearity and continuity (type of continuity depending on
the conditions we implied on the sequence X,,) onto V.

(a) We construct a GRP of type (I) but not of type (II).
Let (X,,)nen be a sequence of random variables in Z? such that:
o E(X,X,) =0 forn#m,
o [[Xullze < ll¢nllv, n €N,
e (X, )nen does not converge to zero almost surely.
Note that from the second condition we have that (X,,)nen converges to

zero in Z%. Such a sequence exists, e.q. one can take a sequence of
imdependent random variables with distribution law

2n n  2n

The extension by continuity onto V' is well defined (we take convergence
in Z?%), since

1€, Y aigllze = 11 ) aiXa(@)lZe = D afl|1Xil 2
i=1 i=1 i=1

[e.e] o0
<D adlald = 1) adill-
i=1 i=1

For any sequence (pn)nen converging to zero in V  we have

1€(w, wn)llzz < llenllv, thus & is a GRP (1). But, |§(w, ¢n)| = | Xn(w)]
does not converge to zero for a.e. w € Q, thus {(w,-) ¢ V.
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(b) We construct a GRP of type (1) but not of type (I).

Let (X,)nen be a sequence of random variables in Z* such that:

o (X,)nen does not converge to zero in Z2.

o P(Q) =1, where
Qo ={weQ: (ko € N)(Vk € N)(k > ko = Xi(w) =0)}.

For example, the sequence of random variables with distribution law

X, : <1_0L Z),neN

n? n?
meets both conditions given above.

The extension by continuity onto V is well defined (we take convergence
in a.e. sense), since forv="> = a;ip; €V and w € Qy we have

OF =12 aXi@)l
=1
<Za2n¢znv Z‘W =l ”VZ it

For any sequence (ppn)nen converging to zero in' V- we have |{(w, @,)] <
2

lonllv >y 'f;f‘ﬁg‘ , which converges to zero for each w € €. Thus,
illy

&(w, ) € V'. On the other hand, ||{(w,dn)|lz2 = || Xn(w)| 22, which
does not converge to zero. Thus, & is not a GRP (I).

Further examples will be given in Section 2.5.3.

As in [GV], we will assume that the expectation of &, denoted by
E(¢(w,9)) = m(p), ¢ € V, exists and belongs to V’. Due to this fact,
throughout the paper, we will assume that E(£(-,¢)) = 0 for every ¢ € V.
If E(¢(w,p)é(w,)) exists for all ¢ and v, and if it is continuous in each
argument ¢ and 1), then the correlation operator of the GRP ¢ is defined by

C&(%W = E(£(790>£(7¢))7 9071/} eV.

2.5.1 Generalized random processes on L"(G), r>1

Denote by k(F) the characteristic function of £ C R". Let zy € R™ and
let (Ey)nen, be a sequence of Borel sets, which shrinks nicely to 2. Recall
from [Ru, Chapter 8.] that a sequence (E,),en, of Borel sets in R" shrinks
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nicely to xy € R", if there exists a > 0 such that each F,, lies in an open ball
B(xg,ry,) and m(E,) > am(B(xg,7,)), n € N, r,, — 0.

Put

R(En)(x)
m(E,) ’
The proof of the following results can be found in [LP2] and [LPP].

On(z —x0) = neN, reR" (2.55)

Theorem 2.5.1 Let G = [, (a;,3;) C R", —o0 < o < ff; < 00, i =
1,2,...,n, and let £ be a GRP on Q x L"(G), r > 1.

a) There exists a function f:Q x G — C such that

(i) for every x € G, f(-,x) is measurable and for every w € €,

flw,)) € LP(G), p=71/(r —1).
(it)
E(w,p) = /Gf(w,t)go(t)dt, we, el (G).

b) If € is a Gaussian GRP on Qx L"(G) such that for everyw € Q, xy € G
and every delta sequence 6,(x — o), n € N, of the form (2.55)

lim &(w, d,(x — x0)) exists,

n—oo

then there exists a Gaussian random process [ : 2 x G — C such that

(i) and (ii) in a) hold.
c) Let G = R". If there exists A € F such that P(A) =0 and
E(w, )| < Clw)llellr , we A,

then the correlation operator Ce(-,-) has a representation

Celot) = [ [ BT )0GIdtds, o0 € L'(G),

Proposition 2.5.1 Let G' be an open subset of R™ and let & be a GRP on
Q x L"(G). Then for every w € ) there exists a set A(w) € G such that
m(A(w)) =0 and for every xo € G\ A(w) there exists the limit

lim &(w, 0, (- — xg)),

n—oo

where 0,(x — o) is defined as in (2.55).
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2.5.2 Generalized random processes on K{M,}

Here we will use the techniques given in Section 1.5 for K{M,} spaces.

Theorem 2.5.2 ) Let & be @ GRP on K{M,}. Then for every ¢ > 0
there exist d € Ny, M € F satisfying P(M) > 1 — ¢, and functions
fo: QxR — C, o = 0,1,....d, such that f,(-,t) is measurable for
every t € R, fo(w,-) is in L*(R) for everyw € M, a =0,1,....,d and

d
o) =3 [ Lo MADPV 0, we M, o X},
a=0

(2.56)
d
S lfalw, e <d, we M. (2.57)
a=0
In particular, if there exist C(w) > 0, w € Q, and d € N such that
E(w, )] < CW)lellaz, weQ, ¢ € K{M,}, (2.58)

then representation (2.56) is valid on the whole €.

b) Moreover, if € is also a continuous mapping from K{M,} to Z*, then

for almost everyt,s € R there exist E(fo(-,t)f5(-,s)), a < d, 8 < d and
the correlation operator Ce(p,v), ¢, € K{M,} has the representation

Celp, )

> [ [ EG ORI M0V (07 s
=0 /R JR

d
a=0 0

c¢) If € is a GRP on X{M,} such that (2.58) holds and w +— C(w) is in Z?,
then & : K{M,} — Z* is continuous and (2.56) holds for every w € (.
Condition C(-) € Z* is sufficient but not necessary for the continuity

of &: K{M,} — Z2.

Proof. a) Note that in [LLP] and [LP1] more restricted problems were con-
sidered (see also [Ha] and [Ul]).

Since for every w € €2, {(w, ) is in K'{ M, }, it follows that for every w € Q2
there exist C'(w) > 0 and p(w) € N such that

E(w, @)l < CW)[@llpw) 2 v € K{M,}.
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We can assume that p(w) > C(w). For every ¢ € K{M,} and N € N, put
An(p) ={w e Q: [Ew, )l < Nlgllva}, Av= ] An(p).
peX{Mp}

Since K{M,} is separable, it contains a countable dense subset D and
AN =N,ep An(p) € F. Thus, from

Q=|JAv and Ay CAyy, NeN,

N=1

it follows that for given € > 0 there exists an integer d such that P(A;) >
1 — . Denote M = Ay,. It follows

E(w, )| < d[ellaz, we M, peX{M}.
We extend ¢ on the whole €2 by

alw)={ g7 Lo Leexin) e

Further, put R = {¢ € K{M,}: |¢lla2 <1} and

S(w) =sup[&i(w, )| = sup [&i(w, )], w €
YER peDNR

It follows that S is measurable on 2, S(w) < d,w € Q. Thus,
S1(w, )] < SW)llellaz, ¢ € K{Mp}, we . (2.60)

Inequality (2.60) holds also for the space HY(R) € HYR), where H%(R)
is the Sobolev space, and H{, = {p € HYR) : Myp® € L*R), a =
0,1,...,d}, equipped with the topology induced by the norm |¢|lqz2 =

>tz 1 Ma ™| 2.
We need the following consequence of (2.60):

if (¢,)ven is a sequence in K{M,} and ¢, — 0in HY, (2.61)

then & (w,¢,) — 0,v — oc.

Let Ty = [, L*(R) and endow it with the scalar product ((¢a), (¢a)) =
P Jg Patladt, (¢a), (¥a) € Ty. Clearly, Ty is a Hilbert space. Define a
mapping 6 : K{M,} — Tq by 0(p) = (Map, Myy', ..., MapD), ¢ € K{M,},
which is injective, and denote A = §(K{M,}). Note that

A =0(HY). (2.62)
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Define a mapping 2 x I'y — C, for every w € €2, by

51(%9_1(?/1))7 ¢ € A

Flw,¢) = ¢ lim, o0 & (w, 07" A

0, P € AL

The existence of the limit follows from (2.61) and (2.62). Thus,

F(w,¥) = F(w,¥), ¥ €Ty, ¥ =9 +9", €Ayt e AL,

Clearly F(-,)) is measurable, for any ¢ € T'y. Let ¢ € K{M,}, w e Q. We

have
|F(w,0(9)] < SW)ll¢ellaz = Sw)]|0(o)]lr,-

So, for every w € Q, F(w,-) is a continuous linear functional on I'; and

it is of the form ;

Flw,) =) Fulw,), weQ

a=0
Here F,(w,-), € , a < d, are continuous linear functionals on subspaces
I'jo CI'y,a < d, where

Fda:{w: (wﬁ) Grd: 7%’ GLQ(R)a wﬁEOa ﬁ#a}

It is endowed with the natural norm such that it is isometric to L*(R), for
every a € {0,1,...,d}. Let vb € T'y. Denote by [1], the corresponding element
in I'y,. The fth coordinates of [¢/], are equal to zero for § # a and the ath
coordinate is equal to .. Since F'is a GRP, it follows that F,, = F|r,  is a
GRP on Q x [y, i.e. on Q x L*(R), for every a, a < d.

By Theorem 2.5.1, for every a = 0, 1,...,d, there exists a function f, :
Q xR — C such that f,(-,t) is measurable for every t € R, f,(w,-) € L*(R),
w € (), and

Fo(w,p) = /Rfa(w,t)gp(t)dt, ¢ € L*(R), w € .

Thus, if w € Q and ¢ = 0(p) for p € K{M,}, then

d

Flo) =) Falw Wla) =3 | falo )Mt (263)

and

1 (w, ), = lefa Mezw < Sw) <d, we,
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where || - ||, is the dual norm. Now, the assertion follows by (2.59).

The proof of the last assertion in a) follows by repeating the previous
proof starting from relation (2.60). It follows that £ is of the form (2.56) for
every w € ().

b) Obviously, Ce(p, ) = E(&(-, ¢)&(+,¥)), ¢, ¢ € K{M,} is bilinear. The

continuity follows from

Ce(e, ¥) = |EE(C, )€ 0N < NEC @)l 21, D)l 22 <

< lellazllvllaz sap{llE( @)l 22, ¢ € K{M,}, [[ollap < 1}
'SUP{Hf('a?ﬁ)HZ%?ﬂ € X{Mp}7 ”¢Hd,2 S 1}

Fubini’s theorem implies

Ce(p,¥) = E(E(+, 0)E(+,v))

This proves the last assertion in b).

c) If £ is a GRP on K{M,} which satisfies (2.58) and C(-) € Z?2, then ¢ is
a continuous mapping K{M,} — Z?. Namely, for any sequence (¢,)nen in
K{M,} such that ¢, — 0,n — oo, it follows

1€C, @n)llz2 = E(E(, 9a)[*) < E(C*())llnllzz — 0.

Example 2.5.3 in the next subsection shows that & : X{M,} — Z? may
be a continuous mapping from K{M,} to Z? although C(-) ¢ Z*. O

Restriction (2.58) is not a draconian one; it holds for a large class of
processes but not for the whole class of GRPs (II) as it will be seen in
Example 2.5.5. The following theorem for Gaussian GRPs (II) represents
the main result of [PS2]. The point value of a distribution is defined in sense
of Lojasiewicz (see Section 1.5).
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Theorem 2.5.3  a) Let § be a Gaussian GRP on X{M,} and ¢ € (0,1).

supp

b)

Then there exist M € F such that P(M) > 1—¢, s;,d; € N, i =1,2,3,
and there exist Gaussian processes Zq(w,t), Za(w,t) and Z3(w,t),
(w,t) € Q x R, with the following properties:

for everyw € Q, t— Z;(w,t) is continuous, i = 1,2, 3;

El(wv ) - [—OO, —CL], Supp E?(w) ) C [—2CL, 2@], Supp E3(w7 ) - [CL, 00]7
sup ———— < o0, ¢t = 1,2,3;
rer Mg (t)
é(wa ) = El<w7 ')(Sl) + EQ(WJ ')(82) + 53(w7 ')(83) , WE M. (264>

In particular, if there exist D(w) > 0, w € Q and d € Ny such that
E(w, @) < D(w)l[ellaz, we, peX{M,}, (2.65)
then representation (2.64) is valid on the whole §).

Let € be as in part a) and € € (0,1). Let C(w), w € Q, be a Gaussian
random wvariable. The GRP £ has the point value C(w) at t = to,
denoted by &(w,ty) = C(w), w € Q, if and only if there exist M € F
such that P(M) > 1 — ¢, s3,d3 € N, a € R and a Gaussian process
E3(w, 1), (w,t) € Q x R with following properties:

supp Z3(w, ) C [to — 2a, 00),

Z3(w, )]
su < 00,
ier My, (t)
and . o
lim =3 ! @ enm (2.66)
t—to (t — to)s?’ 83'

In particular, if there exist D € Z?, D(w) > 0, w € Q and d € Ny such
that

E(w, o)l < D)l * fagpillaz, we oeX{M},  (2.67)
then (2.66) is equivalent to

Ss(w,t)  Cw)

y
Sl —to) sl

t—to

= 0. (2.68)

72
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Proof. a) Let v1, 1, and 13 be smooth functions on R¢ such that supp ¢, C
(—o0, —al, supp 2 C [—2a,2a] and supp ¢35 C [a,00), a > 0, ¢; = 1 on
(—00, —2a), 13 = 1 on (2a,00) and ¥ + ¥ + 15 = 1. With this partition of
unity we obtain Gaussian stochastic processes

Sl(wv ¢) = S(wv ¢w1)a ¢ € K{Mp}a

62((“17 ¢) = §<wv ¢¢2)a ¢ € :K{Mp}a
S(w, 9) = E(w, dv3), ¢ € K{M,}.

With the same proof as of Theorem 2.5.2 a),we have the existence of d; € Ny,
a set A; 4 such that P(A4;4) > 1—¢/3, M" = A4, i = 1,2,3, such that

|§Z(w>¢)| < dl||¢ |di,2 , WE Mia Qb € K{Mp}v 1= 1a273-

We extend &; out of M; to be equal to zero, denote this extension with g}-,
i =1,2,3, and (as in the proof of part a)) we have the existence of measurable
functions S;(w),w € 2 such that S;(w) < d;,w € Q,i=1,2,3 and

(W, 9)| < Si(w)]|o

Denote by K, the completion of K{M,} with respect to the norm || - [/42.
Since the limit of a sequence of Gaussian processes is Gaussian, we extend
(2.69) to elements of K, and obtain

42, wEQ peK{M,}, i=1,23. (2.69)

[€i(w, 0)| < Si(W)l|$llas2 @ €, & € K,y i =1,2,3,

In the sequel we consider &. Let f, be given as in (1.4) and let x € C®(R),
supp k C [—a,00), k > 0,k(t) = 1,t > 0.
We have that for s3 = ds + 2, and every x € R,
Er K02 (1) = 5(E) fuylo — 1) € X,

53

r—

and moreover, x — Kk fg, ¥ € R, is continuous, because

T— To— —
kfe — K[ inX,, asz — xo.
So, for every w € €, x € R, we have

- dss -

alw, ) 8(r) = &(w, ) = £5 () = - &l wfT).

For every x € R, 3
w— &w, K f)
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is a Gaussian random variable and for every w € ) we have that
T é},(w,m ), TER,
is continuous. Denote it by =3, i.e. Z3(w,x) = ég((,d, kfe). By (1.5) we have
Z(w, )0 = &(w, "), we.

From .
&3(w, mfe, )| < Sz(w)lefsy a2, weQ

and

I By = sup [ My (0o~ 1)t
1xa3 J —a
2

z+a k(7 — u)ud3+1 (4)
sup [ ate =[St |
+ 1 i dst1 )2
rr+a . 3
< Cy-M?(2)su / <l> [u—l du
<GoMi@ s | ey 2 ) [T v

we have

|E3 (wv .Z')’ /
sup ———— < Oy, | sup
sk Mg () i<ds Jr

for some constants C, Cy > 0.

In a similar way we construct continuous Gaussian processes =; and =
such that Z; (w, z) = & (w, ), Ea(w,z) = E(w, ), w e,z €R, and for
every w € Q the functions x — Z(w,z), z € R, i = 1,2,3, are of Mj, M
and M, growth rate respectively.

This completes the proof of the theorem, since

du < o0,

1 ud3+1 (7’)
Ma, (u) {F(ds + 2)]

3
1w, ) 4 Z(w, ) + Ey(w, ), we M =M

i=1

[1]

§(w7 ) =

b) The proof is similar as in Theorem 2.5.2.

c¢) Without loss of generality, we prove the assertion only for ¢y, = 0. Using
a similar partition of unity as in part a) but choosing supp 11 C (—o0, —3al,
supp 1y C [—4a, —a] and supp 13 C [—2a,0), we obtain a representation

E(w, ") = Zq(w, )& + Zp(w, ) + Z3(w, ), w e M.
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Since we are interested in values in the neighborhood of ¢, = 0, we restrict
our attention to Z3(w,-), where supp Z3(w,-) C [~2a,00), and Z3(w,r) =
3(w, fi k) as in part a). Thus,

3

lim(&(w, £2), ¢(x)) = lim 3 (& (w, e2), () = lim(Ey(w, ex), d(2)).

e—0 e—0 < e—0
i=1

We prove now that

lim(&3(w,ex), p(x)) = C(w) | ¢(z)dx, we M,p e K{M,} (2.70)

e—0 R

is equivalent to
= C
lim 2@ 2) _ Cw) oy (2.71)
z—0 %8 s3!

Assume that (2.70) holds. Then, for ¢(x) = f2~, x € R, we obtain

83 7

}Lo 53:(;:; z) _ };Er(l)@g(w’t)’ szS?,) (1— 2)53—1>

Conversely, assume (2.71) holds. Then, for ¢ € K{M,} we have

lim(&5(w, ex), d(z)) = hm(é:;(td,l‘), %Qb( )

X
e—0 e—0 £

1 1
= lim (S5 (w, ), Z9(2)) = Hm(~1)* (Es(w. 7). 770 (2))
Y o 23w eT)a® B o, Olw)z™
= lim(—1) (Wﬂﬁ( () = (-1) <—,7¢( ()

53

~ )(SS) 6 = Cw) [ ol

Thus, £ has a point value in sense of Lojasiewicz at o = 0 if and only if (2.66)
holds. If condition (2.67), and thus also (2.65), is satisfied and D € Z?2, then
¢ is a continuous mapping K{M,} — Z2. Also, from (2.67) we have

83!

3w, ), |I§3(w,/<a ] < D(w)

| = "
R

sg+ds+3

% .2

xS3
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T 2d3+% @) ’
= |f|c(;i)2 sup/ My(t) (/{(t)%> dt

i<ds J—2a I'(2d3 + 2)

\x|d3+2 \// t)*st3dt < Kz - D(w),

for some constants K, Ko > 0 and x — 0. Thus, the vector-valued version
(2.68) follows from the Lebesgue dominated convergence. O

Now, concerning equation (2.52), we will assume that the GRP on the
right hand side of the equation has a primitive with a point value at t = 0
in sense of Lojasiewicz.

Corollary 2.5.1 Let f be a Gaussian GRP f : XK{M,} — Z? such that its
primitive has a point value at t = 0 in sense of Lojasiewicz. Let X (w), w € Q2
be a Gaussian random variable. Then for every ¢ > 0 there exists M € F
satisfying P(M) > 1 —¢, and there exists a Gaussian GRP y : K{M,} — Z*
such that for every w € M

@) = f(w,) and y(w,0) = X ().

dt
Proof. Theorem 2.5.3 ¢) ensures the existence of F'(w,t),w € Q,t € [-2,00)
and k € N such that

f(wV) = F(w7')(k)7 w e M,

where F'(w,-) is continuous for every w € Q, and F(+,t) is Gaussian for every

t € [-2,00). From the assumption on the initial point ¢ = 0 we get that

F(w,t)
tk:

must be bounded in a neighborhood of zero. Define

k t (k)
y(w,t) = (X(]:)t —i—/o F(w,s)ds) , weM, te[-2,00). (2.72)

Let us check now if y is a solution of (2.52) on M. Indeed, from (2.72) we

(k+1)
have 4y(w,t) (fo w, s ds) = F(w,t)® = f(w,t). Thus, y is a

primitive for f, and therefore it has a point value at t = 0. Also,

1 (X (w)tk ¢
113[%—,{( I +/OF(w,S)ds = +Lr%tk/ (w,s)
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X (w) . 1 CX(w) . tF(wt)  X(w)
R e T )
This means y(w,0) = X (w). O

Note that the solution given in (2.72) coincides with the solution given
in (2.53) up to the set M, provided (2.54) holds and thus (2.53) exists.

2.5.3 Examples of GRPs

In the first four examples which are to follow we let {2 = R, F be the
Borel field, P(A) = [, % for A € ¥, and X be the identity mapping
from R to R. As usual, § denotes the Dirac delta distribution.
Example 2.5.2 Let, for v € R, ¢ € K{M,},

§(x, ) = X(x){0, ).
It is a GRP of type (II) but not of type (I).
Example 2.5.3 Let, for x € R, ¢ € K{M,},
§(z,0) = X(2)o(X(2)) = X(2)(d(y — X(2)), 0(y))- (2.73)

It is a GRP (II) and moreover, it is a continuous mapping from KX{M,} to
Z?% i.e. it is also a GRP (I). For every x € R we have

E(z,0)| = [X(z)o(2)] < [X(@)]lelp2 (2.74)
although |X| & Z°.

Example 2.5.4 Let

§(x, ) = { g((x%O(X%x)): iig ,x e€R, pe X{M,}.

This is a GRP (II) which does not map K{M,} to Z?, since if the support of
a test function ¢ equals [0, a] for some a > 0, then for % being in this interval,
one has 1/ X (z) = 1/z € [0,a) and X (z) =z € [1/a,00), thus £(-, @) is not
in Z°.

Example 2.5.5 We construct a GRP (II) which does not satisfy (2.58),
and thus can not be represented as a sum of continuous processes on a set of
probability measure one, only on a set of arbitrary large probability measure.
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Let (x,)nen be a sequence of real numbers strictly increasing to infinity.
For x € R, ¢ € X{M,}, put

1
o) =4 TrxE P 0 o7 nel
Sp(n)(()), T =Ty, N c N.

For every e > 0, this is a continuous mapping from K{M,} to Z* on
x € R\(—¢,¢). There do not exist C(x) > 0 andp € N such that (2.58) holds,
because it would imply that for every x € R the corresponding distribution is
of finite order, while f = &(x,,-) = (—1)"6™, n € N.

In the following examples we consider the space of tempered distributions

§'(R) and Z% = L*(8'(R), B, i) as defined in Section 1.7.1.

Example 2.5.6 Two ezamples of GRPs (I) which are also GRPs (II) are
singular pointwise one-dimensional one-parameter white noise, and Brown-
tan motion. Recall from Example 1.7.1 and Example 1.7.2 , they are given
respectively, by

W(w,z) =Y &(@)H, (), weS(R), xR
k=1

and

B(w,x) = Z/x &(t)dtH,, (w), we 8 (R),z€R
k=10

where {&,,n € No} is the Hermite orthonormal basis of L*(R).
Actually, they act on 8§(R) as follows:

$(R) 2 ¢ — W(w,x),p(x)) = Z/ﬂj\)ﬁk(x)w(x)dxﬂsk(w)-

S(R) 3 p+— (B(w,x),p(x)) = zﬁ (t)dto(x)dxH,, (w).
@ v ];/R/O k(t)dte

Since for fized w € Q we have L B(w,z) = W (w,z) in 8'(R) and W(w,z)
is continuous with respect to x € R (see [HOUZ]), this is indeed compatible

with the assertion in Theorem 3.5.3, i.e. continuity ensures representation
on the whole 2.
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Another process described in [HOUZ] and [HKPS] is the coordinate pro-
cess of white noise defined as

Wylw,2) = (w(y), 6y — ) Z/sk (y — 2)dyH., (),

where x € R, w € §'(R), ¢ € 8(R). Note that the same process is obtained if
we apply our partition of unity from Theorem 2.5.3.
In a similar manner we can define a process

By(w,z) = Z /R(/oy &(t)dt)p(y—x)dyH,, (w), © € R, w € §'(R), ¢ € $(R).

Since both Wy(w,x) and Bg(w,x) belong to Z*, we have in classical sense
L By(w,x) = Wy(w,z). In notation of Theorem 2.5.3 (see the proof after
applying the partition of unity) this means

~ d

W(w,d0) = —Blw,ds),  where du(y) = i (y) = H(x —y).

This means that in distributional sense i.e. in 8'(R) we obtain again the
well-known result L B(w,z) = W (w, z).

2.6 Hilbert Space Valued Generalized
Random Processes of Type (II)

Recall that H is a separable Hilbert space over C with orthonormal
basis {e, : n € N}. While for GRPs (I) on nuclear spaces we had
L(A(H); (S)-1) = L(A; S(H)-1), i.e. it was equivalent whether H was the
codomain of the z—variable function space or the w—variable function space,
for GRPs (II) we have a different situation. Now we state the definition of a
Hilbert space valued GRP (II) and the corresponding structure theorem for
it. We will restrict our attention to GRPs on K{M,} spaces.

Definition 2.6.1 A H-valued GRP (II) is a mapping & : @ x K{M,}(H) —
C such that:

(i) for every ¢ € K{M,}(H), (-, ) is a complex random variable,
(ii) for every w € Q, &(w,-) is an element in K'{M,}(H).
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For » > 1 denote L"(R"; H) = L"(R") ® H and recall that its dual is
LP(R™; H), p=r/(r—1). The dual pairing of f € LP(R"; H), ¢ € L"(R™; H)
can be written as [, (f(t), ¢(t))gdt. It can easily be checked that following
H-—valued version of Theorem 2.5.1 holds.

Theorem 2.6.1 Let G = [[_, (2, 0;) C R", —o0o < o < ff; < 00, @ =

1,2,.

n, and let £ be a GRP on QX L"(G; H), r > 1. There exists a function

f:QxG— H such that

(i)

(i)

for every x € G, f(-,x) is measurable and for every w € Q, f(w,-) €
LP(G;H), p=r/(r—1).

§(w, ) = /G<f(w,t),so(t)>ﬂdt7 weq, el (G H).

Following H-valued analogue of Theorem 2.5.2 holds:

Theorem 2.6.2  a) Let & be a H-valued GRP (II). Then for every ¢ > 0

b)

there exist d € No, M € F satisfying P(M) > 1 — ¢, and functions
fa i Q@ XR — H, a =0,1,....,d, such that f,(-,t) is measurable for
every t € R, folw,-) is in L*(R; H) for every w € M, a = 0,1,....d
and

) = Y [ Ufalort), M (O e, € M, o € KOLIH),
o (2.75)

d
S falw, Mz < d, w e M. (2.76)
a=0

In particular, if there ezist C(w) > 0, w € Q, and d € N such that
E(w, )| < Cw)llellazn, we ¢eXK{M}H), (2.77)

then representation (2.75) is valid on the whole §.

Moreover, if € is also a continuous mapping from K{M,}(H) to Z?,
then for almost every t,s € R there exist E({fu(-,t), f5(-,$))m), a < d,
B < d and the correlation operator Ce(p, ), ¢, € K{M,} has the
representation

Celp,v)
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¢) If € is a GRP on K{M,}(H) such that (2.77) holds and w — C(w) is
in Z?%, then & : K{M,}(H) — Z? is continuous and (2.75) holds for
every w € Q. Condition C(-) € Z?* is sufficient but not necessary for
the continuity of & : K{M,}(H) — Z*.

Proof. a) Since for every w € Q, {(w,-) is in K'{ M, }(H), it follows that for
every w € 2 there exist C'(w) > 0 and p(w) € N such that

€(w, ) < CW@llpw) 2m, ¢ € K{Mp}(H).

We can assume that p(w) > C(w). For every ¢ € K{M,}(H) and N € N,
put

An(p) ={w € Q: [€w,9)l < Nlglvan}, Av= ()  An(p).
eI My} (H)

Since K{M,}(H) is separable, it contains a countable dense subset D and
AN =N,ep An(p) € F. Thus, from

o0

Q= UAN and ANCAN+1, NEN,

N=1

it follows that for given € > 0 there exists an integer d such that P(A;) >
1 —¢e. Denote M = A,. It follows

[Sw, o)l < dllpllazn, we M, peX{M}(H).
We extend ¢ on the whole 2 by

alop)={ g7 LN vexinim. @

Further, put R = {p € K{M,}(H) : ||¢|la2nr <1} and

Sw) =sup|&(w, )| = sup [Gi(w,@)], we Q.
peER veDNR

It follows that S is measurable on 2, S(w) < d,w € Q. Thus,
&1 (w, 0)| < SW)llellagm, » € K{Mp}(H), w e L (2.79)

Inequality (2.79) holds also for the space H{,(R; H) C HYR; H), where
HYR;H) = HYR) ® H is the H-valued Sobolev space, and H{, = {¢ €
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HYR; H) : Myp'™ € L*(R; H), a =0, 1,...,d}, equipped with the topology
induced by the norm ||¢||4r2.n4 = Zi:o | Map || L2 .y -
We need the following consequence of (2.79):

if (o, )en is a sequence in K{M,}(H) and ¢, — 0in HY, (2.80)

then & (w,¢,) — 0,v — oo.

Let Ty = H?:o L*(R; H) and endow it with the scalar product

((@a)v(d)a)) - Zi:OfR<Q0aa¢a>Hdt7 (9004)7(¢a) € Fd' Clearly, Fd IS a

Hilbert space. Define a mapping 6 : K{M,}(H) — Ty by 6(¢) =

(Map, My, ..., Map@), o € K{M,}(H), which is injective, and denote
= 0(K{M,}(H)). Note that

A =0(HY). (2.81)
Define a mapping 2 x I'y — C, for every w € €2, by

§1(w, 071 (1), peA

F(w, ) = hmwogm 07, YD, ed, y,
0, Y e AL

(i)

b,

The existence of the limit follows from (2.80) and (2.81). Thus,

F(w,¢) = F(w, ), ¥ €Tq, o=t +¢F, e A gt e AL,

Clearly F(-, 1)) is measurable, for any ¢ € T'y. Let ¢ € K{M,}(H), w € Q.
We have

|F(w,0(0))| < S@)llellazu = S@)0(#)lr,-

So, for every w € Q, F(w,-) is a continuous linear functional on I'; and

it is of the form
d

Flw,) =) Fulw,), weQ

a=0

Here F,(w,-), € Q, a < d, are continuous linear functionals on subspaces
I'yo C Ty, a <d, where

Too={t=(s) €ETq: s € L*(R; H), 95 =0, 3 # a}.

It is endowed with the natural norm such that it is isometric to L?(R; H), for
every a € {0,1,...,d}. Let ¢ € I'y. Denote by [¢], the corresponding element
in 'y . The Sth coordinates of [¢], are equal to zero for § # « and the ath
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coordinate is equal to ¢,. Since F' is a GRP (II), it follows that I, = F|r,
is a GRP (II) on Q x Ty, ie. on Q x L*(R; H), for every o, a < d.

By Theorem 2.6.1, for every o = 0,1, ...,d, there exists a function f, :
2 x R — H such that f,(-,t) is measurable for every t € R, f,(w,) €
L*(R; H), w e Q, and

Fulw, ) = / Ul ). o) ndt, ¢ € L(R; H), w e Q.

Thus, if w € Q and ¢ = §(p) for ¢ € K{M,}(H), then

d d
F(wu 77Z)) = ZFa<w7 [¢]a) - Z /n<fa(wv t)v Md<t>¢(a)>Hdt (2‘82)

and

| F(w, ), = Z | fa(w, 2@ < S(w) <d, we,

where || - || is the dual norm. Now, the assertion follows by (2.78).

The proof of the last assertion in a) follows by repeating the previous
proof starting from relation (2.79). It follows that ¢ is of the form (2.56) for
every w € ).

b) Obviously, Ce(p,¥) = E({(-, ¢),£(,¥))u), . € K{M,}(H) is bi-

linear. The continuity follows from

Ce(p,9) = [E(EC ), EC )l < 160, @)l 221, ©)l 22

< llpllagallllazmsuptliEt: @)z, ¢ € KM} (H), llpllazn < 1}
-sup{[|E(, )l 22, ¥ € KM} (H), [[9]lazm < 1}-

Fubini’s theorem implies

Ce(p,¥) = E((E(-#), £~ ¥))m)

d

Z/R fal-,), Ma(t)! (t)>Hdt)(Z/R<fa(-,s),Md(s)wa)(s»Hds))

= a=0

oy / / (1), M) (0)) 1 (T 5), Ma(3) 6P (5)) elds)

Z(/R/RE«fa("t)’fﬁ("s)>H)Md(t)Md(3)<90(a)(t)aw(ﬂ)(S»Hdtds.
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This proves the last assertion in b).

c) If ¢ is a GRP on X{M,}(H) which satisfies (2.58) and C(-) € Z?, then ¢ is
a continuous mapping K{M,}(H) — Z?. Namely, for any sequence (¢, )nen
in K{M,}(H) such that ¢, — 0,n — oo, it follows

1EC, en)llze = E(IEC, 0a)[*) < E(C*()lenllazn — O- D



You see things; and you say, "Why?’
But I dream things that never were;
and I say, "Why not?’

(George Bernard Shaw)

Chapter 3

Applications to Singular
Stochastic Partial Differential
Equations

In this chapter we present some applications of generalized random pro-
cesses to obtain solutions of some classes of SPDEs where the data and the
boundary conditions are modeled by generalized random processes. We begin
with a class of linear elliptic equations and note that for technical reasons,
the space dimension is now denoted by n instead of d. Throughout the whole
chapter, I is assumed to be an open, bounded subset of R".

3.1 A Linear Elliptic Dirichlet Problem with
Deterministic Coefficients
and Stochastic Data

Our aim is to solve the stochastic Dirichlet problem

Lu(x,w):h(a:,w)—FZDifi(x,w), rel,weQ,

=1

(3.1)

u(z,w) lor = g(z,w)
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where I C R™ is an open set, (£2,F, P) is a probability space, h, g and
ft, i=1,2...n are GRPs (I) and L is a linear elliptic operator of the form

Lu(z,-) = Z D;( Z a(x, )Dju(z,-) + b (z, Yu(z,-))
o (3.2)
+ Z ¢ (x, ) Dyu(z, ) + d(z, u(z, ).

The simplest example is when the coefficients are constants, e.g. for
a’ = ¢;; (the Kronecker symbol), b =¢' =d =0, 1,5 =1,2...,n, we obtain
the Laplace operator L = A. Note that the operator L in (3.2) is given in
divergence form, which will make it suitable to work with in Sobolev spaces
in terms of weak derivatives, since its coefficients are singular. If its principal
coefficients a¥, b*, 1,5 = 1,2,...,n are assumed to be differentiable, then L
can also be written in form

Lu= Z a" Dju + Z V' Dyu + du, (3.3)

i,j=1 i=1

where d = d + >or, Dbt and bi=b+ ¢+ Sor_ Dpa* i =1,2,... n.

A physical interpretation of equation (3.1) in nondivergent form (3.3)
can be given as in [Ev]: u can be interpreted as the density of some quantity
(e.g. a chemical concentration) at equilibrium within a region I. The prin-
cipal term ", a” D;Dju represents the diffusion of u within 7, and the
coefficients a* describe the anisotropic, heterogeneous nature of the medium
(e.g. wood or liquid crystal). The vector F* = > a” Dju, i = 1,2,...,n
may be interpreted as the flux density. The ellipticity condition will imply
Z;Zl FiDju > 0, meaning the flow direction is from regions of lower to
higher concentration (to get the opposite direction, one has to put a minus
sign in front of the coefficients ). The first order term Y., b D;u rep-
resents transport within I, while the zeroth order term du describes local
creation or depletion (owing, for example, to reactions).

In the framework we consider, the coefficients of L will be stochastic
processes; thus in physical interpretation equation (3.1) can be understood
as a diffusion process in a stochastic anisotropic medium, with transport
and creation also dependent on some random factors, and with a stochastic
boundary value. Example of a stochastic anisotropic medium is a medium
consisting of two randomly mixed immiscible fluids.

In neurology, elliptic PDEs showed as a good model for brain func-
tion measurements. The elliptic PDE defined in the brain at a few points
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(the location of the sensors) involves the divergence form operator L =
>y Di(327_  a¥ Dju). The fact that the matrix [¢”] is discontinuous along
the boundaries separating different layers of the brain, means that the PDE
must deal with singular data. Now, if there are also some random perturba-
tions happening in the brain, the PDE is no longer a PDE but a SPDE.

If the coefficients of L are deterministic functions, then our assumptions
on L will follow the approach in [GT]: We assume that L is strictly elliptic in
I and has bounded measurable coefficients; that is, there exist A > 0, A > 0,
and v > 0 such that

n

D ai(@)s = MEP, w el eRY (34)
i,j=1
Y laV(@)P <A’ zel, (3.5)
i,j=1
1 o, . . 1
3 > (@) + @) + X|d(gc)| <u? zel. (3.6)

i=1
In fact, A and A are the minimal and maximal, respectively, eigenvalues of
the matrix [a;;]. Without loss of generality we may and will assume that
A < 1 (else we divide equation (3.1) by A to obtain this situation). We
seek for a weak solution of (3.1) in the Hilbert space of generalized random
processes L (W, (), (S)_1), where Wy(I) denotes the Sobolev space and
(S)_1 denotes the Kondratiev space. As we will see in Theorem 3.1.6, this
generalized solution exists and is unique. In Proposition 3.1.1 we investigate
some stability and regularity properties of this solution. In [LOUZ] regular-
ization was used and an error-function tending to zero was introduced to give
meaning to a distributional valued solution, as well as to give meaning to the
product of a non-smooth deterministic function (the coefficients of L) and
the distribution wu(z,-). The solution was expressed in terms of the Green
function and the It6 integral. We will have a similar stability result, but
using the Hilbert space structure. The goal in this section is to extend the
approach for even more singular coefficients and data, namely Colombeau
generalized functions. We develop the necessary Sobolev—Colombeau spaces
for generalized stochastic processes and prove existence and uniqueness of
the solution for the Dirichlet problem also in this setting.

However, if the coefficients of the operator L are also generalized ran-
dom processes, then a further problem arises: How to interpret the product
between two generalized random processes? In [Va] the product was inter-
preted as the Wick product, and the solution was found as an element of
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the Sobolev-Kondratiev space. A similar approach can be found in [Be],
where the tensor product of the Sobolev space and the space of stochastic
trigonometric functions was used, and the product was taken pointwisely. In
[Bu] the author uses the direct product of the classical Sobolev space and a
generalized Sobolev space as a probability space, which allows the product
to be interpreted as ordinary product of two functions.

In [HOUZ] stochastic partial differential equations are solved by a general
receipt: The H-transform and Wick products are used to convert the SPDE
into a deterministic PDE, which can be solved by known PDE methods, then
one must check the conditions to apply the inverse H-transform, which then
defines the solution of the starting SPDE. This method has the disadvantage
that each SPDE must be solved separately, and it can treat only random
processes which are generalized by the random parameter w, but continuous
(at least) in the time-space variable z. The Hilbert space methods used
in [Val, [Be], [Bu], have the advantage to solve a wider class of equations,
also dealing with random processes that are more singular at the xz-variable.
Existence and uniqueness of the solution are obtained, but one does not
obtain an explicit form of the solution. Due to our definition of generalized
random processes as linear continuous mappings from the Sobolev space into
the Kondratiev space, we are also able to reduce the SPDE into a PDE and
make use of the deterministic theory, even without using the H-transform,
which makes the approach simpler than in [HQOUZ].

Preliminary review of the deterministic Dirichlet problem
In [GT] the deterministic case, i.e. a Dirichlet problem of the form
Lu(z)=h(z)+ Y _ Dif'(z), axel,
— (3.7)
u(@) Tor = g()
is considered. A function u € W'?([I) is called a weak solution of (3.7) if

n

/IZ(Z(aiiju +b'u) Dyv — (Z c' Diu + du)v)dz

i=1 j=1 i=1
:/(ZfiDiv—hv)da:,
I =1

for all v € W,*(I), and u — g € Wy*(I). The concept of the weak solution
is based on the fact that one can identify the operator L with its unique

(3.8)
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extension (denoted by the same symbol) L : W1?(I) — W~1%(I) which
generates a bilinear form (u,v) — B(u,v) = —(Lu,v), (u,v) € Wh2(I) x
Wy*(I) where (Lu,v) is defined by the left hand side of (3.8). Thus, u €
Wh2(1) is a weak solution if B(u,v) = (h+V-f,v) = (h,v)—(f, Vv), for every
v € Wy(I). Here (-,-) denotes the standard scalar product in L?(I), which
can be extended to the canonical dual pairing on W~="2(I) x W,*(I). Thus,
existence of a weak solution is equivalent to surjectivity, while uniqueness is
equivalent to injectivity of the mapping L. The standard norm on L?(I) is
denoted by || - |2

We state the following theorem from [GT], which will be needed in the
sequel:

Theorem 3.1.1 Let the operator L given by (3.2) satisfy conditions (3.4),
(3.5) and (3.6). Moreover, assume that

/I(d(a:)v(m) - Zbl(a:)Dzv(x)) dr <0, v>00eW,*I). (3.9)

Then for g € WY(I) and h, f' € L*(I), 1 = 1,2,...,n the Dirichlet problem
(3.7) has a unique weak solution u. Moreover, there ezists a constant C' > 0
(depending only on L and I) such that

[ullwr2 < C(|[h]l2 + llgllw2), (3.10)
where h = (h, fY, f2,... ).

These results are based on Hilbert space methods for PDEs. The Lax-
Milgram theorem and the Fredholm alternative are used to prove existence
and uniqueness of the weak solution. For details, refer to [GT, Chapter §].
Here we state the three main classical theorems, since they are the keystones
that cap the arch of our proofs.

Theorem 3.1.2 (Lax—Milgram) Let B: H x H — R"™ be a bilinear form
on a Hilbert space H, satisfying following properties: There exist K,C' > 0
such that

o |B(z,y)| < K|z|| lyl|, for all xz,y € H, (boundedness)
e |B(x,z)| > C|z||?, for all x € H. (coercivity)

Then for every bounded linear functional F' € H', there exists a unique ele-
ment f € H such that

B(z, f) = F(z), forall =€ H.
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Theorem 3.1.3 (Fredholm alternative) Let V' be a normed vector space
and T : V — V be a compact linear mapping. Then,

(i) either the homogeneous equation x — Tx = 0 has a nontrivial solution
reV,

(ii) or for eachy € V the equation x —Tx =y has a unique solution x € V.

In case (i1), the operator (I — T)™ whose existence is asserted there is also
bounded.

Theorem 3.1.4 (Fredholm alternative — spectral behavior) Let V' be
a Hilbert space and T : V. — V be a compact linear mapping. There exists a

countable set A C R having no limit points except possibly X = 0, such that
if A #0,\ & A the equations

A —Tx =y, A =Tz =y (3.11)

have uniquely determined solutions x € V' for every y € V, and the inverse
mappings (A — T)~Y, (\[ — T*)™" are bounded. If X\ € A, the null spaces of
the mappings \I =T, \I =T have positive finite dimension and the equations
(8.11) are solvable if and only if y is orthogonal to the null space of A\ —T*
in the first case and AXI — T in the second case.

Preliminary review of generalized random processes

Let the basic probability space (£2,F, P) be (8'(R™), B, ) and consider
the Kondratiev space of generalized random variables (S)_;. Recall that the
generalized expectation of F' € (S)_; is defined by E(F) = (F, 1).

We consider generalized random processes as linear continuous mappings
from the Sobolev space W,”(I) into the space of Kondratiev generalized
random variables (S)_;. In Chapter 2 we considered GRPs (I) as linear
continuous mappings from the Zemanian space A into (S)_;, but since the
Sobolev spaces are constructed in a similar manner, only using the triple
Wy *(I) € L*(I) € W~12(I) and the Laplace operator, we can state the
results of Theorem 2.1.1 also in this context. Denote further on the space of
GRPs by

W8 = L(Wy (1), (8)-1)-
Note that W8* = L((S)y, W—12(I)) = B((S); x Wy *(I),R) = L((S); ®
Wy?(I),R) = W2(I) ® (S)_;. Thus, we may regard a GRP u(z,w)
as a bilinear continuous mapping u(p,0) by ¢(z) € WOLQ(I), x € I and
O(w) € (91, w € Q, as well as an element of the tensor product space
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W=12(I)®(S)_1. The latter isomorphisms hold since (S); is a nuclear space
and W~12(I) is a Frechet space. Also note that the notation ® stands for the
m—completition of the tensor product space, which is in this case equivalent
to the e-completition by the nuclearity of (5);.
By W8 we denote W,*(I) ® (S);, and by W8 we denote W2(I) @ (S);.
We state now Theorem 2.1.1 in this new context:

Theorem 3.1.5 Following conditions are equivalent:
(i) ue WS*.
(ii) u can be represented in the form

uw(z,w) = Zfa(x) ® Hy(w), z€lwecQ, foec WI),ac],

a€eld
(3.12)
and there exists p € Ny such that for each bounded set B C Wy (I)
sup 3 [(far ) (2N) 7 < ox. (3.13)
o€

aed

(i1i) w can be represented in the form (3.12) and there exists p € Ny such
that
S fallZr12(2N) 7 < oo (3.14)

a€ed

Note that Y ;5 fa(2)Ha(w), fo € WF2 is also a generalized random
process as defined in [Va]. The tensor product space W~12(I) ® (S)_; was
used also in [Be|; we find it more convenient to deal with the structure given in
Theorem 3.1.5 and also later in the next section to deal with Wick products,

which are all special cases (Sobolev versions) of the structures introduced in
[PS1] and [Se].

3.1.1 Solvability of the stochastic Dirichlet problem

Now we return to our boundary problem (3.1). The idea is to prove
that there exists a mapping = € L((S);, W 12(I)) such that Z(6) is a weak
solution of (3.7) for each 6 € (S);. This will induce a GRP u(z,w), x € I,
w € Q given by (u(z,w),f(w)), which will be called a generalized solution of
(3.1).

Theorem 3.1.6 Let the operator L given by (3.2) satisfy conditions (3.4),
(3.5), (3.6) and (3.9). Then for g € WS, h,f' € L((S),L*(])), i =
1,2,...,n the Dirichlet problem (3.1) has a unique generalized solution
u € WS*.
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Proof. Let 6 € (5); and p > 0. Put go(z) = (g9(z,w),0(w)), he(z) =
(h(z,w),0w)), fi(z) = (fi(r,w),0(w)), ¢ = 1,2,...,n. Clearly, gy €
Wh2(I), while hg, fo € L*(I), i = 1,2,...,n. According to Theorem 3.1.1
there exists a unique weak solution ua( ), x € I in WH2(I) of the boundary
problem

L ug(x +2Df9 xel, (3.15)

up() lor = go ().
Due to (3.10) and continuity of h and g, there exist constants C' > 0, M > 0

(note: C' may depend on the coefficients of L and on I, but not on ) such
that

[upllwrz < C (lhllz + llgollw2)
< C(|nlf-16llrp + llgll - [161]1.5)

< M||0]]1.p,
where h = (b, fLf%...fY € L((9), @] L*(I)) and hy =
(he, 3, f&,... fy), while | - || stands for the operator norm in

L(Wy*(I),(S)_1). Since ug € W'2(I), we may identify it as an element
of W=12(I) and by the Riesz isometry we get

[uollw 12 < MI|0]]1p- (3.16)

Define a mapping = : (S); — W=12(I) by 0 +— uy. Clearly, Z is linear,
and by (3.16) it is bounded. Thus, = € W8". 0O

Note, since ug(z) = (u(x,w),f(w)) is constructed as a weak solution of
the deterministic Dirichlet problem, i.e. as a linear continuous mapping, we
also have continuity in the second variable: There exists N > 0 such that
[{u(z, ), o(x))]|-1.—p < N|@llwrz, for ¢ € Wy, Thus, there also exists a
constant K > 0 such that

[(u(z, w), p(@)0(w))| < Kllllwr2llbllp @ € Wy?, 0 € (S,

i.e. our solution is a bilinear mapping on W;8.

Remark. We can obtain the same result using the chaos expansion from
Theorem 3.1.5. Thus, we provide an alternate proof of Theorem 3.1.6.
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Assume g, h, f* are given by following expansions, respectively:

W)=Y gal@) ® Ho(w), z€TweQ, go € WH(I),a €T,

acd

W)=Y ha(z) @ Ho(w), z€lweQ, hy€L*(I),a€l,

acd

W)=Y fila)®Ho(w), z€lweq, fiel’(I)acd i=12,. ..,

a€ed

We seek for the solution w in form of

= Zua(x) ® Hy(w), z€l,weQ, uy € WH(I),a € 9,

aed

where the coefficients u,, o € J are to be determined. By linearity of L and
consequently

w) =Y Lug(r) ® Holw) = Z( +ZD]“ ) H,(w),

a€ed a€ed
we obtain following system of equations:

L ug(z) = hal +ZD]‘” zel, a€]d, 317

Ua(l') faI = goc( )

Due to Theorem 3.1.1, for every o € J there exists a unique u, € Wh2(I),
which solves (3.17), and there exists C' > 0 (uniformly in «) such that

luallfirz < C (Il + llgallivr2)

where h

hofiie1,

(ha, L f2 .. f™). Now, according to the assumptions made on
2...,n, there exists p > 0 such that

> llualliyra(2N) < © (Z Ihal3E@N) P+ ||ga||%V1,z<2N>—m> < o0,
a€d a€d ac]

Thus, u € WS. Again, one can consider it also as an element of the dual
space i.e. u € W8*.
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Corollary 3.1.1 Let u € WS* be the generalized solution of (3.1). Then its
generalized expectation E(u) coincides with the weak solution of the deter-
mainistic Dirichlet problem

(3.18)

where h = E(h), fi = E(fY),i=1,2,...,n and §j = E(g).

Proof. The assertion follows from the proof of Theorem 3.1.6 if we choose
0=1. O

3.1.2 Stability properties of the Dirichlet problem

First we prove that our generalized solution of the stochastic Dirichlet
problem is continuously dependent on the data. Let L be a strictly elliptic
operator of the form (3.2) with coefficients a, b*, ¢, d, satisfying conditions
(3.4), (3.5) and (3.6). Let L be another strictly elhptlc operator of the form
(3.2) with coefficients ¥, b, &, d, satisfying all given conditions. Let h, h, f°
and f1,i=1,2,...,n be generahzed random processes from L((5)1, Lz(I))
Let g and ¢ be generalized random processes from WS. For 0 € (S); fixed,
denote by uy the solution of the Dirichlet problem

L ug(x —l—Zng xel, (3.19)

ug() lor = go(w)

as it was obtained in Theorem 3.1.6. Respectively, let 1y be the generalized
solution of the Dirichlet problem

La )+ ZD filx zel, 3.20)

tg(x) Tor = go(x).

Due to the construction of the generalized solutions as elements of Sobolev
spaces, we can prove stability (in the x variable) in weak sense of these
solutions. Every Dirichlet problem can be transformed into a problem of
the same form, but with zero boundary conditions (see [GT]). Thus, for
technical simplicity first we assume that ¢ = g = 0. We will prove that for
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every ¢ € Wy*(I) the expression |(ug — g, ¢)| is bounded by the operator
norms of ||[L — L|| and |[hy — hyl|, where h = (h, f*, f2,... f"). Here (-,-)
stands for the usual scalar product in L*(I).

By subtracting (3.20) from (3.19) we obtain

Lug — Litg + Lug — Lug = hg — hg + ZDz‘(fé - f§)>
i=1

that is

i(UQ — ?7,9) = hg - }ng -+ Z Dl(fé - fé) — (L — £>UQ

=1

Let ¢ € I/VO1 2 be arbitrary. Denote by ¢ € VVO1 2 the unique solution of the
deterministic Dirichlet problem L*i)(z) = ¢(x), ¥(z) [o;= 0. This is well
defined due to Theorem 3.1.1 since the adjoint operator L* inherits from L
all properties (3.4), (3.5), (3.6) and (3.9). Thus,

|(ug — Tig, )| = |(ug — Tig, L*¥)| = |(L(ug — i), V)]
= |(hg — ho + ZDi(fg — fa) — (L = L)ug,¥)|-

Now, by the Cauchy-Schwartz inequality and by continuity of L and L
on WH2(I), we get

(1o — i, )| < llho = hallallllz + D IS5 = Fillall Datbllz + 1L = Lilzlusl2ll 12
i=1

< |y = hyllol[ w2 + 1L = Lllw-s2|lugllwz [ [we.
(3.21)

From Theorem 3.1.1 we also know there exists C' > 0 such that
[]lwre < Cllpllwrz.
Thus,
[(u(z, w) = i(z,w), p(x)f(w))| <
C (Il = Bllzewyss) ..y + 1L~ Llw-rellullwrzas ) lelwa 6l

where h = (h, f*, f2,... f").



92 Applications to Singular SPDEs

Now, consider the general Dirichlet problems (3.19), (3.20) with nonzero
boundary conditions. We transform them into zero boundary conditions in
the following way: ug is a weak solution of (3.19) if and only if ug g = up—gp is
a weak solution of Lugg = hog—Y_i—; Dif 4, Where hog = hg—3 7" ¢ Digg—
dge, foo = fo — > i1 a7 Djgs — b'gs. We do the same for (3.20) and apply
the estimate obtained for |(ug — g, @0)|.

We summarize the stability result in the following proposition.

Proposition 3.1.1 Let L be a strictly elliptic operator of the form (3.2) with
coefficients a, b, ¢!, d, satisfying conditions (3.4), (3.5) and (3.6). Let L
be another strictly elliptic operator of the form (3.2) with coefficients a", b,

&, d, satisfying all given conditions. Let h, h, f* and f', i =1,2,...,n be
geneml@zed random processes from L((S)1, Lz(I)). Let g and g be genemlized
random processes from WS. Let u,u € WS* be the generalized solutions of
the Dirichlet problems

Lu(m,w):h(x,w)+ZDifi(x,w), rel,weq,
i=1
u(z,w) lor = g(x,w)

and
La(z,w) = h(z,w) ZDf (r,w) xel,weq,

iz, w) Tor = §(z,w)
respectively. There exist C' > 0, p € Ny such that for every 6 € (S)1,
(@, w) = le,w), 9(2)0()] < C (I = Bll 2o
+|L = Lfw-rzlu — gllwrees) ., + 1L — Lw-1 1llwr2e0s)_, -

19 = Gllwr26(5)o | Ellws2) [ lre 101l
where h = (h, 1, f2,... f).

Remark. In particular, to address a similar stability question as in
[LOUZ], let us consider the net of operators L, € € (0, 1], given by

ZD Za” z,-) + b (x)u(z, -))

+Z )+ de(z)u(z, )
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and a net of data h(z,w), f'(z,w),i=1,2,...,n, where a¥ (z) = a" * p(z),
bi() = b (@), () = €5 p(2), (&) = dopelw) el w) = B(-,w) 5 (),
fiz,w) = fi(-,w)*p(x), 4,5 = 1,2,...,n. Here pis a mollifier, i.e. a positive
smooth function such that [, p(x)dz = 1, p(z) = p(—x), p(x) = € "p(x/e),
and * denotes convolution with respect to z. Denote by u, the solution of

Le uezhe—i_ZszeZa Ue faI: 0.

i=1

Now, from (3.21) we get that ||up. — ug||w-1.2 is bounded by the sum of the
operator norm || L — Lc|[y-12 and of ||hy. — hyl||z2. It can be shown (see
[NP]) that L. inherits the strict ellipticity and boundedness properties from
L. Also, it is a well-known property of regularization in Sobolev spaces that
|p * pe(z) — p(x)||wr2 — 0, € — 0, for p € WH2(I).
Thus,
HU&E — u9||W71,2 — O, € — O, (3‘22)

which establishes the stability result.

This motivates us to consider the stochastic Dirichlet problem in the
Colombeau setting, which will enable us to solve problem (3.1) also with more
singular coefficients and data, i.e. with Colombeau generalized deterministic
functions. In order to do this, we first have to introduce appropriate spaces
of Colombeau algebras of generalized random processes, which will be done
in the next section.

Proposition 3.1.1 and the Remark after it also relate our approach with
those in [HOUZ] and [LOUZ]. Processes involved therein as data in SPDEs
are first smoothed out in order to get an appropriate form for applying the
S-transform and its inverse. For example, singular white noise given by

W(z,w) =Y ni(2)H., (W), z€R"weQ,
j=1

where 7;, 7 € N is the Hermite function basis of R” and ¢; = (0,0...,1,0,...)
is a multiindex, is an element of (S)_; for fixed z. In [HOUZ] the "noise”
part in SPDEs is modeled with smoothed white noise given by

oo

W(g2,0) = (w,¢s) =wdz) = Y (0, 0a) 12 He; (@),

J=1

where ¢ € §(R"), ¢, = ¢(- — ), z € R” and w € §'(R"). Formally, one can
think of W (z,w) as of W (4, z,w), where § denotes the Dirac delta distribu-
tion. Smoothed white noise is an element of (L)? for fixed ¢ and . SPDEs
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involving smoothed white noise are then solved by standard methods, and
then letting ¢ — d in &(R") one obtains a solution of the SPDE involving
singular white noise. Due to Theorem 3.1.6 we can directly solve the Dirich-
let problem (3.1) where h, f or g is singular white noise, since singular white
noise belongs to L((9)y, L*(I)).

For example, consider the Dirichlet problems Lu = W (p,, z,w) and Lu =
W(z,w), u [or= 0, with generalized solutions u., u, respectively. Now, using
the fact that W(p.,z,w) = W(-,w) * pe(z), we get from the Remark after
Proposition 3.1.1

llug.e — ugllw-12 < C||Woe — Wall2 — 0, €—0.

This stability result shows that the solution of the Dirichlet problem
where the right hand side is smoothed white noise, in fact is an adequate
approximation of the solution where the data is singular white noise.

Regularity properties of the Dirichlet problem

One can also show regularity properties (in the x variable) of the solution
obtained in Theorem 3.1.6. So far, we have found generalized solutions as
elements of WS, i.e. solutions which are in the z-variable elements of W12(T).
Now we can state (for the proof see [GT]) that this generalized solution is in
the z-variable twice weakly differentiable, i.e. u € W2(I) ® (S)_;, provided
the domain I and the data in the equation are sufficiently smooth.

Proposition 3.1.2 Let u € W"(I) ® (S)_1 be the generalized solution of
Lu = hv u TBI: g.

Assume the coefficients a¥,b%, i,5 = 1,2,...n, are uniformly Lipschitz con-
tinuous in I, ¢',d € L™®(I), i =1,2,...n, and h € L*(I) ® (S)_1. Then, for
arbitrary I' such that I' C I, it follows that u € W**(I') @ (S)_; and there
exists C'(n, A\, K,d') > 0 such that for each 6 € (S);

[uellwz2ry < Clluallwrzay + ol 22 )

where K = maz{||a”, V|| cor), [I¢,dl|lzem} and d' = dist(dI,1'). Addi-
tionally, u satisfies the equation

n n

Lu=Y_a’Dju+ i(Z(Djaij + b+ ) Dyu + (i D'+ d)yu = h
=1

ij=1 i=1 j=1

for a.e. x €1.
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The next theorem (in deterministic case) was proved in [MP], but we may
state it also in our setting. The polynomial growth rate estimated in (3.23)
will later be crucial for the Colombeau solutions.

Proposition 3.1.3 Assume additionally to the assumptions of Proposition
3.1.2 that I is of C*~class and g € W**(I) ® (S)_1. There exist s € R and
C > 0 such that for each 0 € (S);

A S
Jugllw22 < C (X) (sup fug(@)] 1] + [lAllz + llgollw=2)- (3.23)
xe

3.1.3 Colombeau—type solutions of the stochastic
Dirichlet problem

Now we solve problem (3.1) for more singular coefficients and data — we
assume they are Colombeau generalized functions in the x-variable. The
deterministic Dirichlet problem for linear elliptic operators in Colombeau
setting has been studied in [MP] and [NP]; now we construct stochastic
Colombeau-type algebras which allow us to solve the stochastic Dirichlet
problem.

Colombeau algebras of Colombeau generalized functions are constructed
in such a way that 8'(R™) can be embedded into them — thus, they contain
singularities like the Dirac delta distribution. Moreover, one can deal with
multiplication of generalized functions and other nonlinearities.

This approach is motivated by the stability result we obtained in Propo-
sition 3.1.1. If the right hand side of (3.1) and if the coefficients of L involve
singularities in the x-variable, we consider a family of problems L.u. = h,,
Ue lor= ge, € € (0,1), where he, g. are smooth enough (in our case twice
weakly differentiable) approximations of A and g. Such nets of approxima-
tions are considered as elements of an appropriate quotient algebra where
certain equivalence relations are introduced, in order to have weak equality
between different approximations. Solving this family of problems, we obtain
a family of solutions which represents a Colombeau-algebra solution of the
original problem.

Throughout this section we assume that n < 3 and that 01 is of C? class
(in this case W22(I) is an algebra).

3.1.4 Colombeau—algebras G(W??) and §(W?*?;(S5)_4)

First we define the Colombeau algebra for deterministic functions.
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e Let &,/ (W??) be the vector space of functions r : (0,1) — W?%(I),
€ — 71(x), such that there exists a € Ny with the property that
|re(x)||w22 = O(e®). Elements of €,,(W??) are called moderate func-
tions.

e Let N(W?2%) denote the vector space of functions r. € &,,(W??) with
the property that for every a € Ny, [[r(x)|lw22 = O(¢*) holds. Ele-
ments of N(W??) are called negligible functions.

e Since N(W?2?) is an ideal of the algebra &,,(WW*?), the quotient space
G(W?) = Ep(W>?) | N(W*?)

is also an algebra. Tt is called the Colombeau extension of W?2(I), and
its elements will be called Colombeau generalized functions. We denote
the elements of G(TW??) (equivalence classes) by [r].

In a similar manner one can define also G(W%?) and G(1W%?), but they
are not algebras, only vector spaces (however, G(IW'?) is algebra for n = 1).
For f = [f] € G(W'?) we define O, f = [0y, fc], i = 1,2,...,n, and note that
o feGWh?) k=12

The space G(W?*?) is constructed so that it involves singular data, for
example distributions of the form f; + Dfy + D%fs, fi € L*(I), i = 1,2,3,
are obviously embedded into §(W?%?). But 8/(I) can also be embedded into
G(W?22) via convolution. Note that §(I) C W2?(I) C L*(I), and for a fixed
mollifier function p., € € (0,1) we have that if f € 8(I), then f. = f*p. €
8(I) C W22(I) and clearly, f — f. € N(W??). Thus, [f.] € G(W??). The
embedding ¢, : $(I) — G(W??), f — [fe], can be extended to an embedding
L, 2 8'(1) — G(W?*?), defined by

8'(I)> F — [F * p] € §(W?*?).

We continue with the construction of the appropriate Colombeau—type
algebra for generalized random processes. The construction is similar as in
the previous case, but now we consider (5)_;—valued functions. The idea is to
use the chaos expansion in (S)_1: All coefficients in the chaos expansion will
be deterministic Colombeau generalized functions i.e. elements of G(W?2),
but certain conditions must hold so that the result remains in (5)_;.

o Let &)/ (W%2 (S)_1) be the vector space of functions R : (0,1) —
W22(I) @ (S)-1, € = Re(z,w) = Y cqTac(®) @ Ho(w), Tae €
W22(I),x € I,w € Q, such that there exist a sequence {Cy}aecg of
positive numbers; ¢, € (0,1), p € Ny, and there exists a sequence
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{aa}aes bounded from above (i.e. there exists a € R such that a, < a,
a € J), with following properties:

ITaellwze < Coe ™, forall @ € J,e < €, (3.24)
> C2EN) T < o (3.25)
aeld

Clearly, from (3.24) and (3.25) we have
Z I7a, E||W22(2N e < 202 72“"“(2N P L *2“202 (2N)~

a€ed a€cl acl
—2
= Ke ™ € < ¢,
where K =Y, C2(2N) 7

o Let N(W?22;(S)_;) denote the vector space of functions R, €
En(W22:(8)_1) with the property that there exist a sequence {Cy }aeg
of positive numbers, €y € (0,1), p € Ny, and for all sequences {a, }aes
bounded from below (i.e. there exists a € R such that a, > a, o € J),
following hold:

ITaellwzz < Cae,  forall a € J,e < ¢, (3.26)
> C2EN) T < o (3.27)
acld

Clearly, from (3.26) and (3.27) we have
D raclliva(2N) 7 < Y ChePe(2N) P2 < €y CA(2N)™”

a€eld a€ed a€ed
_ 2a
= Ke™, € < ¢,

C2(2N)Pe

e Define the multiplication in €,,(W?%?;(S)_1) and N(W??%(S)_1) in
the following way: For Fi(z,w) = Y g fae(?) ® Hy(w), Ge(r,w) =
2 aey Jone(7) © Ha(w) let

F.OG (x,w) Z( D fodl®) - Gaelz )) ® H,(w), (3.28)

~veJ \a+B=y

where K =)

aed

i.e. we use the Wick product for multiplication in (S)_; and the ordi-
nary product in W2(I).
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Lemma 3.1.1 (i) &y (W?>2;(S)_1) is an algebra under the multipli-
cation rule given by (3.28).

(ii) N(W?22 (S)_1) is an ideal of Epy (W22 (S)_4).

Proof. (i) Let F.,G. € &y (W??;(S)_1) and prove that F.0G. €
Ep(W?2;(S)_1). Since Fr = > g fae(®) @ Hy(w) € Epr(W>%(S)-1)
and Ge = > 5908(r) ® Hp(w) € Ep(W??(S)1), there exist
a,b € R, p,q € Ny, €1,65 € (0,1), and there exist sequences {C, }aer,
{Da}aca, {aatacs, {batacs, such that a, < a, b, < b for all @ € I,
| facllwze < Cae™@ for € < €1, ||gacllwze < Dae b for € < €, and
> eg C2(2N) P < 00, Y g D2(2N) 79 < co. We will prove that for
€0 = min{ey, €2} there exist r > 0, a sequence {M, },e5 and a sequence
{m,},es bounded from above such that || 3, 5_ fa.e(2)ga,c(2)[lw22 <
Mye=™ for e < ¢y and )y M2(2N)™"* < o0.

For a fixed multiindex v € J put M, = Za+6:v CoDs and m, =
max{a, +bg: «a,0 €J, a+ [ =~} (note, for v fixed, there are only
finite many « and @ which give the sum 7). Now using the fact that
W22(I) is an algebra for n < 3, we get

1D fael@)gac@)lwze < Y [fael@)lweallgae(@)lwez <

a+pB=y a+B=~

Z CaDﬁe_(a“+b‘3) <e ™ Z CoDg = e ™ M,.
atp=y atf=y
Clearly, m, < a+b, v € J, thus the sequence {m., }.¢g is bounded from
above. Let r = p4+¢+2. Then, using the nuclearity of (S)_;, we obtain

ZMVZ(QN)_W < Z ( Z CaDﬁ> (QN)—(IJ-HH—Z)W

~yed ~veJ \a+B=y

<> @2N) Y CR(2N) ) " D3(2N) " < oo

~eT el Beg

(i) Let us check first that N(W??%(S)_;) is a subalgebra of
Ex(W22(S) ). Let F,,G. € N(W?%2;(S)_1) be of the form as in (7).
Let {m. },eg be an arbitrary sequence bounded from below. Put a, =
by = 5, v € J. Now for the sequences {a, }eg, {by}1es also bounded
from below, since F., G, € N(W??;(S)_;), there must exist p,q € Ny,
€1,62 € (0,1), and {C,}acg, {Daltaes such that ||focllw22 < Cemel?

for € < €1, ||gaellwze < Dae™/? for € < €, and Y, .5 C2(2N)P* < o0,
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> ey D2(2N)79* < oco. Let ¢g = min{er, e}, ¥ = p+ ¢+ 2 and
M, = Za+ _. CoDg, v € J. Now we may proceed as in (i) to get

2oty [ Foclwezllgocllwss < M,em and e MI(2N) ™ < o0,

In order to prove that N(W22; (S)_1) is an ideal of &,/ (W??;(S)_,),
we must check that for all G. € N(W?%(S)_;) and all F, €
Ex(W?%(S)_1), we have G.OF, = F.0G. € N(W?%(S)_;). Let
{n,},es be an arbitrary sequence bounded from below (i.e. n, > n,
v € J). Since F. € &y (W??(S)_1), there exist p € Ny, €; € (0,1),
{Dg}pes, b € R and a sequence {bg}sey such that bg < b, 8 € I,
1 fa.cllwe2 < Dge™®, € < e, and - 5 DF(2N) "% < o0.

For a fixed multiindex o € J, let a, = b+ n,. Clearly, the se-
quence {aq}aes is bounded from below by a = b+ n, thus since
G. € N(W?%%,(S)_4), there exist ¢ € Ny, €5 € (0,1), {Cy}aeg, such
that ||gaellwzz < Cae®, € < €, and Y C2(2N)"%* < oo. Let
€0 = min{ey, 2} and N, = Zoﬂrﬂ:v CoDg, v €.

Now for G.OF, = Zvej Zaw:v Gaefa,e © H, we have that

ST llgaclwezll focllwee < 3 CuDgetets

a+p=y a+B=y

< Z C’aDgebJr"a_bﬁ < Z C’aDgebﬂ+"a_b@ <Ny, € < e.

atf=y a+f=y
It is clear that > N2(2N)™™ < oo for r = p+¢+2. Thus, GOF, €
N2 () 1) -

e Since N(W?2?2;(S)_;) is an ideal of the algebra &,/(W?>?%;(S)_1), the

quotient space
SW2%(8)-1) = En (W% (S)-1) / N(W% (5) 1)

is also an algebra. It is called the (S)_;—valued Colombeau extension
of W22(I), and its elements will be called Colombeau generalized ran-
dom processes. We denote the elements of G(W?%?2;(S)_;) (equivalence
classes) by [R.].

Note that (S)_; can be embedded into G(W??;(S)_;) by

(8)-13 F(w) =) faHa(w) ~ Y fa(2) @ Ha(w) € SW?%(5)-),

aed aed
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where f,(x) = f, is the constant mapping.
Also, §(W?*?) can be embedded into §(W?%?2;(S)_;) by

SW>*) 3 f=[f2)]~ > [fe()]Ha(w) € SW>*(S)).

2=(0,0,0,...)

The following proposition ensures that it is sufficient to consider only the
cases when the polynomial e-growth rate is uniform in o € J.

Proposition 3.1.4 (i) R.(z,w), z € I,w € Q, belongs to &y (W% (S)_1)
if and only if there exist g € (0,1), C >0, a € R and ¢ > 0 such that

/||D’3R NEi_gde < Ce? €< e. (3.29)

0<|8|<2

(ii) R (z,w), v € [,w € Q, belongs to & (W>2;(S)_1) if and only if there
exist €g € (0,1), C >0, a € R and ¢ > 0 such that

HR€<Z‘,u))HW2,2(1)®(5)_1,_q < Ce®,  e<e. (330)

(111) R (x,w), x € I,w € Q, belongs to N(W?22;,(S)_1) if and only if there
exist €g € (0,1), C' > 0 and g > 0 such that for every a € R,

3 /HDﬂR WPy de <O, c<a.  (3.31)

0<|B|<2

(iv) R(z,w), z € I,w € Q, belongs to N(W?%,(S)_1) if and only if there
exist g € (0,1), C' > 0 and q¢ > 0 such that for every a € R,

||Re($aW)HWZ?(I)@(S),L,L] < Cﬁa, € < €. (332)

Proof. (i) Let R, € &y (W?*2;(S)_;). Then, there exist b € R, p >
07 {Ca}aeja {ba}aeja such that ba < b (S J’ HTQ,€HW272 < Cae_baa
> 0eg C2(2N) P < 00. Let C' =3 CQ(QN) “P* and a = 2b. Then,

acd
S / ID? R, )2y, do = Y / S | DPry () H(2N) P
0<|8|<2 0<|8|<2” ! agT
= [ 5 10 @) da(2N) 7 = 3 [l (2)
aed 10<|ﬁ|<2 acd

< Z C2e” —p < 2 Z C2(2N) 7P = Ce .

aed aeld
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Conversely, let (3.29) hold and let us show that R, € &, (W?*?
Denote K := ) 4(2N)7% < oo for an appropriate ¢ > 1. Let R(
Y acg Tae(®) ® Hy(w) as in construction (3.25). Then,

(S)-1).
T,w) =

<Z|l7"a7e||w2v2(2N)_q“> < (K Z||ra,e||%v2,2(2N)—qa>

aeld a€cd

2

/Z > D ra(x)P(2N) " dx

el 0<|8|<2

2

<K2m/ > DM radn)PEN) | de

a€d 0<|8|<2

<2K2|1|/ > <Z|D Fac(2)]*(2N) 74 )2 dx

0<|8|<2 \agJ

/ > DRz, )|, dv < KCe™.
I

0<|8|<2

Thus, Y cq [|Tael|w22(2N) 79 < vV KCe 1, which implies that for each a € J

”Ta,eHW?v? < an_%y where c, = (QN)W ‘4/K2|[|O,

and
Z C2(2N)P* < o0, for p>142q.

a€ed

(i) Since

1Rz, ) [fv22(rye(s) 1., = (Be(@,w), Re(z,w))

= Z<ro¢ e Ta e>W22<Ha7H = Z HTO& €HW22(2N) @< Ce

a€eld a€ed

it follows similarly as in (i) that ||ra.||F2. < C(2N)?e for each a € 7J.
(7i1) and (iv) follow similarly as (¢) and (éi). O
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Elliptic differential operators on G(W?%?; (S)_;)

We consider a net of linear differential operators
Le u(z, - ZD Za” )Djuc(z, ) + b (x)u(z, -))

+Z 2)Diuc(z, ) + de(x)uc(z,-), €€ (0,1),
(3.33)

where the nets of coefficients a, b!, ¢!, d. belong to €,;(W??). Define that

€7 Y€l 67

two nets of operators are related: L. ~ [~/6 if and only if (L.u, — [Zgug) €
NWO2(S)_;) for all ue € Ep (W2 (S)_1). Clearly, ~ is an equivalence
relation, and following holds (refer to [MP]):

Proposition 3.1.5 If u. € N(W?*2;(S)_), then Lau. € N(W%% (S)_4).

Denote by L the family of all nets of differential operators of the form
(3.33) and let Ly = L/ ~. For L € Ly we define L : G(W?%(S9) ) —
S(W92;(S)_1) by

ZD Z 2)|[Djuc(, )] + [be(2)][uc(x, )]
= (3.34)

+ Z [[Diue(, )] + [de(@)][uc (@, )]

The operator L = [L] given by (3.34) is strictly elliptic, if there exist

representatives a/, b', ¢!, d. € €,;(W??) of its coefficients, such that
D al ()& = AJEP > K¢, z e LE R, (3.35)
ij=1

where K is a constant independent of .

Boundary conditions in §(W??; (S)_;)

Let u, g € S(W??; (S)_1). Tt is known that W**(I) C C(I,), where I is
open and I C I;. We define u [9;= g [s7 if there exist representatives u, and
ge of u and g, respectively, such that

Ue Tor= ge lor + ne lor, €€ (0,1)
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where n. is a net of continuous GRPs, defined in a neighborhood of 91
with the property that there exists p > 0 such that for all a > 0,

SuP,eor [[ne(@, ) l|-1,—p = 0(€).

It is easy to check that this definition does not depend on the choice of
representatives: Let . and g. be another choice of representatives for v and
g, respectively. Then 4. [s1= G [or + T o1, where 1. [o1= (he — BE) lor
+ ne Tor +(ue — @) [or. This implies sup,cy; ||ne(2, -)||=1,—p = 0(€*), for all
a>0.

The Dirichlet problem in §(1W??; (S)_)
Consider now the stochastic Dirichlet problem
L u(z,w) = h(z,w) in G(W*%(S5)_1) (3.36)
u(z,w) lor = g(v,w) lar,

where L is defined in (3.34). In order to solve (3.36) in the Colombeau
setting, one has to solve a family of problems:

Le ue(z,w) = he(z,w) in W22(I) ® (S)_1
Ue(z,w) lor = ge(z,w) lar, €€ (0,1), (3:37)

then to check whether the net of solutions u, belongs to &x,(W?%2; (S)_4),
and finally to check whether equation (3.37) holds with other representatives
of L, h, f, g and u. Uniqueness of a solution means that if u = [u.] and
v = [v] satisfy (3.36), then [u] = [v ].

Theorem 3.1.7 Let h = [h] = Y colhad ® Ho and g = [g] = 3 ,cgldad ©
H, belong to G(W??%;(S)_1). Let the operator L = L] be given by (3.34) with
coefficients [a¥], [b%], [¢!], [d.] in G(W??). Assume that following conditions
hold:

1. L is strictly elliptic, i.e. (3.35) holds,

2. there exist M >0 and b > 0 such that for all e € (0,1) and o € J:

la llwez, [bCllwez, llctlwez, lldellwes < A

Hha,eHWsz? Hgoz,eHWQv2 < AE?

A, < Mé.
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3. for every e € (0,1) and v > 0,v € Wy*(I),
/ Zb@ dx < 0.
I

Then the stochastic Dirichlet problem (3.36) has a unique solution in
§(W=2(S)-1).

Proof. For ¢ € (0,1) fixed, there exists a unique generalized solution
ue € W2(I) @ (S)_; of problem (3.37). This follows from Theorem 3.1.6,
and moreover we know that u. is given by the chaos expansion u.(x,w) =
> eg Uae (@) @ Ho(w), e € W22(I), x € I, w € Q, where u, is the solution
of the deterministic Dirichlet problem

Le g () = hoe(2) in WQ’Q(I)

Ua,o(7) o1 = Gare(T) Tar - (3.38)

Using the estimate derived in (3.23) we obtain that there exist C' > 0,
s > 0 (from the proof in [MP] one can see that C' and s may depend on n, A,
|I|, 01, and the coefficients of L, but they are uniform in € and «) such that:

A\’
lttadlwzz < € (r ) (592 g0 (@)] - 171+ g llwe + e lwos ). (3.39)
€ e

Now, since go. and hg, o € J, are all bounded by A., which has polyno-
mial growth with respect to €, we obtain

Hua,eHWQvQ S éea’ Q€ j?

for an appropriate a € R, C' > 0. Thus, there exists p > 1 such that

Sl ) o (2N) 72 < C260 37 (2N) 7 < o,

a€d acd

This proves that [u.(z,w)] € GW?2; (S)_1).

The definition of operators in Ly implies that with some other represen-
tatives of h, g and the coefficients of L in (3.37), another representative of
u = [u,] also satisfies (3.36).

Now, we prove uniqueness of the solution: Let u; . and ug satisfy

Ly u(z,w) = hy(x,w) in W*%(I) ® (S)_1

3.40
Ue(l',W) fal = gl,e(xyw) fah €C (07 1)7 ( )
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and

Ly u(z,w) = hyo(x,w) in W**(I) ® (S)_1

3.41
U€<£L',u)> fal = 92,6(95,00) rala €€ (07 1)7 ( )

respectively, where the operators Ly ., k = 1,2, are of the form (3.33), if we
replace the coefficients with afg;e, Dyor Cher dre, B = 1,2, tespectively, and
(azlj,e - a;{e), (bi,e - bg,e)7 (C’i,e - Clé,e)? (dl,s - d2,6) € N(WZQ)’ and (hl,e - h27€)
(gr.c — g2.e) € N(W?2%(S)_1) holds.

We will prove (u;,. — ug) € N(W?>?2;(S)_y), which establishes the asser-
tion [ug | = [ua,.

For technical simplicity, for k& = 1,2, let us denote by Aj. the ma-
trix [age]i,j:nm, and by by, cx. the n-dimensional vectors (b,lm, co O ),
(Ches---»Ch.), respectively. Then (3.33) can be written as

Lk,eue =V- (Ak,e : vue + bk,e . ue) + Cke * vue + dk,euey

where - denotes the standard scalar product in R™.
If we insert u; . into (3.40) and ug, into (3.41), then subtract (3.40) from
(3.41), we obtain

V-((Age — A1) - Vure + (bae — b1e) - ure) + (c2e — 1) - Ve
+ (doe —di)ure + V- (A1 V(uge —ure) +bie - (Uge —ury))
+cre- V(uge —ure) + di(uge —up )
= hae — hi
(ug,c — ure) lor = (g2.c — 91.e) lor, € € (0,1).

Thus,

Vo (Are- V(uge —ure) + bie - (uge — ure)) + cre - V(e — tre) + die(tae — i)
=hge —hie— (V- ((Age — A1) - Vuy
+ (boe — b1e) - ure) + (26 — C1e) - Vure + (doe — dic)ure)
= He
(ug,e — u1e) Tor = (92 — g1,c) lar, €€ (0,1),

where H, € N(W?2?:(S)_;). Using the estimate as in (3.39) we finally obtain
that there exist p > 1 and C' > 0 such that for all a € R

S o2 (2) = o1 (@) [Fpaa (2N) P < €26 3 (2N) 7 < oo

aeld aeld
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Thus, (uge — uy ) € N(W=2;(S)_1). O

Remark. Considering only the term for aw = (0,0,0,...) in the expan-
sion we get that the generalized expectation F([u.(z,)]) coincides with the
Colombeau solution [v(z)] of the deterministic Dirichlet problem

E([Le) [vd = E((had), v Tor= E([ga.c]) Tor -

3.2 A Linear Elliptic Dirichlet Problem with
Stochastic Coefficients and
Stochastic Data

This section is devoted to the Dirichlet problem (3.1), when the coeffi-
cients of the operator L are also generalized random processes. We will give
an interpretation of the operator itself, of the equation and its solution in
terms of Wick products. In praxis, the Wick product showed not just as
typographical phantasy, but also as a good model in physical interpretation.
Historically, the Wick product first arised in quantum physics, later it was in-
troduced in the framework of white noise analysis. It is closely related to the
notion of renormalization and to the S-transform, which converts SPDEs
into PDEs and converts the Wick product into ordinary products. From
probabilistic viewpoint, the solutions of an SPDE may show different prop-
erties depending on the type of product (Wick or ordinary) that was used
for modeling. But in order to investigate these probabilistic properties, one
has to consider each SPDE separately (for examples see [HOUZ]).

The plan of exposition is following: At the very beginning we develop all
necessary tools for the Hilbert space methods to be used. The solution of
the stochastic Dirichlet problem, similarly as in the case of deterministic co-
efficients, exists and is unique. In Theorem 3.2.4 we investigate the stability
and regularity properties of this solution. The aim of Theorem 3.2.8 is to
extend the approach for even more singular stochastic coefficients, namely
Colombeau generalized stochastic processes. We prove existence and unique-
ness of the solution for the Dirichlet problem in this setting, too.

In order to prove existence and uniqueness of the solution of (3.1) provided
the coefficients of the operator L are also generalized random processes, we
have to go deeper into the Hilbert space structure of L(W'?, (S)_1 _,). The
main reference for this remain [GT] and [Ev]. Throughout this part of the
paper (-, -) will denote (unless otherwise stated) the dual pairing of L*(I) ®
(S)-1,-p and L*(1) ® (S)1,. That is, for F(z,w) = Y 4 Fa(z) @ Ha(w),
F, € W=1(I), such that Y _s||Fullf-1:(2N)"* < oo and f(z,w) =
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Yooy fa(@)Ho(w), fo € WOM(I) such that >, ||fa||€vl,2(2N)p“ < 00, the

dual action is:
= Z 04!<Fon fa>L2(I)

a€ed

Clearly, the norm corresponding to (-, -) is ||F|| = \/Zaeja!HFaH%Qm

3.2.1 Wick products

The product between two generalized random processes in (3.2) will be
interpreted as the Wick product (recall Definition 2.3.1).

We will now define the Wick product of two generalized random processes
(recall Theorem 3.1.5) in an analogous way. First we introduce the class of
essentially bounded (in the x variable) generalized random processes, for
which this product will be well defined.

Definition 3.2.1 Let ' € W8* be a generalized random process given by
chaos expansion F(z,w) =3 g fo(2)QH(w). We will call F' an essentially
bounded generalized random process, if f, € L>(I) for all « € I and if there
exists p > 0 such that

> fallfoe(ry(2N) 7 < oo,

acd

Note that we may consider essentially bounded GRPs as elements of the
tensor product space L>(I)® (S)_y. This follows from the fact that L'([) is
complete and (.5); is nuclear, thus L>(I)® (S) ~ L(LYI);(S)_41). Clearly,
for fixed p > 0 we also have L>(I) ® (9)_1_, & (Ll(I) (S)1-p)-

Lemma 3.2.1 F' is an essentially bounded GRP if and only if there exists
C € (S)-1 such that

esp F(z,w) = C(w) for a.e. weQ,

zel

where esp, ey F(2,0) = o e5bacr Lfal®) Halw) = X lfallomin Halw),
provided that essup,c; |fo(x)| exists for all a € 7.

Proof. Put C(w) = 3oy | fallzory Ha(w). O

Definition 3.2.2 Let F' be an essentially bounded GRP given by F(z,w) =
Yower fa(®) ® Hy(w), fo € L®(I). Let G € WS8" be given by its chaos
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expansion G(w) = 359 95(2) @ Ha(w), g5 € W12(I). The Wick product of
F and G is the unique element in W8* defined by:

FOG(z,w) Z ( Z falz ) H (w).

~veJ \a+pB=y

The next lemma shows that the Wick product is well defined, and that
for fixed F' the mapping G — F'(QG is continuous.

Lemma 3.2.2 If F' is essentially bounded, and if G € WS*, then FOG €
WS8*. Moreover, there exist C,p,q,r > 0 such that:

[EOGw-120(5)-1 -, < ClIFleas) 1o |Gllw-12a(5)- -

Proof.
Since F' is essentially bounded and G is an element of W8*, there exist
g > 0 and r > 0 such that

D I falim(@N)" <00 and 3 llgslliy-1a(2N) 77 < oo,
8

By definition of the Wick product and using the Cauchy-Schwartz inequality,
we have for C' =37 (2N)™ and p = ¢ + 7 + k, for arbitrary &k > 1

Z Z fa(7)gs(z)

7 lotB=y

2

(2N)

w12

Z —ky (2N)~ q+r)7< Z ||fa||L°° I)) ( Z ||95||%/V1,2>

v a+B=y a+B=y

<) N <Z||fa||%oom(2N)‘q“) (ZH%H%{/—L?(QN)_Tﬁ)- -
Y a B

3.2.2 Interpretation of the operator L

According to Definition 3.2.2, we will assume that the coefficients
a’ b, ct,d, for i,7 = 1,2...,n, of the operator L are essentially bounded
GRPs, and will thus interpret the action of L onto a GRP u € W8" as:
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Lou(z,w) = Z D( Z a’(z,w)OD;u(z,w) + b (z,w)Ou(z,w))
' (3.42)
+ Z Az, w)ODu(r,w) + d(z,w)Ou(r, w).

i=1

Now the operator L acts as a differential operator (in the x variable)
and as a Wick-multiplication operator (in the w variable) as well. Thus,
it is natural to consider the "package” L{ as a whole unit. But now we
have to take into account that for Wick multiplication in general (f0g, h) #
(f,gOh), while in the deterministic case we used (fg, h) = (f, gh) for ordinary
multiplication of functions. Nevertheless, we will develop the necessary tools
for Wick calculations.

First we note that Wick multiplication satisfies the chain rule:

Lemma 3.2.3 For an arbitrary GRP f such that D;f, 1 = 1,2,...,n, are
essentially bounded and arbitrary g € W8* we have

Di(f0g) = (D:f)0g + fO(D;g), i=1,2,...,n.
Proof. Let f(z,w) = _, fa(z) ® Ho(w), g(z,w) = > 595(z) @ Hp(w).

Then, for arbitrary i = 1,2,...,n (recall, D; denotes the weak derivative
with respect to x;), we have

D;f(z,w) = ZDfa (w), and Dig(zr,w)= Zngﬁ r)@Hg(w).

Due to definition of Wick  multiplication, fOg(x,w)

27 (Za+,3:7 fa(x)gﬁ($)> ® H.,(w), and thus

D; fOg(x,w) ZD ( > JL(?C)Q@(JI)) ® Hy(w)

atf=y

= Z ( Y Dilfal@)gs(a ))) ® H,(w)

a+pB=y

= Z ( > Difalx)gs(x) +fa<x>Digg<x>> ® H,(w)

a+pB=y

= Dif(fc,W)Og(x,W) + f(z,w)ODig(x, w). U
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Fix now an essentially bounded GRP a € L*(I) ® (S)_1,_,. Due to
Lemma 3.2.2 we have that the operator A : W8* — WS8* defined by g — a{g
is a continuous linear operator from the Hilbert space W* ® (S)_; _, into
the Hilbert space W2 ® (S)_1 _2(p+1). (Note, we fixed k = 2 from the proof
of Lemma 3.2.2). For a fixed ¢ € Wy* @ (S)12(p41) consider the operator
F,: W2 @ (S)_1_2pp+1) — R, given by F.(b) = (a0b,c). According to
Lemma 3.2.2 and the Cauchy-Schwartz inequality we have

[FL(b)] = [{a0b, ¢)] <

lallzee (e s) -1, 16lw-120(5)_, _ain l€lWr2e(s), s

i.e. F, is a linear continuous operator on the Hilbert space W—1? ®
(S ),17,2(“1). Due to the Riesz representation theorem there exists a unique
fo € Wy @ (S)1.2(ps1) such that F.(b) = (b, f.).

This defines a mapping ¢ +— f,, which we will denote by a®. In fact,
a® : ¢ f. is the adjoint operator of A.

Definition 3.2.3 The wunique linear continuous mapping a® : VVOL2 ®
(S)12p11) — T/Vol’2 ® (S)120+1) such that for each b € W12 ® (S)_1_,
and ¢ € W01’2 ® (S)1,2(p41)

(aQb, c) = (b,a®(c)) (3.43)

holds, s called the Wick—adjoint multiplication operator of the generalized
random process a € L>(I) ® (5)_1_p.

In further notation we will suppress the indexes, and simply denote (-, -)
and || - ||. From the context it is clear whether the index is L>(I) ® (S)_1,—p
or LQ(I) (%9 (S):I:l,:l:p or LQ(I) (%9 (S):tl,:l:Q(p—i-l)‘

Due to the previous definition we are able to develop something that
might be called a weak Wick calculus: The Wick-adjoint operator inherits
its properties from the classical Wick multiplication — most important, the
chain rule holds in weak sense.

Lemma 3.2.4 For an arbitrary GRP f such that D;f, 1 = 1,2,...,n, are
essentially bounded and arbitrary g € W8* we have

(Di(f29),v) = {(Dif®)g + f*(Dig),v),

for allv € Wy ® (S)1, andi=1,2,... n.
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Proof. From the definition of the Wick-adjoint multiplication we have
<D2(f®g)7 U> = _<f®97 D1U> = _<g7 f<>DZ’U>
= (9, Di(fOv) = (Dif)Ov) = (Dig, fOv) + (g, (Dif)Ov)
= (f*(Dig), v) + ((Dif®)g).

where we used the chain rule for Wick multiplication (Lema 3.2.3). O

Later we will see that all properties of the operator L (ellipticity and
other assumptions on its coefficients) can be carried over to the formal Wick—
adjoint of L.

Assumptions on L. The concept of generalized weak solutions.

The assumptions on L must also be modified to be compatible with the
Wick calculus. Thus, we imply following assumptions on L: There exists
A > 0 such that for all u,vq,vs,...v, € Wyd and all v > 0 € WS following
conditions hold:

Z Z a’Quj,v;) > A Z l|vs]|? (ellipticity), (3.44)

=1 j=1
a’, b’ c'\d, (i,j,=1,2,...,n) are essentially bounded GRPs , (3.45)

(dOu,v) =Y "(b"Ou, D) <0, (3.46)
i=1
Conditions (3.45) and (3.46) will be adequate to prove existence and
uniqueness of the generalized weak solution of (3.47). Later on we will imply
a stronger condition to (3.45) and a weaker condition to (3.46) in order to
prove stability and regularity properties.
We turn now back to our stochastic Dirichlet problem

Lou(z,w) ZD fi(z,w) rel,weq, (3.47)
u(r,w) lor = g(x,w)

where the action LOu is defined as in (3.42). Applying partial integration
we obtain

(LOu,v) = Z Z a’ODju + b Ou), v) + Z ('O Dsu, v) + (dOu, v)
i=1 j=1

=1
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n n n n

= — Z Z(aijODju, D) Z (b"OQu, Div) Z(ciODiu, v) + (dQu, v).
=1 j=1 1=1

i=1

for u € W8*,v € W;8.
As in [GT], we associate a bilinear form B : W8" x WS — R associated
with L, defined by
B(u,v) = —(LOu,v)

n

_ZZ (a” O Dju, D;v) —1—2 (b"Ou, Div) ZI:CODuU (dQu,v).

=1 j=1

We call u € WS* a generalized weak solution of (3.47) if (LQu,v) =
(h+ 30 Dift,v) = (hyvy =30 (f', D) for all v € WS, ie. if

B(u,v) = —(h,v) + Zw, D;v)

for all v € WyS.
Lemma 3.2.5 The bilinear form B(-,-) is continuous.

Proof. Since the Wick product is distributive with respect to addition, B
is indeed bilinear. Continuity (boundedness) follows from (3.45) and the
Cauchy-Schwartz inequality:

| B(u v|<ZZ| a’QDju + b Ou, Dyv \—I—Z| cODu + dOu, v|)

i=1 j=1 =

< Z Z la” [ Djul] || D: UH+Z 16l 1. D: vH+Z 1 M Dsull [l o]l

=1 j=1

<C (Z IIDiUI|> (ZIIDMI) = Cllullwsl[vllwos,
1=0 =0

where C' = maxy<; j<n{||a”], ||10°]], |||, ||d]|}. Thus, B is indeed a bilinear
continuous mapping B : W8* x Wy8 — R. 0

Now, similarly as in the deterministic case, we can identify the operator
L with its unique extension L : W8 — WS8™ defined via the bilinear form
B. Existence of a weak generalized solution is equivalent to surjectivity, while
uniqueness is equivalent to injectivity of the mapping L¢.
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3.2.3 The stochastic weak maximum principle

First recall that v € W3 is called positive, denoted by v > 0, if it has
expansion v(7,w) = ", V(7)) ® Ha(w), v4 € Wy, and v,(x) > 0 for all
x €I, a€J An element u € WS* is positive in weak sense, denoted by
u > 0if (u,v) > 0 for all v € Wo8, v > 0. Note that if u € WS has expansion
u(x,w) =3 ey ta(®)QHo(w), ug € W2 and uy(z) > 0forallz € I, a €7,
then w is also positive in weak sense (this follows from the fact that for each
v e Wo8, v >0, we have (u,v) =3 ol [, uq(x)ve(z)dz > 0).

Now we introduce some terminology convention. In a weak sense, u €
WS™ is said to satisfy LOu > 0in I, if B(u,v) < 0 for all v > 0. Respectively,
LOou <0, if B(u,v) > 0 for all v > 0.

Foru € W8, u(z,w) = 3" cyta(®) @ Hy(w), uq € W2, define u't (z,w) =
Y aeg Ul () ® Ho(w) = Y, cgmax{ug(z),0} ® Hy(w). Let u(z,w) < 0 on 01
if ut(z,w) € Wo8 ie. if ul(x) € W, for all a € J.

Also, for u € W8™, u(z,w) =Y, cqua(2) @ Ho(w), uq € W2 we define:

Sup u(z,w) =Y sup ta () Ha(w)
<] zel

zel

= inf{k e RVz € I, ua(x) < k}Ha(w)

a€cld
= kaHo(w) = K(w) € (5)_1.
a€cld
Clearly, ko < ||uq|lwr2, which implies > 4 k2(2N)™P* < oo for some p > 0
and thus Sup,c;u(z,w) € (S)-1. Let Infcru(z,w) = —Sup,¢;(—u(z,w)).

In a similar manner on can define Sup,cy; u(z,w) and Inf,co; u(z, w).

Note that Inf and Sup are only notations, they do not mean a classical
infimum or supremum, since for fixed x € I, u(x,-) is an element of (S)_;
which has no partial ordering.

We use the same procedure to define Spt u(z,w) = J,cqy5upp uq(x), and
note that it is not a support in classical sense since it is not necessarily a
closed set.

Theorem 3.2.1 (i) Let u € WS” satisfy LOu > 0 in I. Then

Supu(z,w) < Supu’(z,w)
zel xedl

(i.e. Sup,cgr ut(z,w) — Sup,c; u(z,w) is positive in weak sense).
(ii) Let w € WS* satisfy LOu <0 in I. Then

> B .
Iy ulere) > I (20



114 Applications to Singular SPDEs

Proof. (i) Let B(u,v) < 0. Then, using (3.46) and boundedness of the
coefficients ¢ we obtain

ZZ zJ<>DuDv <Zc<>Duv

=1 j=1

(3.48)
< CZ [ Diul| (o]
=1

for some constant C' > 0.
If ¢ =0,i=1,2,...,n, then put

v(z,w) = max{u(r,w) — Supu™(z,w), 0}
x€ol

= Z max{u,(r) — sup v} (z),0} ® H,(w)

zedl

and note that v > 0 (since v, (x) = max{u,(z) — sup,ey; ul(x),0} > 0 for
each a € J), and Dyv = Dyu, i = 1,2,...,n. Now from (3.48) and the
ellipticity condition (3.44) we retain that

AZ||DU||2<ZZ (a’¢D,v, Div) <0,

i=1 j=1

|Dv|| = 0, for all i = 1,2,...,n. Thus, v(z,w) is constant in the z
variable, i.e. v(z,w) = V(w) € (5)_-1. Now using the Poincaré inequality
|lv|| < K||Dvl|| we obtain ||v]| =0 i.e. v4(x) =0 for a.e. € [ and all a € J.
Thus, for every o € J we have sup,¢; U () — sup,cg; vl (x) < 0. From this
follows that we have also in weak sense Sup,¢; u(z,w)—Sup,cg; vt (z,w) < 0.

If there exists i = 1,2, ..., n such that ¢ # 0, we follow a similar idea. As-
sume, there exists K(w) = Y g kaHa(w) € (S)_1 such that sup,cy; uf (z) <
ko < supyerta(r), a € J, and put v(z,w) = > 50a(r) ® Hy(w), where
Vo () = max{us(z) — kq, 0}, a € 7.

Now for each a € J we have D;v, = D;u, for u, > k, (i.e. for v, # 0) and
Div, = 0 for u, < k4 (ie. for v, = 0). Now from (3.48) and the ellipticity
condition we retain that

)\ZHDUH2<ZZ (a"ODjv, Dyv) <C’ZHD@H 0],
i=1 j5=1

and consequently Y7, || D;v|| < 2E|jv||. Now

. : :
20
3 (Za!HDivaHiz(I)) < (Z a!llvaH%m))

i=1 acd aeld
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implies

> IIDwallr2y < Cllvallzey, €79, (3.49)
=1

for an appropriate C' > 0. But now, using Sobolev type inequalities one can
prove that (3.49) implies that supp Duv, is a set of strictly positive measure.
This is a contradiction with Du, = 0. Thus, sup,c; us < sup,cy; u,, for all

a € J. This proves the assertion. O

Remark. Instead of condition (3.46) we could have used (similarly as it
is done in [GT]) the following equivalent condition:

(dOu,v) + Y (c'Ou, D) < 0. (3.50)
=1

Theorem 3.2.1 remains valid also if we replace (3.46) by a weaker condition

n

(d,v) = > (b, D) <0 (3.51)

i=1

and at the same time replace (3.45) by a stronger condition: Let there exist
p, A, v > 0 such that for all z € I,

S lla(e, )P, <47 and

ij=1

n

1 ; ; 1
13 2 (W@ I+ €@, )12, 5) + e, - <02 (3.52)

i=1

The uniqueness of the generalized weak solution of the homogeneous
Dirichlet problem now follows directly from the maximum principle:

Corollary 3.2.1 Let u € WS* satisfy LOu(z,w) =0 in I x Q. Then u = 0.

3.2.4 Solvability of the stochastic Dirichlet problem

First we note that it suffices to solve the Dirichlet problem (3.47) for zero
boundary values. Namely, for 4(x,w) = u(x,w) — g(x,w) we have by linearity
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of the L operator:

LOu = LOu — LOg

=h+) Dif - <Z Di() " a’0Djg+b0g) + > c0D;g + d<>g>
i=1

i=1 j=1 i=1

=h— Z OD;g — dOg + Z D; (fi — Z aijOng — bi<>g>
i=1 i=1 j=1
i=1

where h = h — Y7, d0D;g — dOg and f' = fi — > i1a90D;g — 0y,
1=1,2,...,n. Clearly, @ [9;= 0. Thus, any stochastic Dirichlet problem of
the form (3.47) can be reduced to the zero boundary condition. Moreover, if
h, ft € L*(I) ® (S)_; and g € W'(I) @ (S)_1, then h, f* € L*(I) ®@ (S)_;
and @ € Wy (1) @ (S)_;.

The following two lemmas state that the bilinear form B associated with
the operator L can be made coercive by adding a sufficiently large multiple
of the identity operator to it. (Recall, Du denotes the total differential
Du=>%"" Du.)

Lemma 3.2.6 Let L satisfy conditions (3.44) and (3.45). There exist con-
stants K1, Ko > 0 such that

B(u,u) > K| Dul* — Ks||ul|*. (3.53)

Proof. Clearly, ||Dul* <23 7" | ||D;ul|*. Now, using the assumptions on L
we get

A IDsul* <) " (a¥ODju, Dyu)
i=1 i,j=1

n

= B(u,u) — Z(b%u, Dju) + Z(CiODiu, u) + (dQu, u)
i=1

=1

< B(u,u) + Z(ciODiu, u)
=1

< B(u,u) + Y _||¢'[{Dyu,u) < B(u,u) + C(Du, u),
=1

(3.54)
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where C' = max{||c'||, i = 1,2,...,n}. Now by the Schwartz inequality,

1
(Du,u) < e Dull® + [lull*

Choose € such that eC' < 2. Then from (3.54) we get
A C
B > = || Dul]* — —|Jul|*.
() > 1Dl ~ Tl 0
Lemma 3.2.7 There exists 0 > 0 such that the operator
L,Ou= LOu — ou
has a coercive bilinear form B, associated with it.

Proof. Using the result of the previous lemma we have
By(u,u) = —(LeQu,u) = —(LOu,u) + o{u,u) = B(u,u) + o|ul?

> K| Dul® — Kolull* + o[ull® > K (|| Dull® + [lu]]*) = Kslu|Rys:

for o > K,. Thus, B, is coercive on WS8™. 0

Lemma 3.2.8 The embedding I : WS — WS8* defined by

u (U — (I(u),v))
18 compact.

Proof. From [GT] we know that the embedding W'?(I) — L?(I) is com-
pact. From [HOUZ] we have that the embeddings (S);, — (L)? are of
Hilbert-Schmidt type for all p > 0. Thus, the embedding of their pro-
jective limit (S); — (L)? is compact. It can be extended to a com-
pact embedding (S); — (5)-1. From these we get that the embedding
W) ® (S); — L*(I) ® (S)_; is also compact. O

Now we are ready to state the main theorem about the existence and
uniqueness of generalized weak solutions of the stochastic Dirichlet problem.

Theorem 3.2.2 Let the operator L satisfy conditions (3.44), (3.45) and
(3.46). Then for h,f" € L*(I) ® (S)_1, 1 = 1,2,...,n and for g €
Wh2(I) @ (S)_y the stochastic Dirichlet problem (3.47) has a unique gen-
eralized weak solution u € W8*.
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Proof. Choose ¢ > 0 such that the bilinear form B, is coercive (this can
be done due to Lemma 3.2.7). From Lemma 3.2.5 we know that B, is also
continuous. According to the Lax—Milgram theorem, for L, there exists the
inverse operator

(LeO) ™' - WS — WS

and it is a continuous, injective mapping.
The mapping F : Wo8 — R, v — (F,v) = (f*, D;v) — (h,v) is linear and
continuous, i.e. F € W8*.
The equation LOu = F', u € W8, F' € W8" is equivalent to L,Qu+oclu =
Fie. to
— (=o(Ly0) " D = (L, )™

Due to Lemma 3.2.8 the operator T = —o(L,()'I is compact. Thus, by
the Fredholm alternative,

(i) either the equation u — T'u = 0 has a nontrivial solution u # 0,
(ii) or the equation u — Tu = (L,0)"'F has a unique solution u.

Case (i) is impossible, since the homogeneous equation has a unique trivial
solution according to Theorem 3.2.1. Thus, case (ii) must hold true. O

Similarly as in Corollary 3.1.1, we know that the generalized expectation
of the solution u can be obtained as the weak solution of the deterministic
Dirichlet problem, of the form (3.47) where all the stochastic processes (co-
efficients of L, data and boundary value) are replaced by their generalized
expectations.

Corollary 3.2.2 Let u € W8* be the generalized solution of (3.47). Then
its generalized expectation E(u) coincides with the weak solution of the de-
terministic Dirichlet problem

L v(z)

h(z) + Zl Difi(x), wel, (3.55)

where h = E(h), §=FE(g), f' = E(f"),i=1,2,...,n and

ivzil Z (a?)Djv + E(b)v +ZE YD + E(d)v.  (3.56)
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Proof. The assertion follows from the construction of a generalized weak
solution if we choose a test function v € WyS of the form v(z,w) = w(z)f(w)
and then put 0 = 1. O

Remark. Since the stochastic Dirichlet problem has a unique solution,
it follows from the Fredholm alternative theorem, that the operator L1 :
W8* — WS is a bounded linear operator on W8*. Consequently, we have
the following apriori estimate: Let u be the generalized weak solution of
(3.47). Then there exists p > 0 and a constant C' > 0 depending only on L
and [ such that

lullwr2ses)-s -, < C (Ihll2es) ., + lgllwrzes) . -,) (3.57)

where h = (h, f1, f2,..., f").

3.2.5 The Wick—adjoint of L
Define the formal Wick—adjoint of L, denoted by L®, as

=1

Lo =3 D3 a"®Dju— ¢®u) - Y KD, (3.59)
i=1 j=1

for u € Wy8, where a/*®, b'®, ¢'® and d® are the Wick-adjoint multiplication
operators (recall Definition 3.2.3) of the coefficients o/, b’, ¢* and d.

Lemma 3.2.9 For arbitrary u € WS* and v € Wq8
(u, L®v) = (LOu, v),
i.e. L®:Wo8 — Wq8 is the Hilbert space adjoint of L) : WS* — WS8™.

Proof.

n

(u, L®v) = Z(u, DZ(Z a’"®Djv — ®v)) — Z(u, V'® D) + (u, d®v)

j=1 =1
n

— Z(Diu, Z a’"®Djv — "®v) — Z(u, V'® D) + (u, d®v)
i=1 =1

=1

n n

= =S @ 0D, D) + 3 (0D, v) — 3 (0 0u, Dyv) + (du, v)
=1

i=1 j=1 =1

= (LOu,v). O
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It is a routine calculation to show that L® echoes properties (3.44), (3.45)
and (3.46) of the operator L in following form:

iiWi@%%‘) = Ai lvi (3.59)
1=1

i=1 j=1

a’® b'® ® d® (i,5,=1,2,...,n) are bounded operators on W8,
(3.60)
(d®u,v) + Y (®u, D) <0, v>0. (3.61)
i=1

Let us check (3.59). From the ellipticity property of L we get

n n

ZZ@MWWJ‘) = Zzwaﬁovﬁ = )‘Z ol
=1

i=1 j=1 i=1 j=1

Concerning (3.60), let us prove e.g. that d® is bounded. For u,v € W8
we have [(d®u,v)| = [(u,dOv)| < [[d|| [lul| [Jof. Thus, [|d®| < ||d||. And
finally, (3.61) can also be reduced to (u,dOv) + > 1 (u,'OD;v) < 0. But
as already stated in (3.50), this is also a sufficient condition for the weak
maximum principle.

Consequently, Theorem 3.2.2 can be applied to get a unique solution of
the Dirichlet problem L®u = h.

The following theorem describes the spectral behavior of L and is a con-
sequence of the previous considerations and the Fredholm alternative.

Theorem 3.2.3 Let the operator L satisfy conditions (3.44) and (3.45).
There exists a countable, discrete set % C R with following properties:

(i) If o & 3, the Dirichlet problems LyOu = h+ Y ¢ Dif* and Lu =
h+ 3" Dift, u la1= g, are uniquely solvable in WS for arbitrary
h, ft € L*(I) ® (S)_1 and g € WS. Moreover, there exists C > 0
(depending on L, I and o) such that ||ul| < C(||h]| + ||g]])-

(i1) If o € X, then the subspaces of solutions of the homogeneous problems
L,Ou=0, Lu =0, u [5;= 0, are of positive, finite dimension and the
problem L,Qu =h+_"" | D;f*, u |ar= g is solvable in WS if and only
if (LeGg—h—=>"1" Dif*,v) =0 for all v satisfying L¥v = 0, v [9;= 0.

Moreover, if condition (3.46) holds, then ¥ C (—00,0).
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3.2.6 Stability and regularity properties

Concerning stability properties of the generalized weak solution of (3.47)
we can prove the same results as we did for the deterministic-coefficients
case in the previous section: The generalized weak solution is continuously
dependent on the data and the coefficients of L.

Theorem 3.2.4 Let L be an operator of the form (3.42) with coefficients
a’, b, ¢, d, satisfying conditions (3.44), (3.45) and (3.46). Let L be an-
other operator of the form (3.42) with coefficients a7, ', &, d, satisfying all
gien conditions. Let h, B, ft and fi, 1 =1,2,...,n be generalized random
processes from L*(I) ® (S)_1. Let g and g be generalized random processes
from WS. Let u,u € W8* be the generalized weak solutions of the Dirichlet
problems

LOou=h+ Dif',  ula=g, (3.62)
=1

LOu=h+» Dif',  ilo=3, (3.63)
i=1

respectively. There exist C' > 0, p € Ny such that for every v € W&’Q(I) ®
(S)1, following estimate holds:

[(u—a,v)| < C(Hh—hHL2<I)®(S)_1,_p+\!L—iﬂw—lv@w)_l,_pHU—QHW172®(S)_1,_p

+”L - ZA’-JHW_LQ@(S)_L—I) HgHW1’2®(S)—1,—p

g = Gllwrzeis) o Il ) Iolwizees,

where h = (h, 1, f2,... f").

Proof. To keep technicalities to a minimum, we consider the Dirichlet prob-
lems with zero boundary conditions. Let v € W8 be arbitrary. According
to Theorem 3.2.3 there exists a unique solution w € Wy8 of the equation
L®w = v, w [or= 0, and there exists K > 0 such that ||w|| < K|[v||. From
(3.62) and (3.63) we obtain

E<><u—a):h—mZ(fi—fi)—(L—L)ou.
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Thus, using the Cauchy—Schwartz inequality, continuity of A, h, f, f and
continuity of L and L (Lemma 3.2.2) we get

{(u —a,v)| = (u—a, Z~}®w>\

= [(LO(u — ), W>|
< [{h— hw|+Z| w)| + [((L = L)Ou,w)]

< (Hh —hll+ Z IFf = F+ I =L HUH> [l

<K (Hh— P+ I = Fl+ I - L ||U||) o]

1=1

Note that || L — L[| = maxi<; j<n{[|a” — @], || = b}, || = &, |d = d||}.
Since v is arbitrary, we finally obtain

Ju—all < K (| =Bl + |12 = L] ull) 0

In particular, let us consider again a net of operators L., € € (0, 1], given

by
LOU—ZD Z ”ODu—I—bZOu +Zc<}Du+d<}u

7j=1 i=1
and a net of data he, f%, i = 1,2,...,n, where a¥(z,w) = a”(-,w) * p(z),
bi(wi> = bi("w) * :56( )a e(x’w) = Ci('aw) * Ibf(w)7 de :L‘,w) = d(-,w) *
ﬁe(x),h€(x,w) = h('?“) * pve(aj)a fg(x,w) = fz<'>w) * ,56(37), i,y =12...,n.

Denote by u, the solution of

Leoue:he+ZDif:7 Ue raI: 0.

=1

Now, from Theorem 3.2.4 we get that ||u. — u|lws* is bounded by the sum of
the operator norm || L — L||ws+ and of ||he — h||r2(1)gs)_,. Thus,

|ue — ul|ws< — 0, €—0.

This leads us to consider problem (3.47) in the Colombeau setting, just
as we did in the previous section with deterministic coefficients. In Theorem
3.2.8 we will prove existence and uniqueness of generalized weak solutions
of (3.47) when the coefficients of the operator L are Colombeau generalized



3.2 A Dirichlet Problem with Stochastic Coefficients 123

processes i.e. elements of the algebra §(W?2?; (S)_1). But in order to do this,
first we have to establish some necessary polynomial growth rate estimates
for the generalized weak solution u of (3.47).

In order to get these polynomial growth rates we need stricter assump-
tions on L: Assume that beside the ellipticity condition (3.44), conditions
(3.51) and (3.52) hold. By careful investigation of the proofs in [GT], we
see that one may carry over the regularity properties also in our setting to
the Hilbert space W8*. One only needs to consider (5)_;—valued Sobolev
functions u(z,w) € W2(I) ® (S)_1, but this is no problem since the chain
rule and all other necessary tools hold (one can define differential quotients
and carry out the calculations as in [GT]). We state now our analogies of
[GT, Theorem 8.8.] and [GT, Theorem 8.12.] without proof.

Definition 3.2.4 Let ' € WS8* be a generalized random process given by
chaos expansion F(x,w) =" . fa(r) ® Hy(w). We will call F' a uniformly
Lipschitz continuous generalized random process, if fo, € CO(I) for alla € J
and if there exists p > 0 such that

Z ”fozH%'OJ(I)(QN)fpa < 00.

a€ed

We may consider uniformly Lipschitz continuous GRPs as elements of the
tensor product space C%(I) ® (S)_;.

Theorem 3.2.5 Let the operator L satisfy conditions (3.44),(3.51) and
(3.52). Let w e WY(I) ® (S)_1 be the generalized weak solution of

LOu = h, u [or=g.

Assume the coefficients a¥,b', i,57 = 1,2,...n, are uniformly Lipschitz
continuous GRPs, ¢, d, i = 1,2,...n are essentially bounded GRPs, and
h € L*(I)® (S)_1. Then, for arbitrary I' such that I' C I, it follows that
uwe W?AI')® (S)_1 and there exist p > 0 and C(n,\, K,d') > 0 such that

lullw22(mews)—i—, < CUlullwrzmes) ., + 1Pll2()es) 1)

where K = maxi<ij<nf[|a”, V'l cor mes) 1,0 1€ dlliemes) ., } and d' =
dist(0I,1'). Additionally, u satisfies the equation

LOu = Z a’QD;ju + Z(Z(Djaij + b+ )ODu + (Z Db+ d)Ou = h

ij=1 i=1 j=1 i=1

fora.e. x €1 and w € Q).
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Theorem 3.2.6 Assume in addition to the hypothesis of Theorem 3.2.5 that
OI is of C*~class and that there exists g € W**(I) ® (S)_1 such that u—g €
Wy2(I) ® (S)_1. Then v € W>*(I) @ (S)_, and there exist p > 0 and
C(n,dI) > 0 such that

K
lullwz2o(s)-1. -0 < €55 (2w, + Ibll2e(s)- -,
(N®(8)-1, 22 (N®(8)-1, )-1, (3.64)

+ ||g||w2v2<1>®<s>71,fp>-

The deterministic case of the following theorem was proved in [MP] as an
improvement of [GT, Theorem 8.16.]. By careful investigation of the proof
in [MP], we see that one may carry it over also to WS*. Since lack of space,
we will give only a sketch of the proof.

Theorem 3.2.7 Suppose the operator L satisfies (3.44),(3.51) and (3.52).
Assume that f' € LY(I)® (S)_1,i=1,2,...,n, and h € LY*(I) ® (S)_; for
some ¢ > n. If u € WY(I) ® (S)_1 satisfies LOu — (h+ >, f*) > 0 in
weak sense, then there exist p > 0, s > 0 and C(n,q,v,|I|) > 0 such that

sup [lu(z, )|[-1,-p < sup lu™(z,)||-1—p + T
zel zedl

. > (3.65)
+ CA’S<T + > 18 + e yees) ., + 1> ’
=1

where T = )\_1(2?21 HfiHLq(I)@a(S)fl,fp + ||9\|Lq/2(1)®(5),1,,,,)-

Proof. From B(u,v) < (h+ > f',v), v > 0, v € W8, using the chain
rule and (3.51) we get

S (@0D;u, D) < 3 (W + 0D v) + 3 D) — (hiv),
ij=1 i=1 i=1
for v € Wo8, u € W8” such that u®v > 0. Let M = sup,; ||u(x, )| -1,—p-
Define N
o) = < )
VM + T = [lut(z, )l -1,-
and consider the test function v(z,w) = ¢(x)f(w), for arbitrary 6 € (5)1,.

Now we can apply the ellipticity condition etc. and proceed by the same
pattern as in [MP, Theorem 6.] to prove the assertion. 0]

Now it is easy to get an estimate as in Proposition 3.1.3 for the Dirichlet
problem LOu = h, u [9;= g. By the Sobolev lemma we have W?22(I) C C5(I)
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forn <3and 3 < 1. Thus, ||ullr2es) ., < Supges |u(z,)||-1,-p||. Com-
bining the results of Theorem 3.2. 6 and Theorem 3.2.7 we get the existence
of s > 0 and C > 0 such that

A
Jullwzzss) 1, < C(5) (sup el 1+ lglhwezmes .

+ Ilzeyes) oy + IRl zanes) . )
(3.66)

3.2.7 Colombeau—solutions of the Dirichlet problem

We assume that I is of C?—class and that n < 3. Clearly, then Theorem
3.2.6 holds for ¢ = 4, but as we already assumed in Theorem 3.2.2 that
h € L*(I) ® (S)_1, we always have condition h € L%? satisfied. Thus, the
last term in 3.66 vanishes.

We consider again a net of linear differential operators

L Ou(x,w) ZD Z a? O Djuc(z,w) + b Quc(z,w))

+ Zcé(}Dqu(:L',w) + d Que(z,w), €€ (0,1),

i=1
(3.67)

where the nets of coefficients al?, b., ¢!, d. belong to & (W>?; (S) ) Define

that two nets of operators are related: L. ~ L if and only if (L. — L)Ou, €

N(WO2:(S)_y) for all u, € €y (W22 (S)_y). Clearly, ~ is an equlvalence
relation, and following holds:

Proposition 3.2.1 If u. € N(W??:(S)_4), then L.Ou. € N(W2: (S)_4).

Denote by L the family of all nets of differential operators of the form
(3.67) and let Ly = L/ ~. For L € Ly we define L : §(W??;(S)_1) —
G(WO2 (S)-1) by

ZD Z L )ODjue (2, w)] + [ (2, )] Oz, w))]

+ Z[Ci(xaw)]O[Diue(%w)] + [de(z,w)]Oue(z, w)].
- (3.68)
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The operator L = [L.] given by (3.68) is strictly elliptic, if there exist
representatives a, b, i, d. € &, (W>?;(S)_1) of its coefficients, such that

€7 Yer e

n

> {afOuila,w),vilz,w) =AY il = Ke Y |l (3.69)
=1 i=1

ij=1

for all v; € WS, i =1,2,...,n, and K is a constant independent of e.
The boundary condition is defined in the same way as in Section 3.1.4.
Consider now the stochastic Dirichlet problem

Lou(z,w) = h(z,w) in G(W?2;(S9)_1)

u(z,w) lor = g(w,w), (3.70)

where L is defined in (3.68). In order to solve (3.70) in the Colombeau
setting, one has to solve a family of problems:
LOu(x,w) = he(z,w) in W**(I) @ (S)_,

ue(z,w) lor = ge(z,w), €€ (0,1), (3.71)

then to check whether the net of solutions u. belongs to &, (W?2?: (S)_y),
and finally to check whether equation (3.71) holds with other representatives

of L, h, f, g and u. Uniqueness of a solution means that if u = [u.] and
v = [v ] satisfy (3.70), then [u.] = [v].

Theorem 3.2.8 Let h and g belong to G(W??%;(S)_1). Let the operator L =

(L] be given by (8.68) with coefficients [a¥], [b], [c}], [dc] in G(W?2;(S)_1).
Assume that following conditions hold:
1. L is strictly elliptic, i.e. (3.69) holds,
2. there exist M >0 and b > 0 such that for all e € (0,1):
a1l NBell, Neell, ldell, [1hell, Ngell < Ae < Me"
where || - || denotes the norm in W?%® (S)_y_, for some p > 0 fized.

3. for every e € (0,1) and v > 0,v € W;8,

n

(de;v) = Y (b, D) < 0.

=1

Then the stochastic Dirichlet problem (3.36) has a unique solution in
S(W22 (5)-1).
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Proof. For € € (0,1) fixed, there exists a unique generalized weak solution
u. € W2%(I) ® (S)_; of problem (3.71). This follows from Theorem 3.2.2
and Theorem 3.2.6.

Using the estimate derived in (3.66) we obtain that there exist C' > 0,
s > 0 (independent of €) such that:

AN
sy <€ (52) (supllate s 11+ oo,

+ el zzss) o )-
(3.72)

Now, since g, and h,, are all bounded by A., which has polynomial growth
with respect to €, we obtain

ucllw22es) 1, < Ce,

for an appropriate a € R, C > 0.

Thus, by Proposition 3.1.4 (ii), [u(z,w)] € G(W?% (S)_y).

The definition of operators Lo implies that with some other representa-
tives of h, g and the coefficients of L in (3.71), another representative of
u = [u] also satisfies (3.70).

Now, we prove uniqueness of the solution: Let u; . and uy satisfy

Ly Que(r,w) = hy (2, w) in W22(I) ® (9)_,

Ue(z,w) Tor = gre(z,w), €€ (0,1), (3.73)

and

Ly Que(r,w) = ho(z,w) in W22(I) ® (9)_,

3.74
Ue(z,w) Tor = goe(z,w), €€ (0,1), (3.74)
respectively, where the operators Ly, k = 1,2, are of the form (3.67), if we
replace the coefficients with a;j’e, b};’e, c};’e, di.e, k = 1,2, respectively, and
(azlj,e - a’z2j,e)7 (bil,e - bé,e)7 (C’i,e - 65,5)7 (dLE - d27€)’ (hLG - h276) and (9176 - 92,6) S
N(W?22% (S)_1) holds.
We will prove (uj,. — ug) € N(W?>?2;(S)_1), which establishes the asser-
tion [ug | = [ug,.
If we insert u; . into (3.73) and ug, into (3.74), then subtract (3.73) from
(3.74), we obtain
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n

Z(Z al 5<>D Uge — Upe) + bieO(uQ,E — u17€)>
7j=1

n

+ Z cﬁ,GODi(uz,e —uye) + dy QU — ur )
i=1

=hye—hie— <Z Z a¥ = a’)) ' )ODju e 4 (by, — bf )Ou )
i

35— 0P o)

= He
(u2,e - ul,e) fal = (92,6 - gl,e); €€ (07 1)7

where H, € N(W?%?;(S)_;). Using the estimate (3.66) we finally obtain
that there exist p > 0 and C' > 0 such that for all « € R

||u2,e - u175||W2*2®(S),1,,p < Ce”.

Thus, by Proposition 3.1.4 (iv), (ug. — u1e) € N(W?% (S)_1). O

The Hilbert space valued stochastic Dirichlet problem

Let H be a separable Hilbert space with orthonormal base {e; : i € N}.
Consider now a Dirichlet problem of the form (3.47) where the coefficients
a, b, ¢, d and f, g, h are Hilbert space valued GRPs i.e. for fixed x € [
they take value in S(H)_;. The operator L is interpreted as in (3.42), the
Wick product now taken in S(H)_;. With largely cosmetic changes, one can
carry out all calculations also in this setting; just interpret (-,-) as the dual
pairing and || - || as the norm in L*(/) ® S(H)_;_, for fixed p > 0. For
example, u(z,w) = 372 3 G0 (2) ® Ho(w)e; € WH2(I) @ S(H)-y and

v(r,w) = Zfolzaegvza( )® Ho(w)e; € Wy (I) © S(H)-1 act as (u,v) =
Doict 2aer @ [ tia(T)via(T)de.

For example we state the H—valued version of Theorem 3.2.2

Theorem 3.2.9 Let the operator L satisfy conditions (3.44), (3.45) and
(3.46). Then for h,f* € L*(I)® S(H)_1, i = 1,2,...,n and for g €
Wh2(I) ® S(H)_; the stochastic Dirichlet problem (3.47) has a unique gen-
eralized weak solution in W'(I) @ S(H)_,

Analogue H-valued versions of all the theorems concerning regularity, sta-
bility properties and Colombeau solutions hold.
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3.3 Applications of the Fourier
Transformation to Generalized
Random Processes of type (I)

In this section we define the Fourier transformation for GRPs (I) and
present its application to solve some SPDEs involving singular generalized
stochastic processes. In particular, we solve the stochastic version of the
Helmholtz equation.

The Fourier transformation of tempered distributions

The Fourier transformation $(R) 3 f — f € $(R) is defined by

A~

fo) = F()(y) = %27 / f(z)e dz, yeR, (3.75)

and the inverse Fourier transformation is given by the formula F7!(f)(z) =
\/%7 Je f(y)e"™¥dy. The Fourier transformation of a tempered distribution
F € §'(R) is defined by the action

<F7¢>:<F’¢>7 SOES(R)'

Clearly, I € 8'(R). The inverse Fourier transformation is defined analo-
gously by (F71(F),¢) = (F,F!(p)). Tt is easy to check that the Fourier
transformation of the Hermite functions is given by

én(y> = (_Z’)nilfn(y)? n €N (3'76)

Thus, by linearity of the Fourier transformation we obtain that if F' € 8'(R)
has the formal expansion F'(z) = >~ ax&k(z), then

F(y) = Z(‘i)kflakfk(y)- (3.77)
k=1

Moreover, if > 27, |ag|*(2k)™? < oo for some p > 0, then also

S (=) 1?|ar]?(2k) P < oco. Thus, the Fourier transformation maps

$_,(R) into itself and we have ||F|_, = ||F|—,. The same considerations

show that the Fourier transformation maps exp 8'(R) into itself.

In 8(R™) and 8'(R™) the Fourier transformation is defined in a similar
manner by f(y) = W Jgn f(@)e™™¥dx, where zy is interpreted as the
standard inner product in R"”. For example, in 8'(R") the Dirac delta distri-
bution § has Fourier transformation § = (2r)~"/2,

For convenience of the reader we list some crucial formulae related to the

Fourier transformation. For further properties refer e.g. to [PS].
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. 8_:L-jf(y) - ;yjf(y), j=1,2...n,
— 19 _
o z;f(y) = ;a—y_f(y), j=1,2,...n,
J

o Txgly) = 2)"*f(1)i(y). (exchange formula)

o foly) = 2m) "2 f(y) = 4(w),

o fz—h)(y)=e™f(y), heR" (translation formula)
o FMD)(y) = A" f(%), AeC. (dilatation formula)

In the Hilbert space valued case, the Fourier transformation on 8'(R"; H)
is defined (see [Tr]) by

Feld: SR")® H— 8 (R")®@ H
where F is the Fourier transformation on 8'(R™) and Id is the identity map-

ping of H.

3.3.1 The Fourier transformation of GRPs (I)

The considerations given above allow us to define the Fourier transforma-
tion for GRPs (I) defined on the Schwartz space of tempered distributions.
Thus, we restrict our attention to GRPs considered as elements of the spaces

L<8<Rn)’(s)fl)v L(eXpS(R"),(S),l)

and L(S(R™),S(H)_1), L(exp8(R™), S(H)_1), respectively in the H-valued

case.

Definition 3.3.1 Let ® be a GRP (1) given by expansion ® = Z;’il [i®H,,

fi € 8 x(R"), j = 1,2,... such that 377, 1511, (2N)7* < oo for some
p > 0. The Fourier transformation of ®, denoted by F(P®) is defined by the
ETPansion

F(@) = f;® Hy, (3.78)

where J?j is the Fourier transformation of f;, j =1,2,... in §'(R™).
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Since for each j € N, we have ||fAJ||_k = ||fjllx and consequently

P ||l]?j||27k(2N)*paj < 00, the Fourier transformation is well defined i.e.
F(P) is also a GRP (I). Moreover, we obtain that F maps L(8;(R™), (S)-1.,)
into itself.

Note that in [HOUZ] there is a Fourier transformation defined for gener-
alized random processes, but it acts in the w € ) variable, while our Fourier
transformation acts in the space variable x.

In the Hilbert space valued case, the definition is similar:

Definition 3.3.2 Let ® be a H-valued GRP (I) given by the expansion
® = Y2 07 i @ Husei, fij € 8 4x(R"), 4,5 = 1,2,... such that
Dot D 5112, (2N)7* < oo for some p > 0. The Fourier transfor-
mation of ®, denoted by F(P) is the unique H-valued GRP (1) defined by

the expansion

F(@) =) fij ® Hue. (3.79)

A simple application

Let A € (5)-1, 0 € §(R) be the Dirac delta distirbution, and consider
the SDE

B rw0) —u(e.w) = 8(2) ® Aw), zER.weD. (3.80)

dx?
Proposition 3.3.1 Equation (3.80) has a solution of the form

u(z,w) = %sgn(m)e"gc| ® Alw).

Proof. Let the chaos expansion of A be A(w) =3 7, a;Hui(w), w € Q. We

seek for the solution in form of u(z,w) = > 72 u;(r) ® Has(w). Now (3.80)

obtains the form ™% | (%uj(x) —u; (.:1:)) R Heoi (W) = 0'(2)@) 72 ) ajHai (W),
from which we get the system of ODEs

d2

, .

@Uj(x) —uj(z) = a;0'(z), jeN

Applying the Fourier transformation we get
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i.e. )
. —1ya;

T VA

Now we apply the inverse Fourier transformation to get

1
uj(z) = a;5sen(z)e, jEN,

where sgn € 8'(R) is understood in distributional sense. O

We can check that this solution is bona fide, also using the results from
Example 2.2.3. The function

aj ,—x

e x>0
_ 26

u;(z) = :

(@) {——?el’, x <0

has a jump height a; at point z = 0. Thus, its distributional derivative is

d —He® x>0
D) = { e +a6(x)
J —5e’, v <0 J

and

d? e x>0
@ ={ 2070 ) = ue) + o)
2 Y

3.3.2 The one dimensional stochastic
Helmholtz equation

Let t; <ty <t3---— 00 and 5tj denote the Dirac delta distribution in
tjie. Oy (z) = d(xr —t;), j € N. The formal sum

Zat ) ® Hes (w) (3.81)

defines a GRP (I). This process was introduced in [Se], where it was shown
that it is an element of L(8x(R), (S)_;) for k > 3.
Consider now the one dimensional stochastic Helmholtz equation

d2
ﬁq)(x,w) + B0 (r,w) = Alr,w), z€RweQ, (3.82)
x
where £ is a constant.
The (deterministic) Helmholtz equation is closely related to the wave
equation: Considering the wave equation g—;u(:c,t) c? dd2u( ,t) = 0 and
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applying a separation of variables u(z,t) = e /"' X (z) one gets that X (z)
satisfies (;i—i + k*)X(x) = 0, k = ¥. Thus, the solution of the Helmholtz
equation represents the spatial part of solution of the wave equation. If
there is a source f(z)e " (e.g. some source producing acoustic waves), then
it appears as the right hand side of the Helmholtz equation (% +k?) X (x) =
f(z). Thus, one can interpret f as the wave source.

Because of its relationship to the wave equation, the Helmholtz equa-
tion arises in the study of electromagnetic radiation, seismology, acoustics,
thermal and mechanical wave propagation etc.

The constant k£, known as the ”wave number”, is the quotient of the
angular frequency v and the wave velocity c. E.g. for electromagnetical waves
in homogeneous conducting media, k is a function of magnetic permeability
and electric conductivity. The right hand side of the Helmholtz equation
describes the wave source; thus, the Dirac delta distribution d on the right
hand side is a model for waves propagating from a point source. If we now
consider the right hand side of the Helmholtz equation to be the stochastic
process A, then (3.82) is a model for waves propagating from point sources,
which are randomly appearing (their presence or lack is due to some random
impulses).

It is also known that any elliptic equation with constant coefficients can be
reduced to the Helmholtz equation. Thus, the stochastic Helmholtz equation
is just a special case of the elliptic problems considered in Section 3.1, but
here we present a new solving technique involving the Fourier transformation.
This will provide an explicit form of the solution (the Hilbert space methods
in Section 3.1 guarantee existence of a solution but no explicit form). For
technical simplicity we consider the one dimensional stochastic Helmholtz
equation, but it is easy to carry over the results to A®(x,w) + k*®(z,w) =
Alzr,w), =z € R"weQ where A is the n—dimensional Laplace operator.

Proposition 3.3.2 The stochastic Helmholtz equation (3.82) has a solution
in L(exp 8(R), (S)-1).

Proof. We seek for the solution in form of ®(z,w) =377, f;(7) ® Hai(w),
where the coefficients f;, j € N, are to be determined. Thus, (3.82) is
equivalent to

S (i) + @) @ o Zét )© Hos(w),

j=1
from which we obtain the system of equations

2

@fj(l') + ka](.fE) = 5tj (33), j € N.
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Applying the Fourier transformation we obtain —y2f;(y) + k2f;(y)
5(x —t;)(y). Since d(z — t;)(y) = e Wi (y) = e Wt f’ we obtain that

~ 1 1 )
(y) = —— —iyty
f] (y) \/ﬁ ]{32 . y2 e )
First we note that fj € exp8’(R), since it has expansion j/’;(y) =
S (e 2 VT (t )) &n(y), where h,, are the Hermite polynomials, &,

jeN.

n=1 k2 —

2
are the Hermite functions, and % S0 ()2 (e*) 2% < oo for k large
enough. Thus, we can apply the inverse Fourier transformation in exp 8'(R)

to obtain .
fi(z) = o sin(k(z —t;)) sgn(z — t;),

where sgn is understood again in distributional sense as sgn(z) = 2H (z) — 1,
and H is the Heaviside function.
Thus, the solution of the Helmholtz equation (3.82) is given by

W) = o Zsm ))sgn(z—t;) @ Hyi(w), z€Rwe (3.83)

It remains to prove that (3.83) is a well-defined GRP (I) i.e. the series
converges in L(exp 8(R), (S)-1).

Denote by a,; = (sin(k(x — t;)),&,) the nth coefficient in the expan-
sion sin(k(z —t;)) = > 07, an ;& (). By elementary calculus we get a;; =
2 2 2
—e/i;e’%\/%r sin(kt;), as; = %e’%k\/%r cos(kt;), as; = %e’%@kz -
1)/msin(kt;), ..., anj = n_l(k:)e_%f(ktj), where P, ; is some polynomial
of order n—1 and f is either the sine or the cosine function. By boundedness

of f we get

. -2l _ _
||Sln(]{?(l’—t ||2le;rp Zlan]| - k2ZP2n 2 < 00

for I > 0 large enough. Moreover, || sin(k(z — t;))||%,,, does not depend on
j € N. Denote A = || sin(k(x — tj))H2 Thus,

lexp®
S Isin(k(x — t5)) sgn(z — t)|2) 00y (2N) 7 = A" (2N) 7 < o0,
j=1 =

for p > 1. O
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By considering only the zeroth terms in the expansion of the GRPs in-
volved in the Helmholtz equation we obtain following consequence of Propo-
sition 3.3.2.

Corollary 3.3.1 Let ® be the solution of (3.82). Its generalized expectation
E(®) is the solution of the deterministic Helmholtz equation

2
dz?

where E(A) is the generalized expectation of A.

u(z) + Ku(r) = E(A(z,+)), z €R,

Note that a similar consideration can be carried out for the Hilbert space
valued case, if we consider the H—valued GRP (I) defined in Example 2.2.1
(ii) as the right hand side of equation (3.82).

3.3.3 The Helmholtz equation with
stochastic wave number

Now we consider the Helmholtz equation, and assume the wave number
k is also random. In physical interpretation this describes waves propagating
with a random speed from randomly appearing point sources.
Assume K € (S)-; has expansion K(w) = 3%, kjHui(w), and k; > 0
for all j € N. Consider the Helmholtz SDE
2

@q)(x,w) + K(w)0P(z,w) = Ar,w), z€RweQ, (3.84)

where A is the GRP defined in (3.81).

Proposition 3.3.3 The stochastic Helmholtz equation (3.84) has a solution
O in L(exp8(R), (S)-1). Moreover, its generalized expectation E(®) is the
solution of the deterministic Helmholtz equation
d2
dz?"
where E(K) and E(A) are the generalized expectations of K and A respec-
tively.

() + E(K())u(r) = E(A(z,-), =R,

Proof. We seek for the solution in form of ®(z,w) =377, f;(7) ® Hai(w),
where the coeflicients f;, j € N, are to be determined. Thus, (3.84) is
equivalent to the system

d?

T fal@) + > kifi(x) =6,(zx), neN (3.85)

i,jEN
itj=n+1
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For n = 1 we obtain (i = j = 1) the equation f] + ki f; = &;, which has
the solution

fi(z) = V%sin(%(x Ci))san(e—t), zER

For n = 2 we get (i = 1,7 = 2 and i = 2,57 = 1) the equation fJ +
k1 fo + ko f1 = (5t2 This we solve using the Fourier transformation to obtain

—iyte ko —iyt1 3 ]
f2( ) = \/ﬂ k1 e (e Toze ) and now we apply the inverse Fourier

transformation to obtain

falz) = 2\/_ sin(v/ki(z — t2)) sgn(z — &)
ks .
-7 = (sm(\/k_l(m —t1)) — ki(x —t1) cos(\/k_l(w — tl))> sgn(z — ty).

Forn =3 weget (i =1,j =3andi =3,j =1landi = j = 2)
the equation fy + kifs + kafi + kafs = 0y, Since fi and fy are already
known, we apply the Fourier and its inverse transformation to get f3(y) =

L1 (e—iyts _ _ks _—iyty ko —iyto
g (e ot Tt and

fal2) :2%/{—1 sin(y/kn(z — £3)) sgn(z — tz)

4\/_ (sm (VEi(z — 1) + V1 (t1 — @) cos(V ko (z — tl))) sgn(z —ty)

ko sgn(x — t3)
SN (\/_sm \/— (x —t3)) \/_sm \/_ (x —tg))>.

We proceed by the same procedure to calculate the coefficients
fa(z), f5(x),... etc. By boundedness of the sine and cosine function, we
obtain that |f,(x)| is bounded by a polynomial of order not greater than n.
Thus, convergence in L(exp 8(R), (S)_1) follows by customary arguments,
analogously as in Proposition 3.3.2. O




Epilogue

White noise theory offers one of the most compelling instances of infinite
dimensional analysis, leading to a clear understanding of many empirical
phenomena. As a contribution to this noble theory, in Chapter 2 of the dis-
sertation, fundamental theorems were obtained characterizing the structure
of generalized stochastic processes. To begin the harvest of consequences, a
few examples have found place in Chapter 3 to illustrate the applications to
singular SPDEs. Further applications to SPDEs serving more concrete de-
mands, and the modeling of probabilistical properties of their solutions (e.g.
such as the martingale or the Markov property) are deferred but certainly
not denied. They remain as enticing possibilities for future investigations.
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