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Abstract. Jacobian smoothing Brown’s method for nonlinear comple-
mentarity problems (NCP) is studied in this paper. This method is a gen-
eralization of classical Brown’s method. It belongs to the class of Jacobian
smoothing methods for solving semismooth equations. Local convergence of
the proposed method is proved in the case of strictly complementary solu-
tion of NCP. Furthermore, a localy convergent hybrid method for general
NCP is introduced. Some numerical experiments are also presented.
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1 Introduction

Nonlinear complementarity problems (NCP) arise from mathematical mo-
dels of many real problems in economy, engineering, structural analysis and
mechanics. The concept of complementarity is related to modelling problems
which appear in technical processes.

Reformulation of NCP to the system of nonlinear equations is the first
step in solving NCP. The obtained nonsmooth systems are usually solved



by iterative methods based on some generalization of methods for smooth
systems, so a large class of numerical methods has been developed in recent
years.

Brown’s method for solving smooth systems is considered in many pa-
pers, for example see Brown [1], Frommer [2], Ge et al [3], Milaszewicz
[4] etc. It is a variation of Newton’s method which incorporates Gaussian
elimination process. In this paper we propose a generalization of the classi-
cal Brown method for smooth systems to nonsmooth systems obtained by
NCP reformulation. Our motivation is based on practical application of the
method. The notation which might appear is complex. The proofs are also
complicated from the technical point of view, but in spite of that practical
realization of the method is not so complicated.

This new method belongs to the class of Jacobian smoothing methods,
which is a large group of iterative methods for solving semismooth sys-
tems (see Chen [5], Kanzow and Pieper [6], Kreji¢ and Rapaji¢ [7], Li and
Fukushima [8]). The main characteristic of these methods is the fact that
the nonsmooth function is replaced by the smooth operator. Such meth-
ods try to solve the mixed Newton equation. This equation combines the
original semismooth function with the Jacobian of its smooth operator.

The remainder of the paper is organized as follows. In Section 2 we col-
lect some background and preliminary properties about Fischer-Burmeister
reformulation of NCP and its smooth approximation. The algorithm and
convergence result of Jacobian smoothing Brown’s method are described in
Section 3. We define hybrid method and analyze its convergence in Section
4. Some numerical experiments are presented in Section 5.

2 Preliminaries

Some words about notation are needed. The distance between given matrix
A € R™" and nonempty set of matrices A C R™" is denoted by dist(A, A) =
infge4 ||A — BJ|. Vectors e’, i = 1,...n represent the canonical base of R".
The Jacobian of a continuously differentiable mapping F': R — R at x is
denoted by F’(x).

Let F: R" — R™ be a smooth mapping, F;(x): R" — R and F (x) =
(Fy (x),Fy(x),...,F,(x))". Nonlinear complementarity problem (NCP)
consists of finding a vector x € R™ such that

x>0, F(x) >0, x'F(x)=0.



NCP can be transformed to the semismooth system of nonlinear equations
as given in Fischer [9]
®(x)=0, ®:R"— R", (1)
B(x) = (D1(x), P2(x), ..., Bp(x))

where

Qi(x) = ¢(z4, Fi(x)), i=1,...,n
is defined by Fischer-Burmeister function ¢ : R? — R

é(a,b) =vVa?+b>—a—b. (2)

For a smoothing parameter > 0, Kanzow [10] defined the related smooth-
ing problem
®,(x)=0, ®,:R"— R",
Bu(x) = (®1(x, 1), 2%, ), -, B, 1))
where
D;(x, 1) = dulxi, Fi(x)), i=1,..,n
is defined by function ¢, : R* — R

dula,b) =+/a? + b2 +2pu—a—0b. (3)

Function ®, : R" — R" is smooth for any fixed pu > 0.
The B-subdifferential of function ® at x is defined by

Op®(x) = { lim &'(x"): x" € Ds},

where Dg is the set where ® is differentiable. The convex hull of B-
subdifferential
00 (x) = convdpP(x)

is called the generalized Jacobian of ® at x in the sense of Clark [11].
In this paper we use a kind of generalized Jacobian of ®, called C-sub-
differential of ®, denoted by 0o ® and defined as

I ®(x) = 0P (x) x 0P2 (x) X ... x 0P, (%),
where 0®;(x) is the generalized gradient of ®; at x

O®;(x) = conv{ lim ®}(x*):x* € Dy}

xk -z



and Dg, is the set where ®; is differentiable.
It is well known that all elements of the set dc®(x) have the form

9c®(x) = Da(x) + Dp(x) F'(x),

where
D, (x) = diag(ai(x),...,a,(x)) and Dy(x) = diag(by(x),...,by(x)) are di-
agonal matrices with elements
T ()= )

A T el
zi + Ff(x) zi + F(x)

when (x;, F;(x)) # (0,0) and

ai(x) =& -1, bi(x)=pi—1, (& p)€R (& p)l <1,

for (z;, F; (x)) = (0,0).

Let x* be the solution of NCP. Since NCP is equivalent to system (1),
x* is also the solution of (1). Let us denote

Y (x) = lim @/, (x). (4)

The properties of ®,, are analyzed in Kanzow and Pieper [6]. It is shown
that

. . / o
;1113%) dist (‘I)M(X), 8C<I>(x)) =0

ie.

(%) € IcP(x)
for any x € R", so the function ®, has the Jacobian consistency property.
Semismoothness of ® and Jacobian consistence property of ®, imply that

_ || ®(x+h) - ®(x) -’ (x+h)h|
iy ] -0 ®)

which is given in Chen [5]. Next Lemma also follows from Chen [5].

Lemma 1 [5] Function ®,, has the Jacobian consistency property. If all ele-
ments Vx € 0c®(x) are nonsingular, then there are an open ball N'(x,r) and



a positive constant M such that for any y € N(x,r), ®°(y) is nonsingular

and
oyt < e

Furthermore, there are My > M and py > 0 such that for any 'y € N(x,r)
and p € (0, 1), ®,(y) is nonsingular and

H(p;L(Y)_lH < M.

3 The algorithm and convergence result

In this section we define a new algorithm for NCP and prove its local conver-
gence. We were motivated by Brown’s method for smooth systems. As men-
tioned before, nonsmooth systems obtained by the reformulation of NCP,
can be solved applying smoothing methods, so we make a generalization of
classical Brown’s method which belongs to the class of Jacobian smoothing
methods.

For any p > 0 function ®, is continuously differentiable with the Jaco-
bian

021 (x,1) 021 (x,1) . 001 (x,1)
o0z 0o 0xn
), (x) = ' (x, p) = : : : . (6)
0Pn(x,p)  9Pn(xp) .. O0Pn(xp)
8x1 6:)32 axn

We introduce some notation necessary for describing the algorithm.
Let

X = (i, Tig1, oy Tn) | € RPTHL
M = (), T, e T )T e Rrith
gkt = (x]-“,xl_H, eyl e R and
= (1,0,0,...,0)" € R+
fori=1,2,...,n
For a given smoothing parameter u; > 0, vector xF = (:U’f, xlg, e mfl)—r S

R™ and index i, i = 1,2, ...,n, we successively define some functions based
on Fischer-Burmeister function (2) and its smooth operator (3),

6i(X") = ¢(wi, Fi(s1, 52, v, 8i—2, 8i-1, X)), (7)



Gi(X, ur) = by (i, Fi(51, 89, -y 8i—2, 811, %)), (8)

where s; = s;(x!*1), for 1 = 1,2,...,i — 1 and

~ -1 ~
oitly _ k[ 99 S 09;
si(xH1) = o ( x) L:%(axj

! 6.%'1
j = 1,i+ 1,...,n are the partial derivatives of smooth
)

) () — ) + cgi(xk’i)] , (9)

xk,i

do;
Ox;

where

29
xk,i

functions ¢;(X?, uy) at x*7.

Under the assumption that ~(’szg,;/azci # 0, functions s; are continuous
functions for fixed py, functions ¢;(X’) are continuous and semismooth, while
¢i (X', i) are continuously differentiable functions for given u; > 0.

Let us describe the new method for NCP.

Algorithm 1: Jacobian smoothing Brown’s method (JSB)

SO:  Let x° € R™ and a sequence {yu} > 0 be given, k := 0.

-1

S1:  Compute
B+l _ (‘%n

n n 8xn

zh
then fori=n—1,n—-2,...,1 do

k+1 _ S; (ik—i—l,i—i—l)’

Ly

where s;(X71) is defined by (9).

S2:  Set k:= k+ 1 and return to step S1. &

The matrix formulation of JSB method is

U(x", ) (x5 = xP) = —m(x"),
where e ki -
A A i
UE, ) = 0 upg™ oo up (10)



is upper triangular matrix with elements

kg _ aﬁgz

2 — for i=1,2,....,n, j=4,1+1,..,n, (11)
81‘] xk,i

ij

and components of the vector m(x*) are
mi(xF) = ¢;(xF), i=1,2,...,n.

More important, the uf]“ * have precisely the same value as the cor-
responding elements obtained by triangularization of the Jacobian matrix
@/, (x*) using Gaussian elimination with partial pivoting. If @ (x*) is
nonsingular then there exists a permutation matrix P such that

P, (x*) = LU, ).

From now on, without the loss of generality we suppose that this transfor-
mation with P is already done, so we assume that

@, (x*) = LU(x", up).

In this section we are going to prove the local convergence of the Jacobian
smoothing Brown’s method, which will be established in the case of strictly
complementary solution of NCP. Before that we should state some necessary
Definitions and Lemmas.

Definition 1 The solution x* of NCP is a strictly complementary solution
if

LU: + FZ(X*) >0
holds for everyi=1,2,...,n.

If x* is a strictly complementary solution of NCP, then there exists a
neighbourhood N (x*, ¢) in which function ® is differentiable.

Definition 2 Let x* be a strictly complementary solution of NCP. For x* €
N (x*,e) we define a matriz

U%(x*) = lim U(x*, up,),
pre—0



k0 kO k0
DY u

Upp  Upa in
0 uko uF0
0/ k 22 7 Ugy
U (x") = . . )
k0
0 0 Uy
where
w0 = Tim (12)
J p—0 "

and uf]?”k, i=1,2,..,n, j=1i,9+1,....n are given with (11).

We also define a vector

0._ (,,k0 kO k,ONT n—i+1
u; = (u;;, i,i+1""7uin) €ER .

The Jacobian matrix ®),(x) (6) can be presented in the following way
@;L(X) = Da(x) /-L) + Db(X7 M)F/(X)v

where
Da(X7 N) = diag(al(xa M)? ttty an(x7 M))’ Db(X, N) = dzag(bl (X7 :U’)v A bn(x7 M))
are diagonal matrices with elements
T Fi(x
CLZ‘(X,,LL) = _17 bl(Xv /'L) = ( )
\/x?—ka(x)—i—Zu \/x%%—Ff(x)—&—Zu

~1 (13)

fori=1,2,...,n.

In order to prove the convergence of JSB method we need the following
Lemmas.

Lemma 2 Let x* be a strictly complementary solution of NCP. Then there
exists a neighbourhood N(x*,¢) such that for x* € N(x*,¢) and related
matriz U (x) the following relations are satisfied

) € 9¢; (M) for i=1,2,..,n,

where U (x*) and u? are given in Definition 2.

Proof. Let 1;(x") = Fj(sq, 89, ..., 5;_1,%"%). Using (2), (3), (7) and (8)
it follows that

Gu(=H) = ()2 + (=) - af — (=)

8



Gi(xH ) = (22 + B(=R) + 2 — 2k — 1i(x),

hold for ¢ =1, 2, ...,n. Since x* is a strictly complementary solution of NCP,
there exists a neighbourhood N (x*,¢) in which ® is differentiable. From
this and (12) the following equalities are valid:

i

oY = lim o™ = lim <(‘)¢Z

for j =4, and

. (04
u?jo = lim v = lim ( O

forj=i+1,i+2,...,n.
Then, Definition 2 implies

0o . k0 k0 k,ONT
u, = (u“ ,Ui7i+1a---vuin)
. k, k, kopuiey T
0p;  Op; 0di \ 1
i : oo )
pe—0" 0x;  0xi41 Oy ki
k
X, ]
—  lim [( ’ - D#

k=0 \/(a:f)Q + 12(%F) + 2,

9



i DI(RM)] (14)
V@) + ) + 2
- i ~1)g 4 (i) D"
(2%)2 + 12(xh+) \/(:ck)2 12 (k) !

for i = 1,2,...,n, where & = (1,0,...,0)" € R*~"™1 and [}(x) € R*~"*1 is
ol;
B-Tj xi—=xk,i

On the other hand, since ® is differentiable function in NV (x*, ¢), it fol-
lows that

a vector with components

forj=14,1+1,...,n.

7 ki @y i Li(x"7) 1k
Dpy(xF1) = —1l)e'+ —1)(x™") (15
RN e BN iy e B

holds for i = 1,2, ...,n.
It is clear that (14) and (15) imply

u! € a@(ik’i) for i=1,2,...,n. 0

Lemma 3 a) If ®), (x*) is nonsingular matriz and ||®, (x*)~'|| < M then
U(x¥, uy) is nonsingular, ||U(x*, ur) Y| < My and ||U(X*, ug)|| < Ms.

b) If |0(xF) 7| < M3 then ||U(x*)7Y| < My and

|U°(x%)|| < Ma, where U°(x*) is given in Definition 2.

Proof. a) Since ), (x*) is nonsingular and U (x*, u3,) is obtained by the
triangularization of the Jacobian matrix @], (x*) then

¢;Lk (Xk) = LU(kauk)a (16)

and U(x", uz,) is also nonsingular. The boundedness of P, (x¥)~! and (16)
imply that U(x*, ) ™! is bounded i.e.

10 G, ) M < M
Since ®°(x*) € Oc®(x*) and I ®(x*) is a compact set, there follows that
12°(xM)|| < M. (17)

Relation (16) and boundedness of @), (x¥)~! imply that P, (x*¥) and U (x*, 1)
are bounded i.e.
U (", )| < M.

10



b) Since ||®°(x*¥)~!|| < M3 and from the definition of U%(x*) and the fact
that U(x*, j13) can be obtained by the triangularization of . (x*), it follows
that U%(x*) and U°(x*)~! are bounded. O

In the same way as in Brown [1], the iteration process (Algorithm 1)
can be formalized by writing the method in terms of the iteration function
G = (G1,Ga,...,G,) T, beginning with a starting iteration x° and a sequence
of positive numbers {p} as

where the iterative function G has the form

7 (i L 9di(x% o
Gi(xl,...,xn):xi—<8¢i(x’uk)> {Z ‘M(Gj—xjn@(xl)],

81’i j=itl ox 5
(18)
for i = 1,...,n, and functions ¢;(X") and ¢;(X’, uy) are given with (7) and
(8). Functions s1, s2,...,5i—1, % =1,2,...,n are themselves functions of x;
and are obtained recursively by substitution in the system

~ -1 n ~
S| = xl_(@(ﬁ[(XW) [ Z M(Sj - l’j) + él(xl)] JA=1,..1-1

8.751 j=lt1 al‘j

and s, = x, for completeness.

Lemma 4 Any fized point x* of the iterative function G defined by (18)
and (19) is a solution of NCP.

Proof. Since x* = G(x*) i.e. zf = G;(x*), i = 1,...,n, it follows from
(18) that ) A
G (X)) =0, i=1,..,n, (20)
S0 '
¢(‘T?7Fi(81)827 "'7Si—2’8i—1,i*,l)) = 0, 7 = ]_7 N (21)

Using (19) and (20) we have s; = a} for [ = 1,...,7 — 1, so from (21) there
follows
¢(x:<7 Fl(xi . x*)) =0,

oy by

11



which implies that x* is a solution of the system ®(x) = 0 and also the
solution of NCP.

Now we establish local superlinear convergence of JSB method.

Theorem 1 Let x* be the solution of the system x = G(x) which is a
strictly complementary solution of NCP and ®'(x*) is nonsingular matriz.
Then there exist positive constants €, i such that for ||x° — x*|| < ¢ and a
sequence of positive numbers {pur} < p which satisfies limg_oo pp = 0, it
follows that the sequence {x*} generated by JSB method is well defined and
converges r-superlinearly to x*.

Proof. The solution x* is a strictly complementary solution of NCP, so
Oc®(x*) = {®'(x*)}. Since function ®,, satisfies the Jacobian consistence
property, i.e. ®°(x*) € 9c®(x*) and ®'(x*) is nonsingular, then Lemma 1
implies that there exist a neighbourhood Ny(x*,e0) = {x € R", ||lx —x*|| <
g0} and a constant M > 0 such that for any x € Ny(x*,¢) hold that ®%(x)
is nonsingular and ||®°(x)~!|| < M.

Since x* is a strictly complementary solution of NCP, there exists a
neighbourhood NV (x*,e1) = {x € R", ||x — x*|| < &1} such that function ®
is differentiable for = € Nj(x*,e1). Let 0 be a sequence of positive numbers
such that

lim & = 0. (22)

k—o0

Let ¢ = min{e;, e2} and
N(x*e)={x e R", |x —x"|| <e}.
From Definition 2

U%(xF) = lim UX*, )
HEp—0

follows that for given 3 and x* € N(x*,¢) there exists ug > 0 such that
jub0 — e <5 for i=1,2,..,n. (23)
Since for x* € NV(x*,¢) holds ||®°(x*)~!|| < M, Lemma 3 implies
JU° (k)1 < My (24)
and

[UO(x")[| < M. (25)

12



Upper triangular structure of U%(x*) and (24) imply that (U,Z’O)*1 are bounded
for i =1,2,...,n. From this fact, (23) and Perturbation Lemma we obtain

|(uk7ﬂk)—1| <M; for i=1,2,..,n. (26)

ii
From (25) there follows
il < My for i=1,2,...,n, j>i. (27)

Compactness of dc®(x*) and ®°(x*) € 9 ®(x¥) imply |@0(x*)|| < My, so
from definition of ®°(x*) there follows |97, (x*)|| < My. The boundeness
of &), (x*) and the fact that U(x", uy,) can be obtained by triangularization
of & (x*), imply

10 )| < M,

SO
| < Ms for i=1,2,..,n, j>i. (28)

From semismoothness of ¢;, (5) and Lemma 2, there follows
[§i(x™) = §i(x™) —w (x™ — x| = of||x" — x*])) (29)
for i = 1,2, ...,n. Since ¢; are semismooth they are locally Lipschitzian, so
[9i(x") = ¢i(x*)] < L|x™ — x| (30)

holds for i = 1,2, ..., n.

We have to prove
n
et —af| <ot — i)+ D ¢jlaf -] (31)
j=i+1
forall i =n,n—1,...,2,1, where ¢; >0, j =i+ 1,...,n.
Firstly, we will prove by induction that the inequality
n
@t —af| < Claf —af|+ )Y ¢jlaf — | (32)
j=i+1

holds for every i = n,n —1,...,2, where C > 0,¢; > 0,j =i+ 1,...,n.

13



Using Algorithm 1, (20), (26) and (30), for i = n follows
0 -1
k| < (% ) : ’qi;n(:vﬁ)‘
o

" oz,
a¢~n -1 ook s
(Ggoz| )71 6n(ah) = e
L (ugt) ™ - oy — a3
M, L|z); — )|

IN A

where C' = M, L.
The induction hypothesis is that

n
k k k k
o T = af| < Claf —af|+ Y ¢jlal — ] (33)
j=l+1

holds for I =n,n—1,...,i+ 1.
Now, we prove that (33) holds for [ = i. The Algorithm 1, (20), (26),
(28) and (30) imply

09; ~ LYY
k k - sk k k
P =t < G| DT IRE 3 (G T )
Li | gh.i j=it1 95 gk
n
k, - (ki N k, k k
= [(u") 7 - @i (XET) — @i () + Z uij“’“(:vjﬂ—:gj)\
j=it1
k " k
] - o _k7. Iz ) 5 k k
< |(u”#k) 1| |¢1(X Z)—¢¢(X*Z)|+ Z |uijﬂk‘|xj+1_mj|
j=it1
i n
Sk <%0 k k
< My LR % My 3 [ab - k)
L j=it1
- .
k k k
< M LZ\JUj—:L‘ﬂ—I—Mg, Z ]:Ujﬂ—:nj\
j=i

j=i+1

[ n n
= M |Ljz¥ -z +L Z ]m?—$§|—|—M5 Z |m§+1—x§\
j=it1 j=i+1

14



n
= MLla} — |+ ML Y |af -}
j=i+1

n
+ My My Z ‘JJ?H_I —xf\
j=itl

Using induction hypothesis (33) and the previous inequality we have
n
k k k * k *
2Tt — af| < Claf — 2} + > ¢l =),
j=i+1
where C = MiL and fori =n—1,...,2
Cp = C(l + M1M5)n_i,
cj=C(l+MM)Y " j=i+1,i+2,..,n

Hence, (32) holds for all i = n,n — 1,...,2 and this inequality will be used
later.

Now we are ready to prove that (31) holds for every i =n,n—1,...,2, 1.
Fori=n

o = ke (20 )G
= ) ) — dalen) — (522 )k )
= ) Gl — (o) — k(e —2)
b — (522 )Gk — )

follows from the Algorithm 1 and (20).
Then using (22), (23), (26) and (29)

b ahl = () M () — dn(ar) — ub(wk — o))
s = (202 )] jak )
< M [ollef — 7)) + [ub — uhe ||k — o]
< My [oflal — @) + bilak — 7]

k
o(lzy, — )

15



holds.

We can prove that (31) holds for i, i =n—1,n—2,...,

So, (31
1 implies
k+1 *
Therefore,
k+1 *
|z — i

) holds for i = n.

= sy(RHLIHL) g
::ﬁ‘%‘@i%)qﬁww
T L T
=it J |k ~
= G R - (54 et -a
ke R

S|<“www<>

+Z kuk k+1 m;"’)\
Jj=i+1
k ~ 1.
< [(ug™) [ 9i(RH) = di(x57) — ud(x" —
k7
+\u'( ’—X*’Z)—uu“’“(:rf i)l
Jj=i+1

Using (23) and (27) we can state

IN

(&M = x) — (o — )| =

n
k,0 k,
> g (af = 2) — g™ (2 — o)

n
k0 .k
z7| + Z ‘uij Hl’g _37;

j=it+l

’kO

i — |k —

n
Sl(af — )|+ Mo Y 2§ — .
j=i+1

16
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From (22), (26), (29), (34) and (35) follows
ot =i < Mifo(|=™ —x"|) + bplaf — ]
n n
+M, Z ]ac? — 2| + M; Z |w§+1 — x?H
j=it+1 j=it1
n
MY ol|ah — x3]) + oplaf — |

j=i

n n
+My Y | — a4+ Ms Y | — 2]
j=i+1 j=i+1

IN

n
k * k * k *
Milo(laf =) + Y o(|zf — f]) + dplay — |
j=it+1

IA

n n
My D fef = ajl 4+ M 3 eyt - ag]
j=it1 j=i+1
n

k k
= oflai —2i)+ > oflzj — )
j=i+1
n n
+MIMy Y Jaf — a4+ MiMs Y [ a2,
J=i+1 Jj=i+1

Applying (32) on the previous inequality we have

n
et —af| < olaf — i)+ Y eflaf —
j=it+1

where

civ1 = MMy + My MsC + 0y, for i=n—1,n—2,..,1,
j—1—i
cj = My Ms + My MsC Z (1 + M1M5)l 4+ 0, for j=i+2,...n—1,
=0

n—1—1
cn, = MMy + M MsC (1 + Z (1 + M1M5)l> + 0y,
=1
while limg_,oo 0 =0 and C = M1 L.
So, it is proved that (31) holds for i =n,n —1,...,2,1, i.e.

n
[of tt — 2f| < rplaf - 2fl 4 Y elaf - @, (36)
j=i+1

17



fori=n,n—1,...,2,1, where limg_oo7r = 0.

Let us denote
E+1

%

éf“ =z xz;| for i=1,2,...,n,

and let agk) be an elementary symmetric polynomial of degree s ,

s=k—(n—i-1),...,k+1;1=1,...,n, of the k 4+ 1 variables rq, r1,..., T,
which are elements of the sequence {ry}. Using (36) it can be proved for
i=1,...,n that

e < Frgri, (37)
where
Gri1i = 0ph Co+ ol )Crt ol Cus,
with constants C; > 0,57 = 0,1,...,n — 7. Since limp_orr = 0 then

limy o0 Gx41,; = 0. The fact that

. Okl
lim #
k—oo O

=0

and relation (37) imply that the sequence {z*} is well defined and converges
r-superlinearly to x*. O

4 Hybrid method

The superlinear convergence of JSB method is proved under the assumption
of strictly complementary solution x* of NCP. If x* is a degenerate solution
ie. if xf = F;j(x*) = 0 holds for some index i € {1,2,...,n}, then function
® is not differentiable at x*, so we define hybrid method in a similar way
as in Chen [5]. This method is a combination of Brown’s and Newton’s
method with smoothing, so we call it the Jacobian smoothing Brown-Newton
method.

Let Ng be the set where ® is not differentiable and W be a set such that
Ny C W. The set W; = {x € R", dist(x,W) < 7} is defined for 7 > 0.
The line segment between x and y is denoted by Xy.

In addition, it is assumed that there is a positive number L > 0 such
that for any p > 0 holds

1@, (x) = @, (Y| < Lix—yl, if xynW:=0. (38)

The hybrid method is described as follows.
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Algorithm 2: Jacobian smoothing Brown-Newton’s method
(HJSBN)

SO:  Letx? € R", v>7>0, W, ={x € R", dist(x,W) <~} be given.
Let {ux} be a sequence of real positive numbers.

S1: Compute x! from the Newton equation

@LO (XO)SO = —(I)(XO),

x! = xY+5s°, k:=1.

S2:  If xkxk=1 N W, # () then compute x**1 from the Newton equation

k\ ok k
o, (x)s" = —o(x"),

xR = Xk g

else compute x**! from Brown’s method (take step S1 of Algorithm
1).
S3:  Set k:= k+ 1 and return to the step S2. &

The next Theorem is about local convergence of HISBN method.

Theorem 2 Let x* be the solution of the system x = G(x), all elements of
Oc®(x*) be nonsingular and additional assumption (38) be satisfied. Then
there exist positive constants e, i such that for ||[x° —x*|| < & and a sequence
{pr} < w of positive numbers which satisfies limyg_, o ux, = 0, there follows
that the sequence {x*} generated by Algorithm 2 is well defined and converges
r-superlinearly to x*.

Proof. Since function ®, has the Jacobian consistence property, i.e.
®%(x*) € 9P (x*) and all elements of do®(x*) are nonsingular, then Lemma
1 implies that there exist Ny(x*, &) and constants M, M; > 0 such that
®Y(x) is nonsingular for any x € Ny(x*, o) and ||®°(x)~!|| < M and there
exists 1 > 0 such that for u € (0, i) holds

127, ()| < My (39)
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Let 05 be a sequence of positive numbers such that

lim 0 = 0. (40)

k—o00
We can distinguish three cases:
1. x* € intW,,
2. x* € RM\W,,
3. x* € W, = {x € R", dist(x, W) = }.

Case 1: If x* € intW, then there exists ¢ > 0 small enough such that
N(x*,e) C No(x*,e0) NintW,. For x¥ € N(x*,e) and given &, from (4)
and (39) there exists p > 0 such that

12°(x*) — @], (x")I| < o, (41)
|17, (") < M. (42)

Since ®°(x*) € do®(x*), from (5) follows
12(x*) — @(x") — @%(x*)(x" —x")|| = of||x" — x"|]) (43)

for x* € N(x*,¢). By the Algorithm 2, the Newton method is applied in
N (x*,€), so using (40)-(43) we get
o =t x ), () ()|
— k * 0/ k k *
= || =@}, (x") @) - b(x") £ 00(x")(x* - x¥)
—;, (x")(x" = x|

< = @, ) TIRF) — B(x) — O (x)(xF — x|
80 (k) — @, ()| — 7]
< My [of[[xF = x7) + b [xF — x|

= ofllx* — x"|)).

Then
[+ — x| < of||x* —x*||) < ||xF —x*|| < e

holds for x* € N (x*,¢), i.e. x*¥1 € N(x*, &), which implies that {x*} is well
defined, and g-superlinear and also r-superlinear convergence is obtained.
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Case 2: If x* € R"\W,, then there exists ¢ > 0 small enough such
that NV'(x*, &) C No(x*,e0) N (R™\W,) and additional assumption (38) holds
in M (x*,&). This assumption implies differentiability of ® in x*. Since
N(x*,e) N W, = 0, by the Algorithm 2 Brown’s method is applied in
N(x*,¢), so from Theorem 1 follows r-superlinear convergence.

Case 3: If x* € W, = {x, dist(x,W) = v}, then there exists ¢ > 0
small enough such that NV (x*,e) C Ny(x*,&9) N (R™\W;) and additional
assumption (38) holds in N (x*,¢), which implies the differentiability of ®
at x*. By the Algorithm 2, either Brown’s or Newton’s method is applied in
N (x*,¢) in each iteration. Let x* € N(x*,¢). If x**! is obtained by Brown’s
method, then from Theorem 1 there follows r-superlinear convergence. If
x**+1 is obtained by the Newton method then conclusion follows from Case
1. O

5 Numerical experiments

Some numerical results obtained by JSB method are presented in this sec-
tion. Local superlinear convergence of JSB method is proved in the case
of strictly complementary solution, while we define a hybrid method for a
degenerate solution, for which superlinear convergence is also proved. It is
important to notice that, in practice, JSB method is successful even in the
case of degenerate solution, thus exceeding theoretical expectations.

Algorithms are implemented in Mathematica 5.0.

The main stopping criteria are

ka - xk_1|| <107% and Hq)(xk)H < 10_6,

but if they are not satisfied, the algorithms are stopped after kjq, = 100
iterations.
The sequence of smoothing parameters is defined in this way

po = @),
1
Hi+1 = Zuka k:O,].,

We compare Jacobian smoothing Brown’s method (JSB) with Jacobian

smoothing Newton’s method (JSN) using different starting approximations
0
xV.

First, we show some results obtained by testing NCP with function F'

defined by the following examples 1 and 2.
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Example 1.

Example 2.

Function F : R* — R* is given by
Fi(x) = 323 + 22129 + 223 + 23 + 324 — 6
Fy(x) =223 + 21 + 23 + 323 + 224 — 2
F3(x) = 33:% + z129 + 21‘% + 2x3+ 314 — 1
Fy(x) = 22 + 323 4+ 223 + 324 — 3

x0T JSN | JSB
(1,0,1,0) 6 6
(1,0,0,1) 5 5
(1,0.2,0.5,1) 5 5
(1,0.5,0.5,1) 5 5
(1.5,-0.5,4.5, 1) 6 7
(1.1,-0.1,3.1,—0.1) | 6 6
(0.85,0.2,0.5,1) 5 5
(1.1,0.2,0.2,0.4) 5 5
(1.5,-0.5,0.5,1) 6 5

Table 1. Example 1

Function F : R* — R* is given by
Fi(x) = 323 + 2x129 + 223 + 23 + 324 — 6
Fy(x) = 223 + 1 + 23 + 1023 + 224 — 2
F3(x) = 323 + m120 + 222 + 223 + 924 — 9
Fy(x) = 2% + 323 + 223 + 324 — 3

x0T JSN JSB
(1.1,0.2,0.2,0.4) Bz%c) | (Bx50)
(1.1,-0.1,3.1,—0.1) | (3,2%0) | (4.0%50)
(0.5,0,3.5,0) (5,2%0) | (6,250)
(1,0.2,0.5,1) (18,2%) | (8,2%0)
(1.2,0.01,0.01,0.4) | (18,2%) | (20,4%)

Table 2. Example 2
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NCP with function F' given in Example 1 has strictly complementary
solution x* = (%\/6, 0,0,0.5)", while NCP with function F from Example
2 has two solutions, the degenerate solution x}, = (%\/6, 0,0,0.5)" and
strictly complementary solution x5~ = (1,0, 3, 0)". For both methods Table
1 and Table 2 present number of iterations needed for convergence, while
the solution to which the method converges is also marked in Table 2.

Beside these two examples of dimension n = 4, we tested another five
examples from Luksan [12] and Spedicato and Huang [13]. Test problems
are generated in the usual way proposed by Gomes-Ruggiero et al [14].

Let f(x) = (f1(x), fo(X), ..., fa(x)) " be a differentiable nonlinear map-
ping from R™ to R™ and let x* = (1,0,1,0,...)7 € R". Fori = 1,2,....n
set

oy ) filx) = fi(x"), if ¢ oddor i>r
Filx) = { fi(x) — fi(x*)+ 1, otherwise

where r > 0 is an integer. For function F' defined in this way, vector x* is
a solution of NCP, but not necessarily its unique solution. If r < n, x* is
a degenerate solution of NCP, while for » = n it is a strictly coplementary
solution. Function f is defined as follows:

Example 3. Luksan [12|, problem 4.7
, problem 4.8
, problem 4.14

, problem 4.17

12
Example 6. Luksan [12

[
Example 4. Luksan [12
Example 5. Luksan |

S I =

Example 7. Spedicato and Huang [13], problem 2.

All examples are tested with three dimensions n = 4, n = 10, n = 100
and starting iterations suggested in Luksan [12] and Spedicato and Huang
[13]. For each dimension we consider a degenerate solution (r = n/2) and a
strictly complementary one (r = n).

The obtained results are compared using three indices: the index of
robustness, the efficiency index and the combined robustness and efficiency
index, which are given in Bogle and Perkins [15].

The robustness index is defined by
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the efficiency index is
m
Tib
Ej= 3 (O
i=1,r;#0 Y

and the combined index is

“ Tib
EjxRj= Y (=)/n

i=1,r;;#0 T'ij

where 7;; is the number of iterations required to solve the problem ¢ by the
method j, 7 = min; r;;, t; is the number of successes by method j and n;
is the number of problems attempted by method j.

Following tables report the results of the two methods.

| JSN | JSB |

R [0.978723 | 0.978723
E ] 0.988544 | 0.990554
E x R | 0.967511 | 0.969478

Table 3. Strictly complementary solution (r = n)

y | JSN | JSB |
R 0.9375 | 0.9375
E  ]0.979731 | 0.979038

E x R | 0.918498 | 0.917848

Table 4. Degenerate solution (r = n/2)

By the results presented in Tables 1,2,3 and 4 we can notice very similar
behaviour of both methods. Numerical results confirmed theoretical expec-
tations in the sense of superlinear convergence of both methods, while they
exceeded theoretical results for JSB method, because this method can be
applied successively in practice even in the case of degenerate solution.
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