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Many collinear k-tuples with no k£ + 1 collinear points

Jézsef Solymosi*

Abstract

For every k > 3, we give a construction of planar point
sets with many collinear k-tuples and no collinear (k+
1)-tuples.

1 Introduction

In the early 60’s Paul Erdés asked the following ques-
tion about point-line incidences in the plane: Is it pos-
sible that a planar point set contains many collinear
four-tuples, but it contains no five points on a line?
There are various constructions for n-element point
sets with n?/6 — O(n) collinear triples with no four
on a line (see [3] or [10]). However, no similar con-
struction is known for larger numbers.

Let us formulate Erdés’ problem more precisely.
For a finite set P of points in the plane and k > 2, let
tx(P) be the number of lines meeting P in exactly k
points, and let T(P) := 3",/ ti (P) be the number
of lines meeting P in at least k points. For r > k and
n, we define

ty)(n) == max t(P).

[P
Ty (P)=0

In plain words, t,(:)(n) is the number of lines con-
taining exactly k points from P, maximized over
all n point sets P that do not contain r collinear
points. In this paper we are concerned about bound-
ing t,(ckﬂ) (n) from below for k£ > 3. Erdds conjectured

that t,(ckﬂ)(n) = o(n?) for k > 3 and offered $100 for
a proof or disproof [8] (the conjecture is listed as Con-
jecture 12 in the problem collection of Brass, Moser,
and Pach [2]).

1.1 Earlier Results

This problem was one of Erdés’ favorite geometric
problems, he frequently talked about it and listed it
among the open problems in geometry, see [8, 7, 5, 6,
9]. It is not just a simple puzzle which might be hard
to solve, it is related to some deep and difficult prob-
lems in other fields. It seems that the key to attack
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this question would be to understand the group struc-
ture behind point sets with many collinear triples. We
will not investigate this direction in the present paper,
our goal is to give a construction showing that Erdds
conjecture, if true, is sharp — for k£ > 3, one can not
replace the exponent 2 by 2 — ¢, for any ¢ > 0.

The first result was due to Kérteszi [13] who proved
that tékﬂ)(n) > c¢gnlogn for all K > 3. In 1976
Griinbaum [11] showed that t,(ckﬂ)(n) > cpn T/ (B=2),
For some 30 years this was the best bound when Is-
mailescu [12], Brass [1], and Elkies [4] consecutively
improved Griinbaum’s bound for & > 5. However,
similarly to Griinbaum’s bound, the exponent was go-
ing to 1 as k went to infinity.

In what follows we are going to give a construc-
tion to show that for any £ > 3 and § > 0 there is
a threshold ng = ngy(k,d) such that if n > ng then

t;kﬂ)(n) > n279. On top of that, we note that each
of the collinear k-tuples that we count in our con-
struction has an additional property — the distance
between every two consecutive points is the same.

1.2 Notation

For 7 > 0, a positive integer d and = € R?, by By(z,7)
we denote the closed ball in R? of radius 7 centered at
x, and by Sy(z, r) we denote the sphere in R? of radius
r centered at x. When x = 0, we will occasionally
write just Bg(r) and Sg(r).

For a set S C R%, let N(S) denote the number of
points from the integer lattice Z¢ that belong to S,
ie, N(S):=27nS§S.

2 A lower bound for t,(ckﬂ)(n)

We will prove bounds for even and odd value of k
separately, as the odd case needs a bit more attention.

2.1 £k is even

Theorem 1 For k > 4 even and € > 0, there is
a positive integer ng such that for n > ng we have
tfckﬂ)(n) > n?e.

Proof. We will give a construction of a point set P
containing no k+ 1 collinear points, with a high value
of tk (P)
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Figure 1: Line s with k points, for k even.

Let d be a positive integer, and let rg > 0. It is
known, see, e.g., [15], that for large enough ¢ we have

N(Ba(ro)) = (1+0(1))V(Ba(ro))
(1+ 0(1))C’drg
Z Clrg»
where Cy = 1“((%/22)/2)’ and ¢; = ¢1(d) is a constant

depending only on d.

For each integer point from By(rp), the square of
its distance to the origin is at most rZ. As the square
of that distance is an integer, we can apply pigeonhole
principle to conclude that there exists r, with 0 < r <
7o, such that the sphere S4(r) contains at least 1/r3
fraction of points from By(rg), i.e.,

N(Sa(r)) 2 5 N(Ba(ro)) =

<
ow‘ =

We now look at unordered pairs of different points
from Z% N S4(r). The total number of such pairs is at

least
(NN 5 (7 s e

for some constant c; = ¢3(d). On the other hand,
for every p,q € Z¢ N Sy(r) we know that the Eu-
clidean distance d(p,q) between p and ¢ is at most
2r, and that the square of that distance is an integer.
Hence, there are at most 4r2 different possible values

for d(p,q). Applying pigeonhole principle again, we
get that there are at least
CZT(Z)d_4 > 2,246
42 T 40

pairs of points from Z¢ N S,(r) that all have the same
distance. We denote that distance by £.

Let p1,q1 € Z%N S4(r) with d(py,q1) = £, and let s
be the line going through p; and ¢;. We define k — 2
points pa, ..., Pr/2, 42, - - -, Gk /2 on the line s such that
d(pi,pi_,_l) = { and d(qi,qH_l) =/{ foralll <i< ]4;/2,

and such that all k points p1,...,pr/2, q1,-- -, qx/2 are
different, see Figure 1.

Knowing that p; and ¢ are points
from 7%, the way we defined points
D2, --1Pk/2:925- - -, qry2 implies that they have

to be in Z4 as well. If we set 7; 1= /72 +i(i — 1)¢2,

foralli =1,...,k/2, then the points p; and ¢; belong

to the sphere Sy(r;), and hence, p;,q; € Z% N Sy(r;),
foralli=1,...,k/2, see Figure 2.
We define the point set P to be the set of all integer
points on spheres Sy(r;), for all i = 1,...,k/2, i.e.,
P:=7N (UfﬁS’d(ri)) .
Let n := |P|. Obviously, P C By(ry/2), so we have
n < N (Ba(ris2)) = (L+0(1))V(Ba(ri2)) = e1rt o

Plugging in the value of rj , and having in mind that
{ < 2r, we obtain

d
n < ¢ (\/1"2+k/2(k/2— 1)4r2)
d
< e Vk2+1 r?
< 03rd
S 037“3»

where c¢3 = ¢3(d, k) is a constant depending only on d
and k.

As the point set P is contained in the union of k/2
spheres, there are obviously no k£ 4 1 collinear points
in P. On the other hand, every pair of points p1,q; €
Z% N Sy(r) with d(p1,q1) = ¢ defines one line that
contains k£ points from P. Hence, the number of lines
containing exactly k points from P is

c c 1 2d—6 2d—6
tk(P) > frgd—ﬁ > f a s ¢ Zan
o d
3

)

where ¢4 = c4(d, k) is a constant depending only on d
and k.

To obtain a point set in two dimensions, we can
project our d dimensional point set to an arbitrary
(two dimensional) plane in R?. The vector v along
which we project should be chosen so that every two
points from our point set are mapped to different
points, and every three points that are not collinear
are mapped to points that are still not collinear. Ob-
viously, such vector can be found.

For € given, we can pick d such that 217_6 > 2 —
€. As we increase rg, we obtain constructions with
n growing to infinity. When n is large enough, the
statement of the theorem will hold. O

2.2 ks odd

Theorem 2 For k > 4 odd and € > 0, there is a
positive integer ng such that for n > ng we have
tg”l)(n) > n?7e,
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Figure 2: The position of the k points related to the origin, for k£ even.

The proof for k odd follows the lines of the proof for
k even, but requires an additional twist, as we cannot
obtain all the points in pairs as before. What we
do, roughly speaking, is find the k-tuple of collinear
points on % selected spheres, where the inner most
sphere will contain just one point of the k-tuple and
each of the other spheres will contain two. Then we
make an additional restriction on the point set on the
inner most sphere to prevent k + 1 collinear points
from appearing in our construction.

As due to space restrictions we cannot present this
proof in full detail, we omit it altogether. It can be

found in [14].
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